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Abstract

We study scaling limits of a family of planar random growth processes in which clus-
ters grow by the successive aggregation of small particles. In these models, clusters are
encoded as a composition of conformal maps and the location of each successive particle
is distributed according to the density of harmonic measure on the cluster boundary,
raised to some power. We show that, when this power lies within a particular range, the
macroscopic shape of the cluster converges to a disk, but that as the power approaches
the edge of this range the fluctuations approach a critical point, which is a limit of sta-
bility. The methodology developed in this paper provides a blueprint for analysing more
general random growth models, such as the Hastings-Levitov family.
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1 Introduction

We study a family of planar random growth processes in which clusters grow by the successive
aggregation of particles. Clusters are encoded as a composition of conformal maps, following



an approach first introduced by Carleson and Makarov [5] and Hastings and Levitov [8]. The
specific models that we study fall into the class of Laplacian growth models in which the
growth rate of the cluster boundary is determined by the density of harmonic measure of
the boundary as seen from infinity. In our case, the location of each successive particle is
distributed according to the density of harmonic measure raised to some power. Our set-up is
closely related to that of the Hastings-Levitov family of models, HL(«), a € [0, 00) [8], which
includes off-lattice versions of the physically occurring dielectric-breakdown models [13], in
particular the Eden model for biological growth [6] and diffusion-limited aggregation (DLA)
[20]. Our family of models shares with the HL(0) model the unphysical feature that new
particles are distorted by the conformal map which encodes the current cluster. However, in
subsequent work [14], we show that these models share common behaviour with the HL(«)
models when « # 0, so the present paper serves to develop methods applicable to these more
physical models.

We establish scaling limits of the growth processes in the small-particle scaling regime
where the size of each particle converges to zero as the number of particles becomes large.
We show that, when the power of harmonic measure is chosen within a particular range, the
macroscopic shape of the cluster converges to a disk, but that as the power approaches the
edge of this range the fluctuations approach a critical point, which is a limit of stability. This
phase transition in fluctuations can be interpreted as the beginnings of a macroscopic phase
transition, from disks to non-disks.

1.1 Description of the model
Our clusters will grow from the unit disk by the aggregation of many small particles. Let
Ko={2€C:|z| <1}, Dy={z€C:|z| >1}.
We fix a non-empty subset P of Dy and set
K=KyUP, D=Dy\P.

We assume that P is chosen so that K is compact and simply connected. Then we call P a
basic particle.

We will call a conformal map F', defined on Dy and having values in Dy, a basic map if it
is univalent and satisfies, as z — oo,

F(z) = 00, F'(z) = e® for some ¢ > 0.

From now on, we will express this last condition by writing F/(co0) = co and F’'(c0) = €. By
the Riemann mapping theorem, there is a one-to-one correspondence between basic particles
and basic maps given by

P:{ZGDong(Do)}



For convenience, we will assume throughout that F' has a continuous extension to the unit
circle. It is well understood geometrically when this holds. The map F' has the form

F(z) =€ (z + Z akz_k> (1)

for some ¢ > 0 and sequence (ay : k£ > 0) in C. The value e is called the logarithmic capacity
of the cluster K. We define the capacity of the particle P (or, interchangeably, of the map F')
by

cap(P) = log ' (00) = c.

For the purpose of this introduction, we will assume that we have chosen a family of basic
particles (P : ¢ € (0,00)), such that cap(P®) = c. Figure 1 shows four representative
particles from some families we have in mind. Write (F® : ¢ € (0,00)) for the family of
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Figure 1: Examples of basic particles.

associated basic maps. Given a sequence of attachment angles (0, : n > 1) and capacities
(cn:m = 1), set
F.(z) = e’e”F(C”)(e_Ze"z).

Define a process (®,, : n > 0) of conformal maps on Dy as follows: set ®g(z) = z and for
n > 1 define recursively
b, =®, j0F,=F,o0---0F,. (2)

Then ®,, encodes a compact set K,, C C, given by
K,=KoyU{z€Dy:2¢ P,(Dy)}
and ®,, is the unique conformal map Dy — D,, such that
P, (00) =00, P! (0) € (1,00)
where D, = C\ K,. It is straightforward to see that

cap(K,) =log®/ (c0) =c1 + -+ ¢,



and that K, may be written as the following disjoint union
K, = Ky U (ei®1p(c1)) U (I)l(eiG)zP(@)) U---uU @n_1(ei6"P(C")),

We think of the compact set K, as a cluster, formed from the unit disk K, by the addition
of n particles.

By choosing the sequences (0, : n > 1) and (¢, : n > 1) in different ways, we can obtain a
wide variety of growth processes. The aggregate Loewner evolution (ALE) model, which was
introduced in [19] for slit particles, fits into this scheme and is dependent on the parameters
a€R, neR, ce (0,00) and o € [0,00). In this model, which is abbreviated as ALE(a, 1),
we set ,

| @y (e7H)| 77
— A

hn () (3)

where
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Conditional on F,,_; = o(®y,..., P, 1), O, is taken to be a random variable whose distribu-
tion given by

P(©, € B|F,_) = ][ZW 15(6)h, (6)d0

and we set

Cn = €| @y (7O 71

We complete the recursive definition of ¢ using equation (2). Observe that, with these choices,
fn :U(@l,...,@n).

In this paper, we will consider only the case where o = 0, which takes as data a single
basic map F' = F© and a choice of € R and o € [0,00). For simplicity, we refer to this
model here as the ALE(n) model with basic map F' and regularization parameter o.

If, on the other hand, we were to take n = ¢ = 0 and fix « € [0,00), then we would
obtain the HL(«) model considered by Hastings and Levitov [8]. The parameters a and 7
play a similar role in adjusting the ‘local growth rate of capacity’ as a function of the current
cluster shape. Indeed, in the subsequent paper [14] we show that, modulo a deterministic
time-change and under the same restrictions on the parameter ¢ as will be used in this paper,
the scaling limit of ALE(«,n) depends primarily on the sum « + n provided that o +7n < 1.
This means that ALE(n) and regularized HL(«) have qualitatively similar behaviour when
a = 1. Moreover, the range of the attachment densities considered in ALE(n) corresponds
exactly to those used to define the dielectric-breakdown models, so the full family ALE(«, n)
is of wider interest than HL(«) alone. See [19] for a comprehensive discussion of other models
related to ALE, and [7] for a survey of Laplacian growth.



One of the challenges of studying HL(«) when « # 0 is that the capacity of the cluster
K, is random and could be quite badly behaved. It is therefore a priori unclear how to tune
parameters in order to obtain non-trivial scaling limits. One way in which ALE(n) is simpler
is that the capacity of the cluster K, is always cn, where ¢ = log F’(00). Nevertheless, the
models have much in common, and it has turned out that the framework developed here for
ALE(n) provides useful ideas for the analysis of HL(a). In this paper we will focus on the
case where n € (—oo,1]. We will establish scaling limits and fluctuations for ALE(n) in the
small-particle regime, where simultaneously ¢ — 0, 0 — 0 and n — oo with n tuned so that
nc — t, for some fixed t € R, thereby giving clusters of macroscopic capacity.

1.2 Review of related work

Much effort has been devoted to the analysis of lattice-based random growth models. These are
models in which, at each step, a lattice site adjacent to the current cluster is added, chosen
according to a distribution determined by the current cluster. Examples include the Eden
model [6], diffusion limited aggregation (DLA) [20] and the family of dielectric-breakdown
models [13]. Around 20 years ago, Carleson and Makarov [5] and Hastings and Levitov [§]
introduced an alternative approach in the planar case, which allows the formulation of a
discrete particle model directly in the continuum by encoding clusters in terms of conformal
maps, as described in the preceding subsection. In [5], the authors obtained a growth estimate
for a deterministic analogue of DLA which is formulated in terms of the Loewner equation.
In [8], the HL(«r) model was studied numerically and experimental evidence was shown for
a phase transition in behaviour at a = 1: when a < 1, clusters appeared to converge to
disks; on the other hand, when o > 1, a turbulent growth regime emerged, in which clusters
behaved randomly at large scale. Hastings and Levitov argued that HL(1) is a candidate for
an off-lattice version of the Eden model, and HL(2) corresponds to DLA. Establishing the
existence of this phase transition rigorously is one of the main open problems in this area.

In [19], Sola, Turner and Viklund showed the existence of a phase transition in the ALE(n)
model. They showed that, for n > 1, if particles are taken to be slits, and the regularisation
parameter o is sufficiently small then, in the small-particle limit, the clusters themselves grow
from the unit disk by the emergence of a radial slit, at a random angle. In this case, harmonic
measure is concentrated at the tip of the slit, where derivative of the slit map vanishes. The
derivative of the slit map also has two poles on either side of the base of the slit. In the case
n < —2, Higgs [9] shows that, when the regularisation parameter o is very small, ALE clusters
converge to an SLE curve.

Both of these limits are qualitatively different to the known behaviour of ALE(0), that is
to say HL(0), in the same scaling regime. In [15], Norris and Turner showed that the HL(0)
clusters converge to disks with internal branching structure given by the Brownian web. More
recently, Silvestri [18] analysed the fluctuations in HL(0) and showed that these converge to



a log-correlated fractional Gaussian field. Several other papers consider modifications of the
HL(0) model [1, 2, 10, 11, 12, 17].

In this paper, we approach the question of the phase transition in ALE(n) at n = 1 from
the opposite direction to that in [19] by showing convergence to a disk for ALE(n) for all
n < 1, provided that o does not converge to zero too fast. Further, we prove convergence of
the associated fluctuations to an explicit limit, which depends on 7, and which would exhibit
unstable behaviour if one took > 1. Our results apply in a different regime to that considered
in [19]. We require that the regularization parameter o > ¢!/2 (and sometimes more), which
enables us to show that, for each n < 1, the disk limit and the fluctuations hold universally
for a wide class of particle shapes. By contrast, in [19] the parameter 0 < ¢ and the results
rely heavily on the slit particle being non-differentiable at its tip.

1.3 Statement of results

Our main results will be proved under the technical assumption (4) below, which we will
show in Appendix A to be satisfied for small particles of any given shape. This assumption
expresses that the basic particle P is concentrated near the point 1 on the unit circle in a
certain controlled way. Let I’ be a basic map of capacity ¢ € (0, 1], in the sense of Subsection
1.1, that is to say, a univalent conformal map from {|z| > 1} into {|z| > 1} such that
F(z)/z — €° as z — oo. We say that F' has regularity A € [0, c0) if, for all |z]| > 1,

og (FQ) _ 2+l o APl (4)
8\ 1 S (2 =)

Here and below we choose the branch of the logarithm so that log(F(z)/z) is continuous on
{|z| > 1} with limit ¢ at oco. Our results will concern the limit ¢ — 0 with A fixed, but
are otherwise universal in the choice of particle. We will show that, for n € (—oc, 1], in this
limit, provided the regularisation parameter ¢ does not converge to 0 too fast, the cluster
K, converges to a disk of radius e“*, and the fluctuations, suitably rescaled, converge to the
solution of a certain stochastic partial differential equation.

Theorem 1.1. Let n € (—oo,1], A € [0,00) and € € (0,1/2) be given. Let (P, : n > 0) be an
ALE(n) process with basic map F' and regularization parameter o. Assume that F' has capacity
c and reqularity A, and that e > 1+ c/*7¢. For alln € (—o0,1), m € N and T € [0, c0),
there is a constant C' = C(n,e, A,m,T) < oo with the following property. There is an event
Qy of probability exceeding 1 — c™ on which, for alln < T/c and all |2| > 1 + c¢'/?72,

cn —€ CI_E
|(I)n<2’) — € Z‘ g 0(61/2 +m) (5)



Moreover, in the case where n = 1, provided ¢ € (0,1/5) and e® > 1+ c'/°>7¢, there is also
a constant C' = C(e,A,m,T) < oo with the following property. There is an event Q0 of
probability exceeding 1 — ™ on which, for alln < T/c and all |z| > 1 + c*/°~¢,

o[ 2 E V2 ¢
®n _ cn < —& = - .
[B(z) =l < O e (|zr—1> HCESE

We remark that Theorem 1.1 can be recast in terms of a regularized particle P(?) given by
P9 ={zeDy:ez¢g F(e”2)}.
Note that P(?) also has capacity ¢ and is associated to the conformal map
FO(2) = e F(e”2).

Let (@ﬁf) :n > 0) be an ALE process with basic map F®) and regularization parameter 0.
Then
D) (2) = eD, (e 2)

n

for an ALE process (®,, : n > 0) with basic map F' and regularization parameter o. Hence,
if we replace ®,, by &) in Theorem 1.1, then under the same restrictions on o, the same
estimates are valid but now for all |z| > 1 and without regularization in the density of
attachment angles.

The simulations on the left side of Figure 2 illustrate the conjectured phase transition in
macroscopic shape from disks to non-disks at 7 = 1. The simulations on the right show the
sensitivity of the fluctuations of the level lines 6 +— @, (re?) in ALE(0) to taking r — 1 ~ ¢!/?
versus 7 — 1 > ¢'/2. This provides evidence that the speed at which ¢ — 0 as ¢ — 0 in
ALE(n) significantly affects cluster behaviour.

