ON THE (CROSSED) BURNSIDE RING OF PROFINITE GROUPS
NADIA MAZZA

ABSTRACT. In this paper we investigate some properties of the Burnside ring of a profinite
group as defined in [6]. We introduce the notion of the crossed Burnside ring of a profinite FC-
group, and generalise some results from finite to profinite (FC-)groups. In our investigations,
we also obtain results on profinite FC-groups which may be of independent interest.

1. INTRODUCTION

The Burnside ring B(G) of a group G is a commutative ring, which encodes in some way
useful information about the abstract group G (e.g. [5]). In particular, if G is a finite group,
the mapping of a subgroup H of G to the underlying abelian group of the Burnside ring B(H)
defines a projective Mackey functor for GG, and this fact is key in the study of Mackey functors for
finite groups [17]. The crossed G-sets of a finite group G act on the category of Mackey functors
for G, leading to a decomposition of the Mackey algebra of G into p-blocks, after extending the
scalars to some suitable p-local ring for a given prime p dividing the order of G [2].

In [5], Dress proves that, for G finite, there exists a 1-1 correspondence between the connected
components of the prime ideal spectrum of B(G) and the conjugacy classes of perfect subgroups
of G. In [7], Gluck gives a formula to calculate the primitive idempotents of B(G), and he
uses his result to provide an algebraic proof of Brown’s result on the Euler characteristic of the
simplicial complex whose vertices are the nontrivial p-subgroups of G.

In [6], the authors introduce the Burnside ring B (GQ) of a profinite group G as a generalisation
of the Burnside ring of a finite group. In [6, Section 5|, the authors hint at certain properties of
B(G), which are similar to those of Mackey functors according to Dress [17, Section 2]. Their
results have been used in [1] to study Mackey functors arising in number theory.

The main objective of the present paper is to investigate a generalisation to profinite groups
of the above results on the (crossed) Burnside ring of a finite groups and its applications. Hence,
in Sections 2 and 3, we review the known background on crossed Burnside rings for finite groups
and on the Burnside ring of a profinite group. These lead us to take a closer look at profinite
FC-groups in Section 4. An FC-group is a group in which every element has a finite conjugacy
class. That is, a group G is FC if and only if Cz(g) has finite index in G, for all g € G. Properties
of FC-groups are described in [18], and also in [15, Section 14.5]. In particular, finite groups, and
profinite abelian groups are profinite FC. We make a few observations about the structure of
profinite FC-groups, which we have not found in the literature, and which may be of independent
interest. In Section 5, we use Dress and Siebeneicher’s construction of the Burnside ring of a
profinite group and define the crossed Burnside ring [13] of profinite FC-groups. In Section 6, we
generalise in some way Dress and Gluck’s results on the idempotents of the Burnside Q-algebra
and Burnside ring of a finite group to the class of profinite groups. Finally, in Section 7, we turn
to Mackey functors, and review the approaches in [1, 6], before generalising Oda and Yoshida’s
results [2, 13] to obtain an action of almost finite crossed G-spaces on the category of Mackey
functors.
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2. BACKGROUND ON THE CROSSED BURNSIDE RING OF FINITE GROUPS

We recall the needed background on crossed Burnside rings of finite groups from [13, Section
2]. Let G be a finite group and let Sets denote the category whose objects are the finite G-sets
and the morphisms are G-equivariant maps. Let S be a normal subgroup of G, which we regard
as a G-set for the conjugation action: (g,s) + 9% = gsg~! for all g € G and all S € S. Then S
is a G-monoid. That is, S is a G-set equipped with a multiplication S x S — S for which there
is a multiplicative identity 1g.

Definition 2.1. [13, (2.6,2.7)] Let S be a normal subgroup of G. A crossed G-set over S is a
morphism f: X — S in Setg.

Given two crossed G-sets over S, say f; : X; — S, for i = 1,2, their sum and product are the
crossed G-sets:

fi+fo: XiuXe — S and fix fo: X1 xXo — 5,
where

(fi+ f2)(x) = fi(x) forze Xy, fori=1,2, and (f1 x f2)(z1,22) = fi(z1)fo(x2).