We also establish the following characterization of the limiting fluctuations, which shows
in particular that they are universal within the class of particles considered.

Theorem 1.2. Let n € (—o0,1], A € [0,00) and € € (0,1/6) be given. Let (®,, : n > 0)
be an ALE(n) process with basic map F and regularization parameter o. Assume that F has
capacity ¢ and reqularity A. Assume further that

o5 4T i e (=00, 1),
T Mo ifnp=1.

Set n(t) = [t/c]. Then, in the limit ¢ — 0 with o — 0, uniformly in F,

(e_c”(t)@n(t)(z) —2)/\e— Fl(t,2)



(c)n=1 (d) r=1+c/2

(e) n=1.5 (f) r=1+c/*

Figure 2: Left: ALE(n) clusters with slit particles where ¢ = 107, o = 0.02, and n = 8,000.
Right: Level lines of the form ®,,(re®) in an ALE(0) cluster with spread out particles (Figure
1, far right) for ¢ = 10~ and n = 10,000. Colour variation is used to denote time evolution.



in distribution on D([0,00),H), where H is the set of analytic functions on {|z| > 1} vanishing
at 0o, equipped with the metric of uniform convergence on compacts, and where F is given
by the following stochastic PDE driven by the analytic extension & in Do of space-time white
noise on the unit circle,

dF(t,z) = (1 —n)2F (t, 2)dt — F(t, z)dt + V2dE(L, 2). (6)

The space H and the meaning of this PDE are discussed in more detail in Section 7. For
n = 0 we recover the fluctuation result in [18]. The solution to the above stochastic PDE is
an Ornstein—Uhlenbeck process in 2. This process converges to equilibrium as ¢ — co. When
1 < 1, the equilibrium distribution is given by the analytic extension in Dy of a log-correlated
Gaussian field defined on the unit circle. In the case n = 0, this is known as the augmented
Gaussian Free Field. When 1 = 1, the equilibrium distribution is the analytic extension of
complex white noise on the unit circle. The equation (6) can be interpreted as a family of
independent equations for the Laurent coefficients of F(¢,.), given in (51). These equations
may be considered also for n > 1 but now the equation for the kth Laurent coefficient shows
exponential growth of solutions at rate (n— 1)k, so there is no solution to (6) in H, indicating a
destabilization of dynamics as ) passes through 1. The mathematical formulation of universal
limits for cluster shapes when 1 > 1 remains an open problem.

Although we have stated our theorems above for n € (—o0, 1], in many of our arguments
we restrict to the case n € [0, 1]. The proofs are largely similar when 7 < 0 except in the way
that we decompose the operator in Section 4. We remark on the correct decomposition in the
case 11 < 0 at the relevant point.

1.4 Remarks on context and scope of results

The process of conformal maps (¥, : n > 0) is Markov and takes values in an infinite-
dimensional vector space. In the limit considered, where ¢ — 0, the jumps of this process
become small, while we speed up the discrete time-scale to obtain a non-trivial limiting drift.
So we are in the domain of fluid limits for Markov processes. The analysis of such limits,
and of the renormalized fluctuations around them, is well understood in finite dimensions.
However, while the formal lines of this analysis transfer readily to infinite dimensions, its
detailed implementation is not so clear, not least because it is necessary to choose a norm,
which should be well adapted to the dynamics, and the limiting drift will in general be a
non-linear and unbounded operator.

In the case at hand, there are a number of special features which are important to the
analysis. First, while the limiting dynamics is not in equilibrium, it is an explicit steady state,
which allows us to handle convergence of the Markov process in terms of linearizations around
this steady state: we find that the difference ®,,(z) — ez may usefully be expressed by an
interpolation in time, in which each term describes the error introduced by a single added
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particle. Second, the map ®,, is determined by its restriction to the unit circle (®, (%) : 6 €
[0,27)) and the action of each jump, besides being small, also becomes localized in ¢ in the
limit ¢ — 0. This is one of the features contributing to the explicit form found for the limiting
fluctuations. Third, we have at our disposal, not only the usual tools of stochastic analysis, but
also a range of tools from complex analysis, including distortion estimates, and LP-estimates
for multiplier operators, which turn out to mesh well with LP-martingale inequalities.

We have tried to optimise, as far as our present techniques allow, the constraints in our
results on the regularization parameter . In the case n < 1, we establish the disk limit
for o > ¢!/2. Indeed, for n < 1, in the limit considered, we show that the derivative of the
fluctuations at radius e, which controls the scale of h,(6) —1, is at most of order ¢'/2/(e” —1).
Therefore, to leading order, the distribution of each attachment angle is approximately uniform
and the bulk dynamics of our process resemble that of HL(0). As seen in Proposition A.2,
the scale of individual particles is ¢'/2, so for o ~ c!/2 the fluctuations of e=¢f’(e°**) around
1 are scale-invariant. With that choice of ¢ we would expect to see macroscopic variations of
h,(0), so the attachment distributions would no longer be well approximated by the uniform
distribution. We therefore believe our constraint on o is close to optimal within this regime
and it remains a challenging open problem to allow o ~ ¢'/2. When 7 = 1, on the other hand,
we show that the derivative of the fluctuations at radius e” is at most of order ¢'/2/(e? —1)3/2.
The break-down in the uniform approximation may therefore well happen for larger o than
o ~ ¢/? and the form of the fluctuations is suggestive of o ~ ¢'/3. Although we need a stronger
regularization for the fluctuation result (cf. Theorem 1.2), we find that the fluctuations develop
variations on all spatial scales, so the modification of dynamics from HL(0) to ALE(n), even
with the averaging enforced by our choice of regularization, results in a feedback which affects
the limiting evolution, and which identifies the case n = 1 as critical.

1.5 Organisation of the paper

The structure of the paper is as follows. In Section 2, we give a simplified proof of convergence
to a disk in the case n = 0, corresponding to HL(0). This is followed by an overview of
the proof when 1 # 0. In Section 3, we decompose the increment ®,(z) — ®,_1(ez) as a
sum of martingale difference and drift terms, which we expand to leading order in ¢ with
error estimates. In Section 4 we obtain the evolution equation and decomposition for the
fluctuations. The remainder of the paper analyses this equation. Specifically, in Section 5 we
use the estimates from Section 3 to obtain bounds on the terms arising in the decomposition
of the differentiated fluctuations. These bounds are then used in Section 6 to obtain our disk
limit Theorem 1.1. Finally the fluctuation limit Theorem 1.2 is derived in Section 7.

Some necessary but technical estimates are deferred to appendices. In Appendix A we show
that our main assumption (4) is satisfied for small particles of any given shape. Appendix B
contains the estimates for multiplier operators used in the paper. In Appendices C and D we
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derive the specific estimates on ALE(#n) used in our main results. We believe that some of
the results and estimates in the appendices may be of independent use in related work. For
example, the “spread out” particle in Appendix A.2, has a very convenient form which makes
it a useful test case when trying to prove general theorems about particle aggregation.

2 HL(0) and overview of the proof of Theorem 1.1

In this section we give a quick argument for the scaling limit of HL(0) (which is the same
as ALE(0)), where the attachment angles (©,, : n > 1) are independent and uniformly dis-
tributed. Then we discuss the structure of the proof of Theorem 1.1, some aspects of which
follow the argument used for HL(0).

For a measurable function f on {|z| > 1}, for p € [1,00) and r > 1, we will write

21 1/p
[ Fllpr = (][ If(T619)|pd9) o M fllocr = sup [ f(re”)]. (7)
0 0€(0,27)
In the case where f is analytic and is bounded at oo, we have, for p € (1,7),
p 1/p
[ T N T 0
The notation || - ||, will be reserved for the LP(P)-norm on the probability space.

2.1 Disk limit for n =10

We now show that HL(0) converges to a disk in the small-particle limit. A weaker form of this
result was shown in [15] by fluid limit estimates on the Markov processes (®,'(z) : n > 0).
Here, we will use a new method, based on estimating directly the conformal maps ®,,. This
both gives a simpler argument and leads to a stronger result.

Theorem 2.1. Let (P, : n > 0) be an HL(0) process with basic map F. Assume that F has
capacity ¢ € (0,1] and regularity A € [0,00). Then, for all p € [2,00), there is a constant
C = C(A,p) < oo such that, for allr > 1 and n > 0, we have

r 1+1/p
< CeC”\/E( ) .
P r—1

We remark that by taking p large enough it is possible to deduce that, for all € € (0,1/2)
and T' > 0, we have

sup [®,(2) — 2]

|z|>r

sup |D,,(2) —e™z] =0
n<T/c, |z|=1+cl/2—¢

12



in probability as ¢ — 0. As this is spelled out more generally in Section 6.2, we omit the
details at this stage. Indeed, on applying Theorem 1.1 to HL(0), say with ¢ = 1, we obtain
the stronger estimate

sup |®,(2) — e™z| < Ccl/?e
n<T /e, |z|=1+cl/2—¢

with high probability as ¢ — 0. This improvement can be traced to the iterative argument
used in the proof of Proposition 6.1.
Proof of Theorem 2.1. Tt will suffice to consider the case where r > 1 + y/c. Set

An(0,2) = Ppg(€F(e72)) = Ppoi(e°2),  An(z) = An(On, 2). (9)

Note that ®,,_1(ez) is the map we would obtain after n steps if we substituted F),(z) by ez
in (2). As we aim to show that ®,(z) is close to ez, A,(z) can be understood as the error
due to the nth particle. We can write ®,, as a telescoping sum

D, (2) — ez = Z A (eI, (10)
j=1

The functions F' and ®;_; are analytic in {|z| > 1} and F(z)/z — e as z — o0, so the
function

w = (01 (wF(z/w)) = ;1 (e2)) /w
is analytic in {0 < |w| < |z|} and extends analytically to {|w| < |z|}. Hence, almost surely,
by Cauchy’s theorem,
2m 1 dw
BAIF) = 80200 =5 [ (@1wF (/) — ()T =0

N 211 |w|=1
There is a constant C' = C'(A) < oo such that, for all |z| > 14 /c/2,

||

|F(2) — ez < Cc|z 1

Since ®, ; is univalent on {|z| > 1} and ®; ;(2)/z — eU™Y as z — oo, by a standard
distortion estimate, for all |z| =r > 1,
c(j— r
|q);‘—1(2)‘ < eV 1)m-
Hence, for |z| =7 > 14 /c/2, we have

7”2

(r—1)e"®z —1|

1A;(0, 2)| < Cce?

13



and so

B (IPIF ) = f - 18,(6.2)d9

2 pon 2 3
- r r“df - r
<02 [ —— - LCfe*I | —— ) .
See (r—l) ]€ le=®z — 12~ cc r—1

Burkholder’s inequality (see Section B.1) applies to the sum of martingale differences (10), to
give that for all p € [2,00) there is a constant C' = C(A, p) < oo, such that

- 4
j r
[n(2) = ezl < C ) MMAAéWﬂ@PV;gmﬂ+cﬁém(___)_
j=1 r—1

Hence, for |z| > 1+ /c/2,

n c(n—j) 3 4 2
_en |2 2 2cj € r 2 2cn r 2cn r
[®n(2) — 2|, < Ce E e (ec(”—j)r — 1> + Cc’e <r - 1) < Cee <r —)

j=1

where we used an integral comparison for the last inequality. Set
D, (2) = €7D, (2) — 2.

and write p = (r + 1)/2. Then, for |z| > 1+ /¢, we have p > 1+ /c/2, so

~ P ~ r -
b, ‘:E(@np>< E(@np)
sup [6,2) [~ E (19.12.,) < © (5 ) B (1815,
r 27 B 0 /2 r p+1
_ b 0y|IPdh < CO'cP 0
c () £ Iteipan < cor (1)
and the claimed estimate follows. ]

2.2 Overview of the proof of Theorem 1.1

We now discuss how the above strategy can be adapted to the case where n € (—o0, 1]. Write
D, (2) — ez = Z Aj(efn=Dz)
j=1
with A;(2) = ®,(2) —P;_1(e°2) as in (9). We split A;(2) as the sum of a martingale difference

Bj(z) = Aj(z) — E(A;(2)|Fj1) (11)
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and a drift term (which vanished in the case n = 0)
Aj(2) = E(A;(2)|F5-1). (12)

Set ®,(z) = e~®,(z) — z as above. We start by identifying the leading term in the drift,
showing that o
Ai(z) = —cne”z@;_l(eaz) + Rj(2) (13)

where R;(z) is small provided ||é;~_1||oo’eo is sufficiently small. This gives the following de-
composition

D, (2) = e @, _1(€°2) — enz®!,_(e72) + e "B, (2) + e "R, (2)
= Pd,_1(2) + e " By(2) + e "R, (2)

where P is the operator which acts on analytic functions on {|z| > 1} by

Pf(z) = e f(e°2) — enzf'(e72). (14)

The reader is alerted to the fact that, while we used P to denote our basic particle in Sections
1 and Appendix A, in the rest of the paper, P will refer to this operator instead. Solving the
recursion we end up with

d,(2) = Z e P"IB;(z) + Y e P I Ry(2). (15)

=1

Note that for n = 0 the operator P has the simple form Pf(z) = e ¢f(e‘z) and we recover (10).
We treat the general case n € (—oo, 1] by observing that P acts diagonally on the Laurent
coefficients, thus is a Fourier multiplier operator, which we can bound in ||- ||, ,-norm by means
of the Marcinkiewicz multiplier theorem (see Appendix B.2).

The proof strategy for the disk theorem then goes as follows. For § = d(c) small, to be
specified, introduce the stopping time

N(8) =min{n > 0: || |lcer > 0} (16)

Then for all n < N(J) the angle density h,, defined in (3) is approximately uniform. This,
together with the multiplier theorem, can be used to bound both the martingale term (the
first term in (15)) and the remainder term (the second term in (15)), thus leading to a bound
for the map ®,,. At this point it remains to show that we can pick &y such that N (do) > |T/c|
with high probability to conclude the proof. To this end, it turns out to be convenient to

work instead with the differentiated dynamics

U(2) = 2, (2)

15



for which a decomposition similar to (15) holds (see (32) below). We use it to show that
|V 1oy ||p,r is small in LP(P) (see Proposition 6.1), where we have set Ny = N (o) to ease
the notation slightly. The analyticity of ¥, then allows us to make this bound into a high
probability statement on the supremum norm of ¥, 1¢,<n,}, at the price of taking p large
enough (see Proposition 6.2). By showing that this bound is smaller than ¢ for all n < Ny,
we deduce that in fact we must have Ny > |T'/c|, thus concluding the proof.

2.3 Choice of state variables

The sequence of conformal maps (®,,),>¢ is a Markov process. This allows an approach to the
desired scaling limits using martingale estimates. Above, we introduced the analytic function
U,, on {|z| > 1} given by .

W, (2) = DB, (2).

where we set Df(z) = zf'(z) and ®,, is the process of fluctuations given by
D, (2) = e "D, (2) — 2.

Then the process (¥,,),>0 is also Markov and it proves more convenient to use this as our
primary state variable. In doing this, we forget the limiting values (®,(00)),>0, SO We see
the clusters only up to an unknown displacement. Otherwise, the use of (¥, ),>0 may be
considered as a particular choice of coordinates for the sequence of clusters. The function &,
has a Laurent expansion in {|z| > 1} of the form

so ¥,, has expansion

In the final section of the paper, we will characterise the limit distribution of the fluctuations,
suitably rescaled, by analysing the Laurent coefficients.

3 Expansions to first order and error estimates

In this section we identify the leading order behaviour of several quantities of interest and
gather together bounds on the error terms which hold while the differentiated fluctuation
process (®!)),>o is well-behaved. Our main objective is to justify (13).
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Fix dy € (0,1/8] and consider the stopping time Ny = N(dy) where N(J) is defined in (16).
Several of our estimates will be made under the assumption that n < Ny. In fact, in this
section, we only use that @9(6"“6)\ < 0y < 1/8 when j = n — 1. However, we will need this
to hold for all 7 < n — 1 in the remainder of the paper and it simplifies notation to make the
assumption here. This assumption guarantees that h,,, defined in (3), can be bounded above

and below by absolute constants. Bounding very crudely,

—< h,(0) <z so |hu(0) —1] <

N | —

A more refined analysis shows that, for all n < Nj,

ho(0) — 14+ nRe®, (77| < C52

(17)

(18)

where C' = C(n) is a constant depending only on the value of 1. As the precise computation

consists of elementary manipulations, it is deferred to Appendix C (see (67) and (68)).

Recall the definitions of A, (6, z) and A,(z) from (9) and the definitions of A,(z) and

B, () from (12) and (11). Then

An(z) = " A (0, 2)h(0)d6.

Furthermore, A,, and B, are analytic in {|z| > 1} and, almost surely,

E(B,(2)| Fo_y) = 0.

As we showed in the proof of Theorem 2.1, by Cauchy’s theorem,

2
/ An(0, 2)d0 = 0
0

SO
2

An(2) = £ A0, 2)(hn(0) — 1)d6.

0

(19)

We now identify the leading order terms in A, (z) and A, (z), in the limit ¢ — 0. Where

the computations add little to the intuition, these are also deferred to Appendix C.

Given 6 € [0,27) and |z| > 1, define, for s € [0, 1],
F
Fy(z) = zexp ((1 — s)c+ slog ﬁ) ,
z

Fog(z) = ?F,(e72) = zexp ((1 — s)c+ slog

17

F(e™2)

e~z
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Note that Fyg(z) = ez and Fi4(z) = e?F(e7"z). Note also that |F,g(z)] > |z| for all
s €[0,1] and

d F(e™2)

% log FS’Q(Z> = IOg W — C.

Then

AL(0,2) = D, 1(e"F(e72)) — @,_1(e°2)
1
= / D®,_1(Fs0(2)) 4 log F ¢(2)ds
0 ’ ds ’

2cfez F(e %) ! on
= m + (logw —C A (Dq)n_l(Fsﬂ(Z)) — e Z)dS
F(e™2) 2¢p
+e"zllog————c— ——— |, 21

( & e~ 0z e"0y —1 (21)
where 2¢3 = ag, the coefficient of 2% in the Laurent expansion (1). We factorize ag in this
way to highlight that ag ~ 2¢ (see Proposition A.1 in the appendix). The first term in
the decomposition (21) captures the leading order of the increment and will determine the
evolution of the process; the second term is a recursive error arising from the fluctuations of
®,,_1; and the third term is an error term dependent just on the class of particle chosen (see
Appendix A.1 and in particular (59)). It will be convenient to write

2cfez
n(0,2) = —— 22
ma(6,2) = 5 (22)
for the leading term and to set

wn<€7 Z) = An(97 Z) - mn(ea Z)' (23>

Note that w,(6,00) = 0 and for all |2] > 1+ /c

Clce™ 1 Cech3/2|Z|

n(0,2)| < —— U, 1 (F d . . 24
0,20 < gy [ 1 (Pl + e (24)

for some constant C' = C'(n, A) < oo (see (69) and (71) in the appendix).

Using (19), (18), (21) and that |8 — 1| < Ay/c/2 (cf. Proposition A.1), the leading term of
An(z) is
2ce™z

md@ = —ne2®! | (e%2), (25)

21
L(z) = —]f nRe®., ()

where the equality follows by Cauchy’s integral formula. To be precise, set

R.(2) = Au(2) — L,(2). (26)

18



Then, by the argument in Appendix C, for n < Ny and |z| = r with r > 1+ /c,

1 (2) = oo < S0 (10w (5 ) ) (30 ve ()

1 2m \I/n_ Fs
+CCS/2CCH|\I/”_1<€UZ)| +CC€CH50/ ][ | 1( ,9(2))|
0 0

|ze=i0 — 1|

dods  (27)

and
| R, (c0)| < C’cecndg

for some constant C' = C(n, A) < oo (possibly different to the constant C' obtained earlier).
By the maximum principle, it follows that provided one takes §y > /c/(e? — 1) and r > €7 >

1+,
|R,(2)] < Cee™6; log (L) :
r—1
From this bound, it can be easily seen that R,(z) is small if ||®’ | ||lsc.s is sufficiently small,

which is what we wanted to show. However, the assumption that r > e is too restrictive for
our needs, so in subsequent analysis we revert to the more general estimate (27).

4 Linear evolution equation for the fluctuations

In this section, our objective is to justify the expansion (15). In fact, we obtain an analogous
expansion which makes it clearer which terms determine the leading order fluctuations.

In Section 2.2 we decomposed A, (z) = ®,(z) — ®,_1(e°2) as a sum of a martingale
difference B, (z) and drift A,(z), and in the previous section we justified writing

A, (z2) = L,(2) + Ru(2).

In view of (23), it is convenient to split the martingale difference B,, as a sum of analytic
functions

Bn(z) = M, (z) + Wy(2)
where

My (2) = ma(©,, 2) _]i " (0, 2) o (6)d0

and
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We will see that M,, is the main term: its explicit form allows for precise estimates, and it
determines the Gaussian fluctuations. On the other hand, W,, is accessible less directly, but
is of smaller order, so can also be handled adequately. Then, using (26),

D, (2) = ©_1(e°2) + My (2) + Ln(2) + Wi(2) + Ru(2)
so we obtain the linear evolution equation
B, (2) = PP, 1(2) + e "M, (2) + e "Wy (2) + e "Ry (2) (28)
where P is as in (14). Note that P acts diagonally on the Laurent coefficients, with multipliers
p(k) = e *H) L epke o ®+D k> 0.

In the case n € [0, 1], we factorize P by writing

p(k) = e e U=mkp (k). (29)
It is straightforward to check then that, for all k,

0 < po(k+1) < po(k) < 1. (30)

In particular, we can define a multiplier operator P, acting on analytic functions f on {|z| > 1},
bounded at oo, such that

Pof (k) = po(k) f (k).
Note that, by the factorization above,

Pf(z) = e “Pyf(ectMz).

Being able to “push-out” the point at which f is evaluated in this way will allow us to exploit
that the derivative of a conformal map becomes more regular away from the boundary. Losing
this push-out in the n = 1 case is the reason that the bounds in Section 5 are larger when
n =1

In order to adapt our argument to the case n € (—00,0), we would modify the equation
defining py(k) to

pk) = e Vpy (k).

The subsequent argument is very similar so we will not give further details for this case.
We iterate (28) to obtain

@n(z) = M, (2) + Wh(2) + Ru(2) (31)
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where
_ Z e ITP M () = e Z sz—ij(ec(l—n)(n—j)Z)’
j=1

J=1
n

Walz) = e Py IW;(e=m=iz),

j=1
Rou(e) = 0 3 PR,
7=1
Then, on differentiating,
U,(z) = Mu(2) + Wa(2) + Ru(2) (32)

where

M, (z) =e " Z P DM;(ec0-m=0)5),

J=1
n

Wa(z) =e™m Z P DW,(e0-m0=i) ),

J=1
n

Ra(z) = e Py DR;(e” 10 0)z),
j=1
We will focus initially on bounding the terms in the decomposition (32) of the differentiated
fluctuations ¥,,. We will refer to M,,, W, and R,, as the principal martingale term, the

second martingale term and the remainder term respectively. Later, we will return also to the
undifferentiated decomposition (31).

4.1 Norms

We conclude this section by describing the normed spaces on which we will obtain our bounds.
Recall from (7) the definition of || f||, for a measurable function f on {|z| > 1}. For a
measurable function ® : Q x {|z| > 1} — C, we will write

o ' 1/p
1]l = (Ef !<I>(re”)lpd9) .

2 1/p
[[@lllpr = @]l = (]f | (re’ )H”dQ)

Then, by Fubini,
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where || - ||, denotes the L”(IP)-norm on the probability space.

Note that, for all n > 0, the boundedness and monotonicity seen in (30) allows an appli-
cation of the Marcinkiewicz multiplier theorem (see Appendix B.2), with m; = po(k)™ and
M =1 to see that for all p € (1,00) and all r > 1, there is a constant C' = C(p) < oo such
that

1B fllpr < ClLf llpr- (33)

Some further operator estimates which will be used in the subsequent analysis are stated in
Appendix B.2.

5 Estimation of terms in the decomposition of the dif-
ferentiated fluctuations

In this section we collect estimates for the principal martingale term, the second martingale
term and remainder term.

We first estimate the principal martingale term M,,(2) in the decomposition (32) of the
differentiated fluctuation process, which is given by

M, (z) =e " Z Py DM;(et=mn=0) ),
j=1

Lemma 5.1. For all p € [2,00), there is a constant C' = C(p) < oo such that

2—2/py2-2/p —90(n— T'n
|||Mn1{n<No}m12),r<C<( Y2/ +c Ze 2c(n—j) (r _31) )7 (34)
n—j

where r, = rect=mn,
It follows that if r > 1+ cY/27¢ for some € € (0,1/2),

Cyc
r—1’°

Mnln r <
Mool <00
r—1 ’ n=1

r

n <1

Proof. By Burkholder’s inequality (cf. Theorem B.1), for all p € [2,00), there is a constant
C = C(p) < oo such that

Mo (2) 1 inenoy |l

< Ce2n <|| max X, (e 2) 1 vy 12 +Z||Q ) )1{j<No}||p/2) ;

1<g<n
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where

Xjn(2) = |Fg 7 DM(e ") and - Qja(2) = E(| By DM;(2) | Fj-).

So, on taking the || - ||,/2,-norm,
IMnLinenolllpr < Ce™ |l max Xjnlgengy [l + H’Q]nl{J<N0}|HP/2 rasy |- (39)
1<j<n
Jj=1
Recall from (22) that
2cfe 2 6Nk i0(k+1)
TT%’(@,Z)—m—QCﬁejgz (& .