The additive identity element is the unique morphism () — S, where () is the empty set (i.e.
the initial object in Sets), and the multiplicative identity is v : G/G — S, where u(G) = 1g.
Addition and multiplication are commutative up to isomorphism. In particular,

(f1><f2 : X1><X2 —>S) — (f2><f1 : XQXXl —>S)
(f1 x fo)(@1,22) — (f2 % f1)(f1(@1)m2, 21),

is an isomorphism of crossed G-sets since

fo(fr(@)a2) fi(z) = EVfs (20) fi(@1) = fi(a1) fa(az) in S.

Define the category *Set (g sy to be the category whose objects are the crossed G-sets over S,
and the morphisms

¢:(fi: X1 —=8)— (fo: X2 —5) in *Set g
are the G-equivariant maps ¢ : X1 — X5 such that fo = f1 : X7 — S.

The category of crossed G-sets over S is a commutative monoid. The Grothendieck construc-
tion [11, Section 24.1] turns the abelian monoid of isomorphism classes of crossed G-sets over S
into a commutative ring *B(G, S), called the crossed Burnside ring of G over S . That is, the
elements of *B(G, S) are the isomorphism classes of virtual crossed G-sets over S, which can be
written as differences

[fi: X1 =S —[fe: X2 — 5],

where [f; : X; — S] are isomorphism classes of crossed G-sets over S.

Unless otherwise stated, we will henceforth take S = G as G-monoid with conjugation action

of G, and we denote it G° to avoid any confusion. Thus, G¢ = |_| G/Cq(x), where Cl(G) is
2€CI(G)

a set of representatives of the conjugacy classes of the elements of G. Then, we let B¢(G) denote

the crossed Burnside ring of G over G° and simply call it the crossed Burnside ring of G.

As a group, B¢(G) is free abelian with basis the isomorphism classes of transitive crossed
G-sets. These have the form [w, : G/H — G¢|, where w,(gH) = % for some a € Cq(H). We
have (w, : G/H — G°) = (wp : G/K — G°) as crossed G-sets if and only if K = 9H and
b = % for some g € G. The Burnside ring B(G) of G embeds into B¢(G) via the injective ring
homomorphism: [G/H]| w+ [w; : G/H — G°|. We refer to [2, 13] for further properties of B¢(G)
for a finite group.
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3. FROM FINITE TO PROFINITE

Let G be a profinite group. By a subgroup of G, we mean a closed subgroup of G. If U is an
open (normal) subgroup of G, we write U <, G (U <, G). We refer the reader to [14, 19] for
the background on profinite groups.

We recall the definition of the Burnside ring of a profinite group and the basic concepts
introduced in [6, Section 2], referring the interested reader to that article for the details.

A G-spaceis a Hausdorff topological space X equipped with a continuous G-equivariant action
p:GxX — X. For x € X, its stabiliser is the closed subgroup G, = {g € G | gz = x} of
G and its orbit is the closed compact subset Gz = {gz | g € G} of X. Throughout, we denote
G\ X the set of G-orbits of X, and [G\ X] a set of representatives.

We call X essentially finite if the fixed point sets |XY| are finite for all the open subgroups
U of G. A G-space X is almost finite if X is an essentially finite discrete topological space.

Given two essentially finite G-spaces X,Y, we define an equivalence relation

X ~Y ifandonlyif |XY|=|YY|,VU<,G,

where XV = {z € X | ux = 2, ¥V u € U}. It follows that two almost finite G-spaces are
equivalent if and only if they are isomorphic. If X is an essentially finite G-space, then the
equivalence class [X] of X contains an almost finite G-space which is unique up to isomorphism.
In other words, considering equivalence classes of essentially finite G-spaces is the same as
considering isomorphism classes of almost finite G-spaces. Observe that if X is an essentially
finite G-space, then for all U <, G, the set of U-fixed points XV is a finite Ng(U)/U-set.