Observe that

Py 7 Dm;(0, 2) = 2cfe Zpo(k)”_j(—k)z_keie(k+l). (36)
k=0

We have, almost surely,

27
E(| Py~ DM;(z)*| Fj-1) < E(|Py ™ Dmy(©;, 2)*|Fj-1) Z]g [Py~ Dm; (0, z)[*h; (0)d6

and, by (36), for [z| =,

2 o0 [e.e]
][ |PY ™) Dm;(0, 2)|?df = 4c*| 8|2 Zpo(k)Q("_j)kQT_% < 4c?|plPe*d Z K22k,
0 k=0

k=0

For j < Ny, by (17), we have h;(f) < 3/2, so we obtain, for |z| = r, almost surely,

~ 21012.2¢j T
Qjn(2) < 6c7|B]%e ]m

where we have used

o0 20,2
Zkgr_% T (r*+1) < o
— (r=123r+1)7> = (r—1)
Hence, for |z| = r, almost surely,

e n— c Tn—
3 Qe € O Y D
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Moreover,

van(z) — ‘PS“ijj<@j’60(1—77)(71—9‘)2) _ E(pg—ijj(@j’60(1—?7)("—j) )|]:. )‘
< | By Dmy(0;, eI ) | 4 BB Dmy(0;, e 02 P F )2,

and
27 21
||P()"_]ij(@j,z)Hzm = ]f ]P(?_]ij(@j,rew)\pdé = ]f \Pg_]ij(O,re’w’@j))\pdﬁ
. Cp|5|p6p0jrpfl
= || B~ Dmy (0, Z)H e < C 1 Dm;(0,2)[];

DT < (T _ 1)2p—1

Hence, using that n < T'/c,

n CcP—1 |5|p6pcn7,pfl

H max X] nl{]<N0}|| Z HX] nl{j<N0}||pr = (T’ _ 1)2}3—1

1<y<n
EVAS =1

Finally, we take the || ||p/2,--norm and substitute into (35) to obtain (34).
Now suppose 7 > 1 + ¢'/27¢ for some ¢ € (0,2) and p > 1+ 1/(2¢). If n < 1, by using an
integral comparison in (34) we obtain

n—1
T . T CCQ_Q/pT2_2/p
Mnl N 2 g C 2 —2cj J
m { <N0}H‘p,r c ((T — 1)3 + ;6 (T _ 1)3 + (T — 1)4—2/17

J

1 > crectTmT Cec
< - -7
s ce <<r— i +/0 (rect=nr —1)8 dT) TSV

where we used the assumption on p in the second inequality, and absorbed a factor of 2 +
1/(2 — 27) in the final constant C'. Hence

Cye

|||M”1{H<No}|||p,r < 1

If n =1, we now have r, = r, so

n—1 — 4*2/1’
Sy Cc22/p r
ML, < C2 3 e n ( )
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and then, using that p > 2,

|”M'I’L1{TL<NO}|||I77T < r r—1

C\/E< r >3/2'
]

We now state the estimate of the second martingale term W, (2) in the decomposition (32)
of the differentiated fluctuation process, which is given by

Walz) = e Py I DW;(et 7).

j=1
The proof is deferred to Appendix D.1.

Lemma 5.2. For alle € (0,1/2) and p € [2,00), there is a constant C = C(A,n,€,p) < oo
such that, for all v > 14 2c4/%7,

n 2
—zc(n r
Pl < 0 S0 D m%ﬂwmmm,wgfa)
0620 n— 1) 3— Z/pT4 2/p 0620(71 1) 2~ 2/p,r2 2/p
+ (7‘ _ 1)6 2/p + (7, )4_2/p 112135; |||\IIJ 11{]<N0}|||ppn s

(38)

where r, = re“" and p, = (1 +1,)/2.
It follows that, setting p = (14 1r)/2, forp > 14 1/(2¢),

Cyi
O (sup 1911 ey o 492 (-2) ), p<1

Jsn

Cy/c r /2
) (st i (7)) a1

We finish this section with the estimate of the remainder term R,,(z) in the decomposition
(32) of the differentiated fluctuation process, which is given by

|||Wn1{n<No}|Hp,r <

Ru(z) = e S PEIDRy(ec-00=3)z),

j=1

The proof is deferred to Appendix D.2.
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Lemma 5.3. For all p € [2,00), there is a constant C = C(A,n,p) < oo such that, for all
r>14 2/,

W Rnl{néNo}H’p,r

" e—cln=i)g , :
e T T
< Ce E — 10 (50 + %511 <not Nlppn_, +Ve (— i 1)) (1 + log (— i 1))
— 'n—j Tn—j Tn—j

Jj=1

3/2 . —c(n—j Tn—j
# 0SS I oy (7227, 39
where we have used the same notation as in Lemma 5.2.
Now suppose that n < T/c for some constant T > 0. Then there is a constant C' =

C(A,n,p, T) < oo such that

Cé r r 2
IRt resitllr < <2 (80 sup 10110 o+ (=5 ) ) (14108 (25

Jj<n

.
i cﬁ;sgp 511 g5<nv01 Mo (1 + log (r - 1)) ’

Ixn

when n < 1 and

Cdy r r
IRt vesir e < 2% (0 sup Iy 492 () ) (1108 () )

Jj<n

7«
+ VBl el (725

Jsn 1

when n = 1.

6 Convergence to a disk for ALE(7)

In this section we derive our main disk theorem. Recall that
Ny = min {n >0 |9 |lsoer > 50} : (40)

First we show that |||¥,1(,<ny}|lp,r is small, provided 0y is appropriately chosen. Then we
deduce estimates on the random norms || W, 1<} |lsc,r; valid with high probability, and use
them to dispense with the restriction that n < Ny. Finally, we apply these results to show
that ®,,(z) is close to e™z.
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6.1 [P-estimates on the differentiated fluctuations

The proposition below shows that, for an appropriately chosen dg, the ||| - |||, norm of the
differentiated fluctuation process W,1lg,<nyy is of order y/c, with quantitative control of the
singularity as » — 1 and the decay as r — oco. The dependence of the estimate on o is also
explicit, allowing one to consider limits in which ¢ — 0 as ¢ — 0. For small ¢, the estimates
are strongest when ¢ and v are taken to be small. A second argument, given in the next
subsection, will show that the event {n < Ny} appearing in (41) and (42) below is of high
probability in the limit ¢ — 0.

Proposition 6.1. For alln € [0,1), T € (0,00), € € (0,1/2), v € (0,&/2) and p € [2,00),
there is a constant C' = C(A,n,T,e,v,p) € [1,00) with the following property. For all ¢ €
(0,1], all r,e” = 14 cY?7¢ and all n < T/c, we have

1-3v

C r ¢
< J—
L gy lllpr < < (\/5 <r - 1> e = 1>2) w

where Ny is given by (40) with 6y = c*/>7V /(e” — 1).

Moreover, in the case n =1, for all T € (0,00), € € (0,1/5), v € (0,3¢/2) and p € [2,0),
there is a constant C = C'(A,T,e,v,p) € [1,00) with the following property. For all ¢ € (0,1],
all r,e? > 14 /5% and all n < T/c, we have

O r 3/2 Cl—3u r
l {n<No} |llp, r (\/E <7“—1> + (ev —1)3 (r—l)) (42)

where Ny is given by (40) with 0y = c*/>7V /(e — 1)3/2.

Proof. As before, constants referred to in the proof by the letter C' may change from line to
line and are all assumed to lie in [1,00). They may depend on A, n, T, ¢, v and p but they
do not depend on ¢, n, o and r.

We begin with a crude estimate which allows us to restrict further consideration to small
values of ¢. The function e~"®,,(2) is univalent on {|z| > 1}, with e="®,(2) ~ z as z — 0.
By same distortion estimate used in Section 2.1, for all |z| =r > 1,

1

(i)/ — —cnq)/ -1 <
[0 (2)] = 7" @0 (2) = 1] < 5

and so )

allpr =7l Lalllpr < ——7- (43)
It is straightforward to check that this implies the claimed estimates in the case where ¢ > 1/C,
for any given constant C' of the allowed dependence. Hence it will suffice to consider the case

where ¢ < 1/C.
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Consider first the case where n < 1. Fix T, ¢, p and v as in the statement, and assume
that c < 1/eand r > 1+ c/?75/2 and e > 1 +c'/?>=° and n < T/e. Set p = (r +1)/2. It will
suffice to prove the result for p large enough, so assume p > 1+ 1/(2¢).

By the triangle inequality,

¥l tnenoylllpr < IIMalinenoy llpr + 1T Waltnenoy llor + Il Ralgnenoplllpr

where, by Lemmas 5.1, 5.2 and 5.3,

M1 gnenoylllpr < .

o556 (5)

-1 r
Cy/c r r O\’
Watiresallnr < Y (sup Isstgesey oo (7 ) +vE (25) )
and
Cdy r \\’
R Linenotllpr < . 50+SUP|||\I/ —1lgienoy |||pp+\/_ r—1 1+ log —1
]\n
.
+ Va1 11520l 1 +1og( )
]\n

On combining the estimates above and substituting the chosen value of §y, we obtain, for all
r>1+ 01/275/27

1951 oy lllpr < O(r )jUEW‘I’J 11g<noy [llp,p +6(7) (44)
where
_ r 01/2—1/ o c))2
5(7“)2%(\/5 (7’—1) + egf(ll/ ) ) + Cy/clog(1/c)
and
e r A (log(1/c))?
- ) 5

Note that, for all r > 1 + ¢/?27¢, we have
5(r) < Cc 4+ O (log(1/c))* + Cy/elog(l/c) < ¢? < 1

for all sufficiently small c. Similarly, for r > 1 + ¢'/275/2, we have §(r) < 1 for all sufficiently
small c. As noted above, it suffices to deal with the case Where ¢ is sufficiently small.

A complication in the analysis is that the right hand side of the inequality (44) requires
estimates of W;_;(z) when |z| = p, but the left hand side only gives information about
U, (z) when |z| = r > p. Our approach is therefore to use the universal distortion estimate
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(43) to obtain an initial (very weak) bound and then recursively feed the bounds through the
inequality. This generates stronger and stronger estimates, but at the cost of moving r further
away from 1.

Set Cy = 1 and for k > 0 define recursively Cj.1 = 281Cy, + 1. We will show that, for all
k>0, allr>1+28c/27¢/2 and all n < T/c,

5(r)k
¥l tnenoylllpr < Cr (r(—>1 - 5(T)) | "

The case k = 0 is implied by (43). Suppose inductively that (45) holds for k& and that
r> 142812722 and n < T/c. Then p = (r +1)/2 > 1 + 2Fc1/275/2 50, for all j < n,

5(p)k S(r)*
112l < G (22 + 3000 ) < 2242 (27 4 00r)

where we used the inequalities §(p) < 26(r) and 6(p) < 20(r). Since 7 = 1+ ¢¥/27%/2 we can
substitute into (44) to obtain

" S(r)+l
NYnLinenollpr < 277 Ch ] +9(r)o(r) | +d(r)

< O @”’fﬂ + 5(@) .

Hence (45) holds for k£ + 1 and the induction proceeds.
Choose now k = [1/e]. Then

5(7“)’“ _ Cek/Q _ \/E

r—1 "r—1 "r—1

< o(r).

For ¢ sufficiently small, we have ¢*/2 < 27%/2 5o, for all r > 14+¢'/?~¢, we have r > 1+42Fcl/2-¢/2
and so _
o(r)"
1wl < G (22 4 0(r)) < 262800
giving a bound of the desired form (41).

We turn to the case where n = 1. Fix T, €, p and v as in the statement for n = 1. Assume
that ¢ < 1/e and n < T'/c, and assume now that r > 1 + A5 and €7 = 1+ /5, Tt will
suffice to prove the result for p sufficiently large. The argument follows the same pattern as
the case where n < 1, except for modifications necessary because of the different estimates in
Lemmas 5.1, 5.2 and 5.3 (and different choice of &), which arose because r,, = rec!="" =y,
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We obtain for r > 1+ ¢'/5,

|||\I[n1{n<No}|||p,7" <o(r) sup |||\Ilj—11{j§N0} lp,p +0(r)

Jjsn

where now

5(r) = g(\/é (r i 1)3/2 + clé;”_lolg)(gl/é@ (r i 1) ) + Cy/c (i)

=S () ()

Note that, for r > 1+ ¢'/5~¢, we have, for all sufficiently small ¢

and

S('I") < 061/5+35/2 + 0655/271/ lOg(l/C) + 063/10+€ < £ < 1

Similarly, we have §(r) < 1 whenever r > 1-+c'/?, for all sufficiently small c. We restrict to such
c. For p = (r +1)/2, we now have modified inequalities d(p) < 2%/26(r) and d(p) < 2%/26(r).
Set Cy = 1 and for k > 0 define now recursively Cj,, = 23%/2+1C} 4 1. Then, by an analogous
inductive argument, we obtain, for all k > 0, all n < T'/c and all r > 1 4 2Fc!/5,

5(r)*
1Lzl < G (2 400 ).

Choose now k = [1/¢] and assume that 7 > 1 + ¢'/°~¢. Then

5(r)* o e < ¢
(r—1) “r—1 " r—1

and, for ¢ sufficiently small, we have ¢ < 27%, so r > 1+ 2*¢'/5 and so
W0 gnenotllpr < 2C6(r)

which is a bound of the required form (42). O

6.2 Spatially-uniform high-probability estimates on the differenti-
ated fluctuations

We now use the results from the previous section to obtain uniform estimates on W,,(2).
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Proposition 6.2. For alln € [0,1), ¢ € (0,1/2), v € (0,e/4), m € N and T € (0,00), there
is a constant C' = C(A,n,e,v,m,T) < oo with the following properties. For all ¢ € (0,1]
and all € > 1+ /272, there is an event Qo of probability exceeding 1 — ¢™ on which, for all
n<T/cand all|z| =71 > 1+ />,

w,(2) < € (cl/H( r ) + — ) (46)

r r—1 e’ —1)?

Moreover, for ¢ < 1/C, we have Qy C {n < Ny} for all n < T'/c, where Ny is given by (40)
with 0y = c*/>7V /(e — 1).

Forn =1,¢ € (0,1/5), v € (0,6/2), m € N and T € (0,00), there is a constant
C = C(Ae,v,m,T) < oo with the following property. For all ¢ € (0,1] and all e > 14c'/>~¢,
there is an event Qg of probability exceeding 1 — ¢™ on which, for alln < T/c and all |z| =

r>14 /e,
C r 3/2 61741/ r
\Ijn g_ 1/2—1/ - .
)l < & ( (5) e ()

Morover, for ¢ < 1/C, we have Qy C {n < Ny} for all n < T'/c, where Ny is given by (40)
with § = /277 /(e” — 1)%/2.

Proof. We will give details for the case n € [0,1). The minor modifications needed for the
case 1 = 1 are left to the reader. Fix n,e,v,m and T as in the statement. It will suffice to
consider the case where e” > 1 + 2¢'/?27¢, and to find an event )y of probability exceeding
1 — ¢™ on which (46) holds whenever 7 > 1 + 2¢"/27¢ and n < T/c. Set

K =min{k >1:25'27 > 1}, N=|T/c|.
Then K < |log(1/c)] + 1. For k=1,..., K, set

r(k) —1—1.

r(k)=1+ 2’“01/2_&, p(k) = 5

Then p(k) > 1+ ¢/?7¢ and r(K) € [2,4]. Choose p > max{l + 1/(2¢); (m + 2)/v} even

integer, and set
R = (KTc*m)l/p.

By Proposition 6.1, there is a constant C' = C (A, n,e,v,p, T) < oo such that, for all n < T'/c,

|||\Ijn1{n<No}|Hpvp(k) S Mk
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where N is defined as in the statement and

=55 () * =)

Set A = Re™Y/? and consider the event

N K
Qo = [ VIZnllpp Lnenoy < A}

n=1k=1

By Chebyshev’s inequality,
IP)(H‘I’an,p(k)1{n<NO} > )x,uk) <A P=cR?

SO
P(QS) < KTR™ =™

Fix r > 14 2¢/27%. Then r(k) < r < r(k + 1) for some k € {1,..., K}, where we set
r(K + 1) = co. Note that z¥,,(2) is a bounded analytic function on {|z| > p(1)}. We use the
inequality (8) to see that, on the event €, for n < Ny A N,

r(k)+1

1/p
0T I < ()

0l < 1(B) [T lnier < (

so, using that r(k) > (r +1)/2, we get

1 lloor < (22PN < 22 (12 [ L) 4 e
e = S r—1 (e —1)2

where
Yo = 8C(2log(1/c)Te 1= 1/2twyl/p,

By our choice of p, we have v, < 1 for all sufficiently small c. We can restrict to such ¢, since
the desired estimate follows from the distortion inequality (43) otherwise. Then, on the event

Qp, for n < Ng AN,
1 r C1741/
\I/n . < _ 1/2—1/
aller < 5 (2 (25) + o)

and in particular, since €7 > 1+ ¢'/27¢ and v < £/4, we have

~ 1 o 1-4v 1/2—v
(e < [l < o (e (=) 2 Y 22 )
2e (e

e’ — 1 T1)2) Se—1

which forces Ny > N on €. O
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6.3 [P-estimates on the fluctuations

In this section we prove a result analogous to Proposition 6.1 for the undifferentiated dynamics.
This allows us to prove Theorem 1.1.

Proposition 6.3. For alln € [0,1), T' € (0,00), € € (0,1/2), v € (0,/4) and p € [2,00),
there is a constant C = C(A,n,T,e,v,p) € [1,00) with the following property. For all ¢ €
(0,1], all r,e” = 14?7 and all n < T'/c, we have

1~ @uteD el < & (v (1108 (7)) ) )

r—1
and
~ CI—QV
[@5(00) Lingnopllp < C (\/5 + m) (48)

where Ny is given by (40) with 0y = c*/>7V /(e — 1).

Moreover, in the case n =1, for all T € (0,00), € € (0,1/5), v € (0,&/2) and p € [2,00),
there is a constant C' = C(A, T, e,v,p) € [1,00) with the following property. For all ¢ € (0,1],
all r,e” > 1+ A5 and all n < T/c, we have

- ~ r 1/2 cl-3v
1@~ Bu(oo) L reriy < & (ﬁ (5) + <—) (49)

1 T 1)
and
~ CI—QV
[P (00) Ln<mvotllp < C(\/E + W) (50)

where Ny is given by (40) with 0y = c*/>7 /(e — 1)3/2,

Proof. Let us first consider n € [0,1). It suffices to prove the result for p > 1+ 1/(2¢). The
argument follows along almost exactly the same lines as that used to establish (34). The only
difference is that we delete the D operator, which has the effect of removing the k2 factor
from some of the summations, and it is necessary to consider separately the constant term of
the Laurent expansion. This gives

y - CA = ouins . C'c2-2/p N
8, = Maoe) el < S 3o e (Lo ) o S8 (1)

= —j—1 r r—1

Ce r
<— (141
= (10 (55))

33



and
n

”Mn(oo)l{ngNo}Hf, <o Z e~2n=3) L Ce.

j=1
Similarly, for the second martingale term we obtain

n

- Cc? oofni T I
Wi Linenoy 2, < 5 Ze 2l ])( W51 genoy 5, <ﬁ> +c <ﬁ> )

j=1 n=j -J
CeQC(n—l)CS—2/pr2—2/p Cch(n_l)CQ_Q/pTQ_Q/p . | )
(7, _ 1)4,2/1; + 7,,2(7,, — 1)2,2/19 ?25 H’ Jj—1 {jéNo}’Hp,pn,j

< Cc? r 2 n O™

o2 \r—1 rt(e” — 1)¥
where we used the bound on ¥, from Proposition 6.1. Finally, for the remainder term, we
find

Il (R = Ru(00)) Linenpllpr < €™ D IIP ™ (Ry = Rj(00)) Lgg<nipllr,,
j=1

n

Ccdy ; In—j S
< —c(n—j) . i ' — ( - )
S E e (50 + H‘\Ijjfll{JéNo} mp,pnﬂ +Ve (T A 1>) (1 +log Tn—j — 1

j=1 n=J

+0 Y eI WL eno g,
j=1
001731/

<=
r(e” —1)2

and

2 n 1-2v
0660 Zeic(nij) g OC

HRn(oo)l{néNo}Hp < ( (ea _ 1)2'

e’ —1)2 ‘=

On assembling these bounds, and simplifying using our constraints on r and o, we obtain (47)
and (48).

As in the proof of Proposition 6.1, in the case 7 = 1, we do not benefit from the push-out
of r, = re®™=M" and the bound on V,, is weaker. After some straightforward modifications,
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for p sufficiently large we obtain

~ ~ Cec r
M — Mo(00)) Linengg I, < E6 ( ) ,

r2 \r—1

] 002 , 4 CCS—GV r 3
Wn1 n , g ,
IWalinenolllpr < =3 (,, - 1) T (e — 1y (r - 1)

~ - Cel=3v 1 1 r 3/2
XS (00)) Lin<notllp, ((ea' —1)3 + (e7 — 1)3/2 (r _ 1)

r

On assembling these bounds, and simplifying using our constraints on r and o, we obtain
(49). Similarly

B _ CCI—QV
Mo (00)Lnenoplly < Ce, [ Ra(00) 1 fnenioyllp < ler — 1)

giving (50). O

Proof of Theorem 1.1. The argument is a variation of that for Proposition 6.2. We do it
when 1 < 1; the n = 1 case is similar. Let Q, N, K, r(k), p(k) and X be as in the proof of
Proposition 6.2. Define

N K
0 = QO [ [V ®Pnllpoe Lnenoy < ABi}

n=1k=1

B = 2C(ﬁ(1 +log <r(2§—kz1))1/2 ' %)

and C' is the larger of the constant in (47) and that in (48). Then P(£2;) < 2¢™ and the desired
uniform estimate on ®,, holds on 2y, by the argument used in the proof of Proposition 6.2. In
arriving at this estimate we use the fact that for r > 14-c'/2 we have (1+log(r/(r—1)))"/2 < ¢
for all sufficiently small ¢ > 0, for all € > 0. m

where

7 Fluctuation scaling limit for ALE(n)

In this section, we show that the fluctuations of ALE(n) for n € (—o0, 1] are of order /¢, and
we determine the distribution of the rescaled fluctuations.

Let (®,),>0 be an ALE(n) process with basic map F' and regularization parameter o.
Assume that F has capacity ¢ € (0, 1] and regularity bound A € [0, 00). We consider the limit
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¢ — 0 with 0 — 0, and will show weak limits which are otherwise uniform in F', subject to the
given regularity bound. We embed in continuous time by setting n(t) = [¢/c| and defining

(I)(t7 Z) = (I)n(t)<z>7 &)(tv Z) = eicn(t)q)n(t)(z) -z

We will show that the process of analytic functions (®(t,.)/1/c)e=o converges weakly to a
Gaussian limit.

Let us define the metric spaces our processes will live in. To start with, let D]0, c0)
denote the space of complex-valued cadlag processes equipped with the Skorohod metric d.
To discuss weak convergence of sequences of Laurent coefficients, it is convenient to introduce
the product space DJ0, oo)Z+ of sequences of complex-valued cadlag processes, with the metric
of coordinate-wise convergence, given by

d" ((a(k))iz0, (b(k))iz0) = Y 27% (LA d(a(k), b(k))).

k>0

Finally, to talk about convergence of functions, let H denote the space of analytic functions
on Dy = {|z| > 1} with limits at oo, equipped with the metric of uniform convergence on
compacts in Dy U {oo}, given by

dy(f,9)=> 27" (1 /\‘ sup  [f(2) —9(2)|> :

m>0 z|=142—m

We let D0, 00) denote the space of H-valued cadlag processes equipped with the associated
Skorohod metric dy. Then all the above spaces are complete separable metric spaces [3], and

(D(t,.)/+/C)i=0 lies in Dy 0, 00).

To state our main fluctuation result, we now define the limiting fluctuation field on
Cy[0,00), the space of continuous processes with values in H. Let (A(-,k))r=0 denote a
sequence of independent complex Ornstein—Uhlenbeck processes, solutions to

{dA(t, k) = —(1+ (1 —n)k)A(t, k)dt + V2dB(t),

A(0,k) =0 (51

where (By)r>o are independent complex Brownian motions. Thus (A(:, k))x>o is a zero-mean
Gaussian process, with covariance given for s,t € [0, 00) by

s+t 1 0
E(A(s, k) ® A(t, k) = / e~ IHA=mhu gy, (0 1) :

ls—t|

Here, on the left, we use the tensor product from R?. Thus

. b (xd xy
(x+1y) @ (' +iy') = (ym’ yy’)'
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By standard estimates, the following series both converge almost surely, uniformly on compacts
in (t,2) € [0,00) x (Do U {oc0})

Flt,z) =Y Alt,k)z" &(t,z)=v2) Bi(t)z"

k=0 k=0

Hence F = (F(t,.) : t > 0) and £ = ({(t,.) : t > 0) are continuous random processes in H. It
is straightforward to check that

F(t,z) =(1—n) /Ot DF(s,z)ds — /Ot]:(s,z)ds +£(t, 2),

and ¢ is the analytic extension in Dy of space-time white noise on the unit circle, so F satisfies
the stochastic PDE (6). In this section we prove Theorem 1.2 by showing that ®/y/c — F in
distribution on Dy|0, 00).

7.1 Discarding lower order fluctuations

Our analysis is based on the decomposition (31), which we rewrite in continuous time, with
obvious notation as

O(t,2) = M(t, 2) + W(t, 2) + R(L, 2).

Define M°(t, z) = B~ M(t, z), where 3 is defined in Proposition A.1, and recall that |5 —1| <
Ay/c. In a first step, we will show that M is the only term that matters in the limiting
fluctuations.

Lemma 7.1. Under the hypotheses of Theorem 1.2, for allt > 0, we have

sup dy <((i) - MO)Gs, '),0> -0

s<t \/E

in probability as ¢ — 0, uniformly in o and F.

Proof. Fix € € (0,1/6) as in the statement of Theorem 1.2 and set

5 — /2=l [(e7 — 1), if n <1,
0 c/2=el6 (g7 —1)3/2, ifn=1.