Suppose that X is a discrete G-space and write X = Li,c(c\ x)Gz as the disjoint union of its
G-orbits. Since G is compact, every orbit is a compact discrete G-space, i.e. finite. It follows
that the bijection from the coset space G/G; to Gz, defined by gG, — gz, is a homeomorphism.
Hence, a discrete G-space X is almost finite if

(1) X = |_| G/Gz, where G, <, G, and
z€|G\X]

for all U <, G, there exist finitely many orbits Gx with U contained in a G-conjugate of G.

Definition 3.1. Let AF¢ be the category of almost finite G-spaces. The objects are the almost
finite G-spaces, and the morphisms f : X — Y between two almost finite G-spaces X and Y
are the G-equivariant maps (necessarily continuous). We write Hom4r, (X,Y") for the set of
morphisms X — Y.

Similarly to the case of finite groups, if X and Y are almost finite G-spaces, then f: X - Y
can be expressed as

(fz7y)ac,y where (z,y) runs through [G\X] x [G\Y]

and fp : G/Gy — G/Gy is of the form f, ,(G,) = gG, for some g € G such that G, < 9G,. In
particular, G/U = G/V as almost finite G-spaces if and only if U and V are G-conjugate.

The isomorphism classes of almost finite G-spaces form an abelian monoid, with addition
given by disjoint unions, and multiplication given by the cartesian product. Recall that

X xY)W=XxUxYY VU<,G,VYX,Y € Ob(AFy).

Definition 3.2. The Burnside ring B (G) of a profinite group G is the Grothendieck ring of the
category AFa. The elements are the isomorphism classes of virtual almost finite G-spaces. In
B(G), we have 1 = [G/G] and 0 = [0)], where [X] denotes the isomorphism class of an almost
finite G-space X.
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Every element of B(G) can be written as a difference [X] — [Y] of the isomorphism class of
two almost finite G-spaces. For convenience, we will often make the abuse of notation and omit
the brackets to indicate elements of B(G).

In [6], the authors show that B(G) lim B (G/N) is a complete topological commutative

N<,G
ring, generated by the isomorphism classes of transitive almost finite G-spaces. We now want to
generalise their results to introduce a crossed Burnside ring [13] for profinite groups. In order
to do so, we first want to find a suitable class of profinite groups where a similar construction
works. Following the same approach as for finite groups, given a profinite group G, let G¢ denote
the G-space on which G acts by conjugation. We have a decomposition

Ge |—| Gg,

geCI(G)

1%

where C1(G) denotes a set of representatives of the conjugacy classes %g = {% | u € G} of G.
The topology on G¢ is induced by the subspace topology on each ©g. In particular,

e G°¢ is discrete if and only if |%g| < oo, i.e. if and only if Cq(g) <, G for all g € G.
e G¢ is essentially finite if and only if |(G)Y| = |Ce(U)| < oo for all U <, G.

These observations lead us to focus on the class of profinite FC-groups.

4. FC-GROUPS

Definition 4.1. An FC-group is a group G whose elements have finitely many conjugates.
Equivalently, |G : C(g)] < oo for every g € G.

The term FC means finite conjugacy (classes). The class of FC-groups is closed under taking
subgroups, finite products and intersections, and quotients. It obviously contains all the abelian
groups and all the finite groups. FC-groups are a subclass of the class of groups with restricted
centralisers, that is, groups in which the centralisers of elements are either finite or of finite
index (cf. [16]).

If G is FC, the centraliser Cq(H) = ﬂ Ca(h;) of a finitely generated subgroup H =

1<i<n
(hi,...,hy) of G is the intersection of finitely many subgroups of finite index in G, and therefore
C¢(H) has finite index in G too.

From [8, Section 1], we know that if G is a torsion FC-group, then G is locally finite (i.e.
every finitely generated subgroup is finite). It follows that G/Z(G) and G’ are locally finite for
any FC-group G. In particular, if G is finitely generated then |G/Z(G)| and |G’| are finite. In
[16, Lemma 2.6], the author proves that if G is a profinite FC-group, then G’ is finite, improving
on the previous result, stating that G’ is a torsion group. Therefore, a profinite FC-group is
finite-by-abelian. Recall that in a profinite group, G’ = [G,G] = (\y4,qlG, G]N is the closure
of the derived subgroup of G. B

As observed above, the centralisers of finitely generated subgroups of FC-groups have finite
index. What can we say about the centraliser of a closed subgroup of an FC-group in general?