We first consider the case n € (—oo, 1). Recall that in the proof of Proposition 6.3 we showed
that, for all T € [0,00), p > 14+ 1/(2¢) and r > 1, there is a constant C' = C(A,n,T,e,p,r) <
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oo such that for all ¢ < 1/C, e > 1+ ¢/27¢ and n < T/c, we have

L 51
mcMn—wMum%wmw:'wH

N C 3/2—e _ Ccl—e
I Walinenoilllpr < Ce+ (e = 1) 1R L nenotllpr < (e — 12

W Mnl{néNo}H’p,r < Cc,

Here we have used that |3 — 1| < Ay/c. Note that under the further restriction o > ¢'/47¢,
les/(ea - 1)2 < Cl/2+5.
By arguments from the proof of Proposition 6.2, it follows that

(-/\;l - MO)(tw Z)l{t/CSNo}/\/E — 07 W@? Z)l{lt/c<]\fo}/\/E — 07 7%(7% Z)l{t/cﬁNo}/\/E —0

in probability as ¢ — 0, uniformly on compacts in (¢,2) € [0,7] x (Do U {o0}), and uniformly
in 0 and F' subject to the given constraints. On the other hand, by Proposition 6.2, we know
that P(Ny < T'/c) — 0 in the same limiting regime. The claim of the lemma follows.

The case n = 1 is handled by the same argument with straightforward modifications. [

7.2 Covariance structure

We now focus on the leading order fluctuations, coming from the martingale term

n(t)
MO(t,z) =Y e PP OTMY(2), (52)

=1

MO = 70 (2) = et B | ),

e~Ony — 1

Let (©%),>1 be a sequence of independent uniform random variables in [0,27). Define for

where

|z] > 1
2ce™z 2ce™ 2cez
Mi(z) = —< = g2 F g )= S0
n(?) ze~1On — 1 (ze o5 ‘ ) ze~1On — 1’
where F_| is the o-algebra generated by {O} : k < n — 1}. Expanding in Laurent series, we
find
W(2) =D M(R)2F, My(2) =) Mi(k)2
k>0 k>0

where

Mg(k) = 2ce™ (eie"(k“) — E(en* | F _1)) , ]\Zfﬁj(k) = 2ceeOn kD),
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Recalling that the operator P acts diagonally on Laurent coefficients, set

ajn(k) = e‘ij(k)\;jMf(k)’ uj (k) =

e~p(k)" I M} (k)
7 7

where
p(k,) — efc(kJrl) + anefo‘(kJrl)’

and define for ¢ > 0

n(t) n(t)

A(ta k) = Z aj7n(t)(k)7 U<t7 k) = Z ujyn(t)(k)‘

=1
Let MU(t, z) be defined as in (52) with M} replaced by M. Then we have
MO(t, 2) S A . MUt 2) -
T = At k)2, 2 =) Ut k)
Ve = Ve =

By an elementary calculation, we obtain

(M (k) @ M (K)) = 266> 510 (é (1))

from which
/ . ]_
Blus (k) © w3 (K1) = 200" P (5 7).

Recall that for n € [0, 1]
po(k) = ecUHA=mk) (k)

By some straightforward estimation, recalling that o — 0, we have
0<1—po(k)¥ < Ceojk(k +1).

Note that if j < t/c for some ¢ > 0, and k is fixed, then the right hand side converges to 0
as ¢ — 0. In the case n < 0, define po(k) exactly as above (note that this differs from the
definition in (29)). Provided c is taken sufficiently small that o — ¢ — ¢|n| > 0, we have

1+ ane—(a—c)(k—l-l) > ecnk’
and hence po(k) > 1. A straightforward estimation therefore gives

0 < po(k)¥ —1 < Ceojk(k +1).
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Hence

n(s)
> Bt (k) @ i (K))

Jj=1
Z"(s) 10 ke 10
_ n(s)+n(t)—2j —(1+(1—-n)k)u
j:

—S

Now, for any k, k' > 0 and s,t € [0,00) with s < ¢, the following limit holds in probability as
¢ — 0, uniformly in ¢ and F,

n(s)
D B (@gn06) (k) © n(ey (K| Fj-1) = E(tjn(s) (k) @ ey (K'))] = 0. (54)

Jj=1

To see this, recall that by Proposition 6.1 for all m € N there exists a constant C' =
C(A,n,e,m,T) < oo such that, for ¢ < 1/C and dy defined as in the proof of Lemma 7.1, there
exists an event € of probability at least 1 — ¢™ on which, for all n < T'/c and all 6 € [0, 27),

@, (™) <0 < 1
and hence, by (17), |h,(0) — 1| < 63dp. Then, on Qq, for ¢ < 1/C and t <

n(s)
Z (@jn(s) (k) @ @iy (K| Fj-1) = E(tg () (k) @ wjingey (K))|

—c(n(s +n(t n(s)

Z BV (k) @ MK | F51) — EOL(R) @ M3 ()

n(s)
< ey emelnle)tn-2)

J=1

2
7[ (700 6 040) (1 (6) — 1)~
0

<]£2W69(k+1)(h (0) — 1)d9) (]f% O (b, (0) — 1)d9) '
s)

< Cedy S emeln(s)+n(t)-24).
1

n

—~

<.
I

Since cdpn(s) — 0 as ¢ — 0, this shows the claimed limit in probability.
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7.3 Convergence of Laurent coefficients

We now show that the processes of rescaled Laurent coefficients (A(-, k))rso of MO(t, z) con-
verge weakly to those of the limiting process F.

Theorem 7.2. Under the hypotheses of Theorem 1.2, in the limit ¢ — 0 and 0 — 0 and
uniformly in the basic map F', we have

(21(., k))]@o = (A( E)) im0

in distribution in (D[0, 00)%", d%").

Proof. Tt will suffice to show that the finite-dimensional distributions of (A(-, k))z=o converge
to those of (A(-, k))rs0, and that for each fixed k the processes A(-, k) are tight in (D[0, c0), d).

We start by proving convergence of finite-dimensional distributions. Fix positive integers
K and m and pick arbitrary 0 < t; <ty < --- < t,,,. We aim to show the following convergence
in distribution

Aty 1) A(t,2) - A(ty, K) Alt, 1) A(t,2) - Aty K)
: : : — : : :
Altm, 1) Atp,2) -+ Altm, K) Alt, 1) Atm,2) - A(tm, K)
Write n; in place of n(t;) for brevity. Fix real-linear maps a;; : C - R, for k=1,..., K and
Il =1,...,m and consider the real-valued random variables given by
Xjnm = Zaklay n () Ly
Then
K m B Nm
D2 oAt k) = D Xy
k=1 I=1 Jj=1
It is readily verified that (Xj;,,, :Jj = 1,...,n,) is a martingale difference sequence with

respect to the filtration (F; : j =1,...,n,). Set

K m ti+ty
2= > {awsanr / e~ UFU=mkugy,
k=1 1'=1 [tr—ty|
and note that X is the variance of
K m
DD owiAlt k)
k=1 I=1

We will use the following martingale central limit theorem [3, Theorem 18.1].
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Theorem 7.3. Suppose given, for each n € N, a martingale difference array (X, : j =
1,...,n) with filtration (F;, : j = 1,...,n). Assume that, for some ¥ € [0,00) and for all
e > 0, the following two conditions hold in the limit n — oo:

ZE .7-"] M) — X in probability,

(i) D E(XGal® Lx, alse) = 0.
j=1

Then Z Xin — N(0,%) in distribution as n — co.

j=1
We can apply this theorem to the limit ¢ — 0 and the martingale difference array (X, :
Jj=1,...,ny), with n, = n(t,) = [tm/c]. We have
Nm nyA\ny
> E(XF, [ Fio1) Z Z <ozkl > a0 (k) ® aj, (l{:')|]-"j_1),ozk/7l/> —¥
J=1 kk'=111'=1 j=1

in probability as ¢ — 0 by (54) and (53), which proves (i). To see (ii) note that
lajn(k)] <4y forall k< K,j<n

from which, for arbitrary e > 0 and a constant C' allowed to depend on the constants ay, K
and m, for all sufficiently small c,

ZE| X L%, 5e}) < (JCZM Xjm,| >¢) < Ct P(max| ]nm|>g>:o.

Since the linear maps aj,; were arbitrary, this shows convergence of the finite-dimensional
distributions of (A(t, k))g=o to those of (A(t, k))rso-

It remains to prove tightness. We will show that, for all p € [2,00), all £ > 0 and all
T € [0,00), there is a constant C' = C'(p,n, k,T) < oo such that, for all s,t € [O,T],

limsup || A(s, k) — A(t, k)|, < C|t — s|'/>. (55)

c,0—0

Since we may choose p > 2, this implies tightness, by a standard criterion.
Recall that

n

—~

)
A(t, k)) = aj,n(t)(k) =

1

n(t

~

e Ip(k)" I MY (k)

1

<.
[
S
o
.
[



and that (Mjo(k) : j = 0) is a martingale difference sequence with |Mj0(k)| < 2ce. Also
0 < p(k) < 1 and, estimating as above,

1—p(k)! < Clok(k+1) + (14 (1 —n)k)]cs. (56)
Fix s,t € [0,7] with s < ¢ and note that n(t) —n(s) <1+ (t —s)/c. Then

At 1) = A, k) = == 37 e p()" O (p()" 0" — )AL (k)
j=1
1 n(t)
—cj n(t)—j 170
+—C e “p(k) ) I M; (k).
j=n(s)+1
Using that ’
e 9
MO(k)| <2
max =M (k)| Ve,

and combining

n(s)

1 —2cj n(t)—n(s 9 n(t)—n(s
HE Ze 2 I (p(k) (H)—n(s) _ 1)2]E(|M;)(k;)|2|fj_1)“p/2 < 8en(s)(p(k) t)—n(s) _ 1>2
7j=1

with (56), by Burkholder’s inequality we find that, for some constant C' = C(p,n, k,T) < oo,
JA(t, k) — A(s, k)|2 < C ((0*K*(k + 1)+ (1+ (L—n)k)*)(t —s+c)> +t—s+c). (57)

The asymptotic Holder condition (55) follows. O

7.4 Convergence as an analytic function

In this section we deduce the convergence of MO(t,z) from that of the Laurent coefficients,
thus concluding the proof of Theorem 1.2. To this end, set

Fl(t,z) = MO 2) = A(t,k)z Flt,z) =) Aft,z)z""

k>0 k>0

These define processes in Dy [0, 00). For any 7" > 0 let D4[0, 7] denote the space of H-valued
cadlag processes on [0, 7]. Then F, F define processes in Dy [0, T] by restriction, for all T > 0.
For any r > 1 let H, denote the space of analytic functions on {|z| > r} with limits at oo,
equipped with the metric

dy(f,9) = sup | f(z) — g(2)|.

|z|>r
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We let Dy, [0, T] denote the space of cadlag processes with values in H, equipped with the asso-
ciated Skorohod metric dr.,.. To show that F converges to F in distribution on (D0, o), dy),
it suffices to show that, for any 7" > 0 and r > 1, the process F converge to F in distribution
on (D, [0,T],dr,) as ¢ — 0 (see Billingsley [3]). This in turn follows from the lemma below.

Lemma 7.4. For any T > 0, r > 1 and § = §(r) € [0,1] such that e=%r > 1, we have that

for any e >0
lim sup d 7r< fl(.,k)z_k,()) >e| =0.
K—o0 c€(0,8] ( g IZI:(

Proof. Fix ¢,T,r,§ as in the statement, and partition the interval [0, 7] into sub-intervals

I =1[(l—-1)0,100) for 1 <1< [T/d]. Then

dT,T( A(.,k)zk,o) <Y osup At k)
k=K

k> K t€[0,T)

and so

P (dTm(ifl(.,k;)z‘k,O) > g> < é g: 2}:{ (sup|A (t, k)| )1/2r_k.

=K =1 teh

Recall that
n(t)

At k) = \% S eeip(k)" O N0 (k)

j=1
which shows that the process (p(k) ™" A(t, k));so is a martingale for each k > 0, with

n

—~

t) n(t)
E(lp(k) At k)P) < e p(k) "V E(|M; (k)*|Fj-1) 16062?

j=1

Doob’s L? inequality then gives

E( sup At k)\?) < plky DR ( sup |p(k) O At, W)

tel, tel,

< Ap(k)> OV (|p(k) ") A16, k) )

n(l9)
< Cp(R) @19 3" p(r) 2
j=1
< Cp(k) 20109, (58)
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for some positive constant C'; depending on 7', changing from line to line. In the last inequality
we have used that p(k) < 1 and cn(l9) < T'+ 1. Noting that n(ld) —n((l — 1)J) < 1+ /¢,
and that p(k) > e~V for 5 € [0, 1], we find

p(k)72(n(l5)fn((lfl)6) < p(k)fZ(lJré/c) < e46(k+1)

for 6 > ¢. Plugging this into (58) gives

E ( sup |A(t, k)|2> < Ce**,

tel;
and hence
LT/5J 1/2 C
sup — Z Z (sup\A (t,k)| ) R 2(6_267“)_k —0
c€(0,] =1 koK tel; €d KoK

as K — oo since e 27 > 1. If n < 0, the result follows from the same argument using that,
for ¢ small enough that 0 — ¢ — ¢|n| > 0, we have

p(/{:) _ e—c(k+1)(1 + ane—(cr—c)(k+1)) > e—c(k—i-l)—c\n\k'

Appendices

A Particle estimates

Let ¢ € (0,00) and A € [0, 00). Recall that we say a univalent function F from Dy = {|z| > 1}
into Dy has capacity ¢ and regularity A if it satisfies condition (4), that is to say, for all z € Dy,

Io F(z2) A Ac??|z|
& 1 Sz -

We show that this in fact implies a similar condition for F' but with better decay as z — oo.
Then we will give some explicit examples of suitable maps F'. Finally, we will show that (4)
holds whenever the corresponding particle is not too flat. Only Subsection A.1 is used in the

paper.
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A.1 Precise form of the particle hypothesis

Our particle hypothesis (4) can be reformulated more precisely in terms of the coefficient ag
in the Laurent expansion (1).