Proposition 4.2. Let G be an FC-group. TFAE

(i) Z(G) has finite index in G.
(ii) VU < G of finite index, Cq(U) has finite index in G.
(iii) 3U < G of finite index such that Cq(U) has finite index in G.

By contrapositive, Z(Q) is a subgroup of infinite index in G, if and only if the centraliser of each
subgroup of G of finite index is itself a subgroup of infinite index in G.
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Note that in (iii), it is equivalent to assume that such U is a normal subgroup of finite index
in G (up to replacing U with its core in G).

Proof. (1)=(ii)=-(iii) are obvious. To show (iii) implies (i), we pick a transversal {t1,...,¢,} of
U in G. Then,
Z(G)=Ce(U)N [ Calt:) has finite index in G,
1<i<n
since it is a finite intersection of subgroups of finite index in G. The proposition follows. O

Now, if GG is profinite FC, Shalev’s result leads to the following.

Proposition 4.3. Let G be a profinite FC-group. Then Z(G) is an open subgroup of G. In
particular, G is virtually abelian. More generally, if G is a residually finite FC-group whose
derived subgroup is finite, then Z(G) is a subgroup of finite index in G.

As a consequence of Proposition 4.3, if G is profinite FC, then the centraliser of any subgroup
of G is open in G.

Proof. Since G is residually finite, for each x € G’, there exists a normal subgroup U, < G of
finite index in G such that « ¢ U,. Set U = ﬂ U,. Then, U < G has finite index in G, and

rzeG’
UNG = 1. Moreover, [G,U] < G'NU =1 shows that U is a central subgroup. The result

follows. O

Note that the profinite completion of an FC-group need not be an FC-group, as seen on a
variant of P. Hall’s example [18, Example 2.1].

Example 4.4. Let p be a prime. For each n € Z, let:

X = (Tn,Yn, 2n | h = yh =28 =1, [0, yn] = 2n) gpi—ﬂ

be an extraspecial p-group of order p? and exponent p. For every n € Z, set
92n—1 = Top—1Ton, and  gon = YonYon+1, and define G = (g, | n € Z).

By definition, [g2n—1, 92n] = 22n and [g2n, gon+1] = z;nlﬂ, with [g;, gj] = 1 whenever [j —i| > 2.
We have G' = Z(G) = (2, | n € Z) is an infinite elementary abelian p-group, and G/G’ too.
Moreover, G has exponent p and is nilpotent of class 2.

For g € G, let {g“} denote its conjugacy class, and for a subgroup H of G, let (H) denote
its normal closure. We have

{98} = {gni2l,, | 0<ij<p} and (HY) < HZ(Q).

Every element of the abstract group G can be written in a unique way as a finite product
w = gfll . 'gf:zgll . Z;)Z for some integers i1 < -+ < i, and j; < --- < Jm, and for integers
0<ap,...,an,b1,...,by <p. We calculate Cq(w) = (g1 | [l —is| > 1, V1 <s<n)Z(G), and
note that Cg(w) is a normal subgroup of G of finite index. Therefore, as an abstract group,

G is FC since the conjugacy class of any word gfll ‘e gf: is finite. However, in the profinite

completion G of G, the elements which cannot be expressed as words of finite length in the g;’s
have conjugacy classes of infinite size. (For instance the conjugacy class of the element whose
image in every finite quotient is the image of g1g2gs3 - - - is infinite.)
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5. THE CROSSED BURNSIDE RING FOR PROFINITE FC-GROUPS

Let G be a profinite group, and let G¢ denote the G-space on which G acts by conjugation.
Since
GV =Cg(U), VU<, G and G°= || %
geCI(G)
as G-space, G° is almost finite if and only if G is FC and Z(G) is finite, that is, if and only if
G is finite. Let us relax the requirement for G¢ to be almost finite, and only ask for G to be

a discrete G-space. By the above, this hold if and only if G is profinite FC, and we then have
Gg =~ G/Cq(g) for all g € G.