Proposition A.1. Suppose that F satisfies (4) and set B = ao/(2¢). Then |5 — 1| < A/¢/2
and, for all z € Dy,

‘log (F(z)) 2B 6AS 59)

2 z—1| "z =1|(|]z] = 1)

Proof. Set

1=t (P2, g = -1 (1) - o= 2.

z—1

Then ¢ is analytic in Dy and ¢g(z) — ag — 2¢ = 2¢(8 — 1) as z — oo. Condition (4) implies

|

<A

On letting z — oo, we see that 2¢|8 — 1| < Ac¥? so |8 — 1| < Ay/¢/2. Consider

z—1

2c
hle) = 20(2) = a(00) = 5tz = 1) (1) == 227,
Then h is analytic in Dy and bounded at co. We have

26 | _ o)l +19(o0)| _ \ 4o 221

'ﬂ@_c_z—l\\ [z =1 S (E) (90)
v |21(2]z] = 1)
< AB2FIEE T ) 32
|h(2)] < Ac 2= 1 6Ac

whenever |z| = 2. Then, by the maximum principle, for all |2| > 2, we have |h(z)| < 6Ac*/?
and hence

2cf3 6Ac3/?
—c— < )
’f(z) L S =D

On the other hand (60) implies the same inequality for 1 < |z]| < 2. O

Note that (59) with |5 — 1| < Ay/c/2 implies (4) with A replaced by 7A. Thus the two
conditions are equivalent up to adjustment of the constant by a universal factor.
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A.2 Spread out particles
Consider for v € C the map on Dy given by

1 2
F(z)=F.,(2) = zexp (C’Zi i_ 1) = e‘zexp (fyz i 1) .

It is straightforward to check that F7 ., is univalent into Dy if and only if

V] = y(c) =1+ c+ V2 + 2

Then F,, has capacity c¢ and, since

F 1
log ( C’V(Z)) = 072 +

z vz —1
and
v2+1  z+1 2y =17
vz2—1 z—1| |z—1|]yz -1

we see that F. . has regularity A = 2|y — 1|/4/c. The corresponding particles P, . are spread
all around the unit circle, as illustrated in the rightmost particle in Figure 1. When v = ~(¢)
we find (1) = 0 so P, has the form of a cusp with endpoint F'(1). Moreover, in the limit
¢ — 0 with v = 7(c), the regularity constant A stays bounded and log F(1) ~ v/2¢, so the
endpoint lies at distance F(1) — 1 ~ v/2¢ from the unit circle.

A.3 Small particles of a fixed shape

The following proposition shows that our condition (4) holds generically for particles attached
near 1 which are not too flat. In particular, it shows that, for particles of a fixed shape,
such as slits or disks, attached to the unit circle at 1, in the small diameter limit 6 — 0, the
capacity ¢ — 0 while the regularity constant A stays bounded, which is the regime in which
our limit theorems apply.

Proposition A.2. There is a constant C' < oo with the following property. Let P be a basic
particle such that, for some dy,d € (0,1],

(a) |z| =1+ 0d¢ for some z € P,
(b) |z—1] <0 forall z € P.

Then P has capacity ¢ satisfying 63 /C < ¢ < C6%. Moreover, if 6 < 1/C, then P has reqularity
A < C6/by.
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Proof. The bounds on ¢ are well known. The lower bound relies on Beurling’s projection
theorem and a comparison with the case of a slit particle. The upper bound follows from a
comparison with the case P; = SsN Dy, where Sy is the closed disk whose boundary intersects
the unit circle orthogonally at e* with 05 € [0, 7] is determined by |e!% — 1| = §. See
Pommerenke [16].

We turn to the bound on A. First we will show, for a = 150 < 7, we have

|F(e?)) =1 whenever || € [a, 7). (61)

Then we will show that, if ¢ € (0,1] and (61) holds with a € (0,7/2), then, for all |z| > 1,

F(2) z+1 T6ac|z|
] - < . 2
Og( > Cz—l’ EESEER (62)

The desired bound on A then follows from (61) and (62) and the lower bound on c.

We can write log (@) = u(z) + iv(z)

where v and v are harmonic functions in D with u(z) — ¢ and v(z) — 0 as z — oo. Since
F maps into Dy, we have u(e®?) > 0 for all § € [0,27). We have to show that u(e?) = 0
whenever |0| € [a,7]. Set

ps = Poo(B hits S5 before leaving D)

where B is a complex Brownian motion. Consider the conformal map f of Dy to the upper
half-plane H given by
z—1
/) = P
Set b = f(e %) = sinfs/(1 + cosfs). Since § < 1, we have 05 < d7/3 and then b < 275/9.
By conformal invariance,

2b/(1—b%) dr
ps = Pi(B hits f(S5) before leaving H) = 2 /0 m(1+a2)

Hence ps < 4b/7m < 85/9.
Now €™ is not a limit point of P so €™ = F(e'™*®)) for some o € R. Then u(e!"*®) = 0
and we can and do choose a so that a + v(e! (™) = 0. Set

0" =sup{f <7 +a:ue®) >0}, 6 =inf{d >+ a:u(?) >0} —2n.
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Then 0~ < 6*. It will suffice to show that |#%| < 156. For § € [0, 07], we have F (%) € Ss so
0 +v(e?)] < 05. Set P* = {F(e?):0 € [0~,0"]}. Then P* C S; so, by conformal invariance,

ot — 60—
21

= P(B hits P* on leaving Dy \ P) < ps.

On the other hand, for 6,60" € [0F,0~ + 27| with § < @', by conformal invariance,

0 —0
21

0 4 v(e?) — 6 —v(e?)
2

= Po (B hits [ei(9+”(ei0)), ei(e/”(ewl))} on leaving Dy \ P) <
so v is non-decreasing on [0, 0~ + 27], and so
a+v(E®) <a+oE™) =0 < a+ o).

Hence ‘
07 —a < 2mps + 07 — o < 2mps + 05 —v(e? ) — a < 27ps + b5

and similarly 6~ — « > —27ps — 0s. So we obtain, for all § € [0~,07],
| 4+ v(e™)| < 205 + 27ps.

Since v is continuous and is non-decreasing on the complementary interval, this inequality
then holds for all #. Now v is bounded and harmonic in Dy with limit 0 at oo, so

2m
/ v(e®)dh = 0.
0

Hence

la| = < 205 + 2mps

]ﬁ%(a +v(e))do

and so |0F| < 305 + 4mps; < 4176 /9 < 156, as required.
We turn to the proof of (62). Assume now that u(e?) = 0 whenever |0| € [a,7]. Since u

is harmonic, we have
2
][ u(e®)df = ¢
0
and, for all |z| > 1,

2 i6 2m 10
i0 zte 0 2e
u(z):]f u(e”) Re (Z_ew>d0:c+]€ u(e”) Re (z—ei9>d0'
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Hence, using that u(e?) > 0 for all § € [0, 27),

2 me 2c
— < i0 = —
lu(z) — ¢| < =1 ]€ u(e)db o=

and, since v(z) — 0 as z — oo, a standard argument using the Cauchy—Riemann equations
then shows that . o
log (2)\ .z +1 < c_
z z—1 |z| — 1

This gives the claimed estimate in the case where |z — 1| < 2a. It remains to consider the
case where |z — 1| > 2a. Let a, p be defined by

2m
][ u(e®)e?dh = cpe™™.
0

Then |o| < @ and p € [cosa, 1). Now

. 2 2m , 2¢i0 9¢i0
u(e"“z) —c— Re (z fi) = ]i u(e'@+)) Re <z _eeie — i 1) de

. 2pc 2 M o dac
u(e"“z) —c—Re ( )‘ < ][ u(e )| — 1]df < :
2= 1)1 7 [z =1l(z] = 1) o DEES(EEY)

SO

The standard argument mentioned above now allows us to deduce that

2pc 27 dac
) g = )
z—1 |z —1|(]z] = 1)

v(e"“z) — Im (
Hence, by a simple calculation,

F 2
log( (z)) iy pc ‘ < ’ 35ac (63)
z

Ceiag — 1| Jemtoz —1|(Jz| = 1)
Note that
z—i—l_l_ .2p <2(1—p+\pe —1Hz|)< 6alz| '
z—1 e~laz —1 |z —1|(]z] = 1) |z —1](]z] = 1)

Since |z — 1| > 2a, we have |e™**z — 1| > |z — 1|/2, so we can deduce from (63) that

F(z) z41 T6ac|z|
1 - < -
Og( ) "z—l’ 2= 1](2[ - 1)
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B Preliminary estimates

In this section, we gather together some standard results which are used in our proofs.

B.1 Martingale estimates

We recall the following martingale inequality, due to Burkholder.

Theorem B.1 ([4], Theorem 21.1). Let (X,)n>0 be a martingale with respect to the filtration
(Fn)nso. Forn =1 write A, = X,, — X,,_1 for the increment process, and define

An = max [Agl,  Qn =) E(A’|Fimn).

O<k<n

Then for any p € [2,00) there exists a constant C' = C(p) such that for alln > 1

| e | < CO1@ula + 12312)

B.2 Operator estimates

We note some LP-estimates on operators which act on the set of analytic functions f on
{|]z] > 1} which are bounded at oo, and hence have a Laurent expansion

o0
=2 izt
k=0

Firstly, for the operator Df(z) = zf'(z), by a standard argument using Cauchy’s integral
formula, there is an absolute constant C' < oo such that, for allp e Nand 1 < p <r,

Cp
Dfl|lpr < — . 4
1D [, - prHp,p (64)

Secondly, let L be an operator which acts as multiplication by m; on the the kth Laurent

coefficient. Thus .
2) = mpfrz"
k=0

Assume that there exists a finite constant M > 0 such that, for all £ > 0,

o1



and, for all integers K > 0,

oK+1_3

Z |mp1 — mg| < M.

k=2K
The Marcinkiewicz multiplier theorem [21, Vol. II, Theorem 4.14] then asserts that, for all
p € (1,00), there is a constant C' = C(p) < oo such that, for all » > 1,

L llp.r < CMI|flpr-

We will use also the following estimate. Write ||L||, ,—, for the smallest constant /K such that

1L fllp.r < KN flpo

for all analytic functions f on {|z| > 1} bounded at oc.

Proposition B.2. Let f and g be analytic in {|z] > 1} and bounded at co. Set fo(z) =
f(e=®2). Let L be a multiplier operator and define

2
b = LU g)P()ds
0
Then, for allr,p > 1, we have
1Bllpr2r < NLIG por lgl7lLF113,- (65)

Proof. We can write

= kaz_ky g(Z) = ngz_k7 Lf(Z) = kasz_k
k=0 k=0 k=0
Then

Z Z Mk 19 e/ = ()

k=0 j5=0
SO

=D IAPIL(g) ()

where 7,9(2) = 27%g(2). Hence

12llp/2r < Z|fk| L@l < D UPILIG o llmealls,
k=0

—Zlfﬂ2 THILIG oo llgllp o = DL o 12 09115
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C Computations of first order and error estimates

In this section, we provide the detailed calculations behind the estimates stated in Section
3. We only explicitly state estimates for n € [0, 1], taking advantage of the fact that certain
constants can be chosen uniformly over such values of 7. Similar estimates hold for n €
(—00,0), and we leave the necessary adjustments to the reader. Furthermore, throughout this
section we assume that ¢, < 1. This assumption can be relaxed at the cost of the absolute
constants.

C.1 Estimates on the attachment measure h,(0)

We begin by obtaining estimates on h,(6), defined in (3). By an elementary calculation, for
all n € (—o0, 1] and w € C\ {0}, we can write

lw|™"=1-=nRe(w —1) + &1 (w)
with
le1(w)] < Clw|™ Vv 1w — 1

for some constant C' < oo depending only on n. We will see below that C' < 24 for all
n € [0, 1]; the case n < 0 requires minor adjustments to take into account the dependence of
C on 7, which we leave to the reader. Take

w = e—c(n—l)q);z_l(ea—kie) _ é;_l(ea—i-ie) +1
to obtain . ) A
eI (7)1 =1 —nRe®, ,(e7) + £2(6)

where
g9(0) = e1(w).

(Here and throughout the remainder of this section, n is fixed and the dependence of error
terms on n is suppressed in the notation). Then

2T
ecln-Uny ][ DG (Y IGh = 1 4 ey = (66)
0

1+€4

where

Here we used the fact that
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which holds because ®,_|(z) is analytic in {|z| > 1} and vanishes as z — oo. Hence
ha(0) =1 —nRe®),_,(e”") + &5(6) (67)

where . 4
e5(0) = e2(0) + (1 = nRe ®!,_,(e”T))ey + £2(0)ey.
Recall the definition of Ny from (16). Then, for all n < Ny and all 6 € [0, 27),

o+t 1 7 —c(n— o+i 9
@i () <5 g SR (T < 5
" 192
le2(0)] < =17 ( T2
and )
T 192 - 3
il = |f | < 2ol < 2
0
Using (66) to bound |1 4 €3] directly,
9 216 -
il < plesl < 20185,
and ) . 3
le5(6)] < 42]P7,_y (7)) * + 351D}, 13- < 7755 (68)

This estimate, together with (67), is used to justify the bounds in (17) and (18).

C.2 Estimates on the increment A, (0, z)
We now move to analysing the increment A, (6, z), defined in (9). Recall from (23) that
AL(0,2) =m,(0,2) +w, (0, 2)
where m,, is defined in(22). By (21) we can write
wn(0,2) = e6(0,2) + 7(0, 2)

where

F —1i6 1

es(0, 2) = (1og% - c) / (DB, (Fyg(2)) — e 2)ds
0
F —16 1

- (log ¥ — c) / ecn=b) (V1 (Fop(2)) + Fyp(z) — e°2)ds,
e~z 0 ’ '
e (1og FE72) 2c3
67(9,2)26 2<logw—c—m .
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Note that 4(0,00) = e7(0,00) = 0 and

6Ae /22|
le=®z = 1[(J2| = 1)

|e7(6, 2)] < (69)

By some straightforward estimation, we obtain a constant C' = C'(A) < oo such that, for all
c e (0,1] and all |2| > 1,
2] < [Fop(2)] < e9V°l2

and, for |z| > 1+ /c,

c Cclz|
’F579(2> — € Zl § m (70)
Hence, for |z| > 1+ /¢,
Cee™ ! Cc?e™ |z
le6(0,2)| < 1], [Wy—1(Fsp(2))|ds + ez 1 (71)

This estimate, together with (69), is used to justify the bound (24). We combine (67) and
(21) to obtain

2m _ ) 2 cn
@) = (=R () 4 e®) (25 a0.2) e 2)) .
0 _
By Cauchy’s integral formula

2cez

po— 1d0 = cBne2®!_ (e72).

2
][ nRe®, (o)
0

So we obtain 5
Ay (2) = —cne2®!,_(e72) + R, (2) (72)

where

ze 0 — 1

—c(B — 1)776(:”2&);1_1(602).

Ro(2) = fﬂ <w55(9) + (R ®, () + 25(6)) (26(6.2) + (6 z))) i

Now suppose n < Ny. Then, using (69) and (71), for |z| = r with » > 1 + /¢, we obtain
(27).
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C.3 A more refined decomposition

The estimate (24), is not sufficiently tight for all our needs. In this section, we give a decom-
position of w,,, which can be used for more refined estimates.

> F(2) 25
z c
l =1 — =1 — .
=105 e g5 =15) - 22
Then, for |z] =7 > 14/,
Cec Cc3/?
1(2)] < , <—
M < o o < =
It follows that we can write 00 fes
F(z)=¢z+ cBe"z +q(2)
z—1
where
()] < 2
A —m—.
TS =R

We will write
10,2) =1(e™™2), q(0,2) =q(e™2), §0,2)=e’G(e™2), F(0,2) =e"F(e2).
Recall the interpolation (20), which we can write as
Fso(z) = e“zexp(sl(0, z)).
We will use the following Taylor expansion
- 210, 2)k s)™

B (F(0,2) =3 O (0, (e 4 00,2 [ O 0, (e

where m € N. Hence

An(8, 2) = e (én,l(F(e, )+ F(0,2) — Bpi(e2) — ecz>

10, 2)k
= (1) (F(@, 2) — ez + Z ( ];'Z)
k=1 ’
1 1 _ m
+ ec(n—l)l(€7z)m+1/ ( ;9)
0 m!

(D’“(i)n_l)(ecz)>

(D™D, 1) (FLp(2))ds
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and so

L p1w,0)(e)

10,z
k!
1 m

+ ec(n—l)l(g’ Z)m—H/ (1 — 8)

0 m!

w,(0,2) = e“" V(8 2) 4 eV Z
k=1
(D™W,,_1)(Fso(2))ds. (73)

D Proofs of second order bounds

D.1 Estimation of the second martingale term

In this section, we give the proof of Lemma 5.2, which bounds the second martingale term
W, (2) in the decomposition (32) of the differentiated fluctuation process, which is given by

Walz) = e Py I DWy(e = 0)z),
j=1
By Burkholder’s inequality, for all p € [2, 00), there is a constant C' = C(p) < oo such that

W () 1oy Il

1<jsn

n
< Ce > (H max X% (e ) 1 G evg 2+ HQ%(GCO")(nj)z)l{j@vo}”pﬂ)

j=1
where
XV (2) = [Py DW(e? "0 z)and - QY (2) = E(|Py ™ DW, (e M09 2) 2| F_q).

Then, on taking the | - ||,/2,,-norm, we deduce that

—2cn w w

IWalpnenollip, < Ce™ (IH max X Lgienoy [l +Y H\Qj,nl{j<zvo}\Hp/z,rn_j> - (74)
j=1

While it is possible to use the estimate (24) to bound this expression, the bound is only

sufficient to prove our final result for o > ¢!/3. In order to obtain a bound that works all the

way down to o > ¢!/, we need the refined decomposition (73), for some m € N which we will

choose later. Define

Ui (2) = (O, 2) —]f " (0, 2o (6)d0

o7



where

Then W,, = U2 + U}l + U? so, with obvious notation,

i <3(Q5, + Q) +@Q5)
and so
197 ez < 3 (197 llprzr + 1Q5mllpy2er + 1QF nllp/2r) -
We estimate the terms on the right. First, for j < Ny, we have

in(2) = E(1Py 7 DU;(2) | Fj-1) < E(1F5 ™ Duj(©y, 2)|*| 1)

Jm

27 27
_ ][ P2 Dul (6, 2)|*h,(0)d0 < 3 ][ P2 Dul (6, 2)do.
0 0
We start with ¢ = 0. Then for all |z| =r and j < Ny,

27
0 (2)<3 f P DU (e 102)) 26

= 3¢V B D3,

7“3

Here, and in what follows, C' < oo is a constant, which may only depend on A, n, m and p,
and which may change from line to line.
Next, consider + = 1. Note that

3 _2cj
< Cc’e*@

1 20] I)Z][ |P” JD 9 Z)kafl\Ilj_l(eCZ)) |2d9

We use the estimates (64),(65) and (33) to see that, for p = (r+1)/2 and p= (3r +1)/4,

m 2k
c(g— r
1Qhulher < 05,12, S (5 ) 118,

k=1
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It follows from (4) that, for |z| > 1+ /¢,

Hence

m r 2k CQk
1 2cj 2
(@bl < O, 3" (+5) 7S

k=1
r

(r—1)3

< CeI| W42 ¢

where in the last line we used that r > 1+ /c.
Finally we turn to ¢ = 2. Then, for |z| =7 > 14 y/c and p = (3r 4+ 1)/4, using Jensen’s
inequality and the inequalities (64) and (33),

2

2 2 p/
||Q§.7n||§§§r < 31’/2][ (][ |P51_”Du§(6,7‘e“)|2d9) dt
' 0 0

27 2T
< 302 ][ ][ [Py~ DuZ (0, re™)[Pdtdf
0 0

r p 2 2T )
<C ( ) ][ ][ 2 (0, pe) P dtdo
r—1 0 0
r P 2 2T ]
_C ( ) ][ ][ (0 + t, pe) Pdedd.
r—1 0 0

Note that

o . F(pe= el 1—s)™ ; ~
ui (0 +t, pe’) = e <log % - c) / %(Dm@jl)(e’tﬂﬁ(p))ds.
0 .

We use the inequalities (4), |Fsg(p)| = p and (70) to see that, for p = (r +1)/2 > 1+ /¢,

r m
D"l < € (7)1l

Hence we obtain

C

p(m+1) r mp
(-55) e,

2T
][ 2(0 + t, pe)Pdt < Ceei=Dr
0 T

pe—ie -1
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and then

21 21
][ ][ |u3 (0 + t, pe™)|Pdtdo
0 0

<o (eIl pf% ! o
b (r =1 o lpei® —1[omEDe T

Hence

jQ 2 <o (el !
nllp/2r ™3 (T _ 1)m+1 p(p _ 1)(m+1)p—1

and hence
p2(m+1)=2/p

(T‘ _ 1)4(m+1 —2/p

15 nllpy2r < Cm T2 195117,

Fix ¢ € (0,1/2) and assume that r > 1+ ¢/?27¢. Then, on choosing m = [1/(8¢)], we obtain,
for all p > 2,

“Qj nHP/QT ~ CCQ 2

r 2
= 1)3H‘I’j71Hp,p

where C' now depends on ¢, in places where before it depended on m.
On combining our estimates, we have shown that, for 7 < Ny, we have

2
w 226 T 2 T
||Qj,n”23/277‘ <Cc’e J(r _ 1)3 <H‘I;j—1||p,p t+c <:> ) ‘

We take the LP/%(P)-norm to deduce that

2
w o L
m@»%mmm<0%“@4ﬁwamwwMﬂfQ_J)-

When bounding ||| maxi<j<n X}, 1j<no}lll2 . it is sufficient to take m = 0 in the decomposition

above. In this case ul(6,2) = 0 S0

p,r?

Il max X1 gg<noy

2 <2 (I s XL 12, + ) e XL, )

i)

By (64) and (33), now, similarly to above,

n—j ) T
175 DU Ml < € (-
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For 7 = 0,

27 27
12(0;, 2)[12, = ][ (), re) Pdt = ][ (0, rei=0) [y
0 0
Cepc(J_l)C3p/27ﬂ2p_l

DT < (7“ _ 1)3p71

= [[u3(0, )|

and hence, by the same argument as in the proof of Lemma 5.1,

COe2c(n=1) 3-2/p4=2/p
0 2
||| EJSQX Xj,nl{j<N0}|||p,7" S (7” — 1)6—2/1?

For i = 2,
U7, = E ENT; I F5-1) -

Now, by the computation above,

2r 2w
BN N F) = f W Ore)Phy @)y
C'cPecri—1) ||\If _1||p rp—1
= (r—1)2r—1

Hence
Ce2c(n—l)02—2/pr2—2/p

I e XLl < =Ty e 191l I,

Then, on using this estimate in (74), we obtain (38).

Now suppose n < 1. It suffices to prove the result for p sufficiently large, so assume
p > 141/(2¢). We use our constraint on r, the monotonicity of norms (8), and same integral
comparison as in (37) to deduce from (38) the estimate

Cec r 2 _ r 2-2/p
|HWn1{n<No}| i,r Sz ( _ 1) (1 +l (:) ) Sup |||\I]J 11{J<N0}|||pp

r r j<n

Cc? T 4 r 2=2/p
= 1 1-2/p )
() (e () )

The desired result follows, using our assumption on p.
The case when 1 = 1 is similar.
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D.2 Estimation of the remainder term

The remainder term in the decomposition (32) of the differentiated fluctuation process is given
by

Ru(z) = ¢ S BIIDR, (0009,
j=1
In this section, we give the proof of Lemma 5.3, which bounds this quantity.
By the triangle inequality

IR L menopllpr < €™ > Py DR G<no} My, -

j=1

For n < Ny and |z| = r > 1+ /¢, we obtained in (27) the estimate

) = ool < S (1w (1)) (e ()

2T
+ OSSP W, (e72)) —i—CceC”do/ ][ [Zn1(Fip(z ))|d6d5
o Jo

|zt —1|

We bound the || - ||,,-norm of the final term on the right as follows:
27 2m I p
][ / ][ WosFuolre™))] 10 ) g,
|refue= — 1
2m 27 2r P .
|‘I’n—1(Fsm,9m(rew))|
/ / ][ ][ (][ |T6iue—i9m _ 1| du | dby ... depdsl ce dsp
27 P
\Ijn— 6 Fsme
SO (T P,
27 2 P 1
L R A | e
c\’ r
< | — 1+1 - U, P
<T> ( +Og<r_1)> TS

We used the change of variable 7,, = 6,,, — v and the identity

Fsm,Tm+U<Teiu) = 6qusm,Tm (T)

in the second equality. Then we used Holder’s inequality and the fact that |F; ., (r)| > r for
the first inequality, and we used

2m 1 C r
- d 1+1
Jf e 1 S ( *Og< —1))
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for the second inequality. Hence, for all p € N,

Cce™),
||Rn - Rn(OO)Hp,r < Ci 0 (60 + ||\Iln—1||p77’ + \/E (’l"i—l)> (]. + 10g ( i 1))

+ ch/QeC”H\IJn,lHW.

We use (64) and (33) to obtain (39).
Now suppose n < T'/c for some constant T. If n < 1, the result follows, using the integral
comparison

n

P +/” ‘i< / O
p ri—1 " r—1 o reci-mT —1 \r—l recl—m7

c 1 1 r C T
< - 1 T —(1+1 .
7‘_1+T(1—770g( _1>+ ) T(—i_og(r_l))

The argument when 7 = 1 is similar.
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