Definition 5.1. Let G be a profinite FC-group. Define the category *AFgs of almost finite
crossed G-spaces to be the category whose objects are the morphisms f : X — G¢, where X is
almost finite and f is G-equivariant. The morphisms ¢ : (f1 : X1 — G¢) — (f2 : X2 — G°)
between two objects in “AF are the morphisms ¢ € Hom 45, (X1, X2) such that fi = fa¢.

Let X be an almost finite G-space. Then a map w : X — G decomposes as a sum Llw,,, where

X = |_| G/G, and w; : G/Gy — G€ is G-equivariant. Explicitly, w,(¢G,) = %w.(G,), for
z€[G\X]
some element w,(G;) € Ca(Gy).

We define the sum and product of almost finite crossed G-spaces using disjoint unions and
cartesian products, similarly to the case of finite groups. In particular, if w, : G/H — G¢ and
wy : G/K — G° are transitive almost finite crossed G-spaces, their product is the almost finite
crossed G-space

|| (waw : (G/HNK) — G°),
gE[H\G/K]
see [13, Lemma 2.13(7)]. Two morphisms w, : G/H — G° and wy : G/K — G° are isomorphic
if and only if there exists ¢ € G such that K = 9H and b = %. With these operations, the
isomorphism classes of almost finite crossed G-spaces form an abelian monoid.

Definition 5.2. The crossed Burnside ring of G is the Grothendieck ring of the category *AFg.
The elements are the isomorphism classes of virtual almost finite crossed G-spaces. In partic-
ular, g o) = [wy : G/G — G| and Ogeq) = [0 — G°], where the square brackets denote
isomorphism classes (which we will omit if there is no confusion), where wy(G) = 1 and 0 is the
initial object of the category AFg.

The following observation is immediate (cf. [4, Section IV.8]).

Lemma 5.3. If G is finite, then B\C(G) = B%(G) = B(G°), where B(G°) is the evaluation of
the Burnside Green functor for G at the G-set G°.

As for finite groups, there is an injective ring homomorphism E(G) — B\C(G), defined by
mapping a virtual almost finite G-space X to w; : X — G, where wy(z) =1 for all x € X.
[2, Lemma 2.2.2] extends to our context.

Lemma 5.4. (v: X — G = (w:Y — G°) in “AFq if and only if
| Homsyr, ((wg : G/H — G°), (v: X = G°))| = |Homuyp,, (wg : G/H — G°), (w: Y — G°))|,
for all (wy : G/H — G°) € *AFg.

Proof. Given almost finite G-spaces X and Y, then X =Y in AFg if and only if | XY| = |YY|
for all U <, G. Write X = UG/G; and v = Uv,,, where a, € Cg(G,), and = runs through
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a set of representatives of the G-orbits of X. Similarly, write Y = UG/G, and w = Uwy,. If
[wy : G/H — G¢| € BY(G), then

Homxy . ((wg LG/H — G, (v: X — GC)) -

= |_| Homyr, ((wg : G/H — G°), (va, : G/Gy — G°))
z€[G\X]

and similarly for Y. Note that these are finite sets because Hom gp, (G/H, X) = X via the
correspondence (¢ : G/H — X) — @(H), is a finite set, for all H <, G and for all X € AFg.
Now, Homsyr,, ((wg : G/H — G°), (va, : G/Gy — G°)) is the subset of Hom a5, (G/H, G/G,) =
{ms :Hw— sG, | H< sz} formed by the almost finite crossed G-spaces such that, if H < *G,,
then wy(H) = g = “az = wq, (sG,). The cardinality of these two sets of homomorphisms coincide
if and only if the almost finite crossed G-spaces (v: X — G¢) and (w : Y — G¢) have the same
number of G-orbits of the same type. O

In [6, Section 2], the authors prove that E(G) is a complete topological ring isomorphic
to I&n B(G/N) via the ring homomorphism induced by the product of the fixed point maps

N<,G
Fixy : E(G) — B(G/N) defined below. More generally, let U <, G and let X € AFg.
Then Ng(U) acts on the finite set of U-fixed points XV. Indeed, for all z € XV, all u € U
and all g € Ng(U), we have u(gz) = g((u9)z) = gx. Since U acts trivially on XY, we can
regard XU as a finite Ng(U)/U-set. Since (X UY)V = XV LYY (X x V)V = XY x YV and
X 2Y —= XY 2 YU, for any subgroup U of G and any G-spaces X and Y, this function
extends to a ring homomorphism B(G) — B(Ng(U)/U), for all U <, G. Now, let N <, G and
let V<, G. Define

(2) Fixy (G/V) = (G/V)N = { g/V i)ftljisvi‘s/;,

A routine exercise shows that the maps Fixy are surjective ring homomorphisms. Each such
map has a section, called inflation, Infg/N : B(G/N) — B(G), which sends a finite G/N-set to
itself, regarded as an almost finite G-space on which N acts trivially. Define
Fix= [[ Fixy : B(G) — [] B(G/N).
N<,G N<,G
This is the injective ring homomorphism used in [6, Section 2] to show that B(G) = lim B(G/N)

N<G
is a complete topological ring. In this topology, a basis of open ideals is {ker(Fixy) | N <, G}.

Let G be a profinite FC-group and let (wg, : G/U — G€) be a transitive almost finite crossed G-

~

space, where U <, G and a € Cg(U). For N <, G, the fixed point map Fixy : B(G) — B(G/N)
induces a ring homomorphism “Fixy : B¢(G) — B°(G/N), where

(wan : G/U — (G/N)) i N <U,or

Fixy(wg : G/U — G°) = { 0Be(c/n) otherwise.

Note that *Fixy is neither injective nor surjective.
If NQ,Nl ﬁo G with N2 S (U N Nl), then
“Fixy, /n, : B¢(G/Na2) — B(G/N1)

(wan, : G/U — (G/N1)°) if Ny <U, or

Ty (Wan, # G/U = (G/N2)%) = { Ope(G/Ny) otherwise
C 1 *
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Hence

“Fix = (“Fixy)na,6 : BY(G) — H B¢(G/N) is a ring homomorphism,
N<L,G
and, given N1, Ny <, G with Ny < Ny, we have

X X XB:
Fixn, = "Fixn, /v, "Fixng-

We aim to show that 1/3\0(6’) = lim B¢(G/N) (cf. [19, Definition 1.1.3 and Proposition 1.1.4]).

N<G
That is, we want to show that B\C(G) is isomorphic to the subring of H B¢(G/N) formed by
N<G
all the elements of the form (wy : xxy — (G/N)®)\_ o € H B¢(G/N) with

N<,G
><FiX]\h/]\/'g (’U)N2 : XN2 — GC) = (wN1 : XN1 - (G/Nl)c)7

for all Nl,NQ S‘o G with NQ S Nl.

By [6, Section 2], we know that Fix : B(G) — [In<,qg B(G/N) is an injective ring homomor-
phism, and that Fix(B(G)) = Jim B(G/N).

N<,G

For the injectivity of *Fix, suppose that “Fix(w : X — G°) = (0ge(q/n))N<,G6- Then XN =
0p(a/n) for all N <, G, which forces X = 05 too, by injectivity of Fix. Since 05 = 0]
is the initial object in the category AF, there is a unique almost finite crossed G-space with
domain 05(c) it follows that [w: X — G¢] = 056y

Let now (wy : Xy = (G/N)°)yo o € Jim B¢(G/N) be a nonzero element. The sequence of
So NS]OG

the domains produces a unique element X &€ E(G) Suppose that X is the isomorphism class
of ZUG(’)G AvG /U, where O¢ denotes a set of representatives of the conjugacy classes of open
subgroups of G, and the A;; are integers. We can then write

wn= Y Y. Wayy, Wwith G/U=(G/N)/(U/N),

UeOg 1§Z§|>\U|
N<U

and where ay/n,; € Cq/n(U/N), for all 1 <i < |\y|, and all U € Og with N <U, N <, G. By
convention, if Ay = 0, then 21§i§|/\U| Wayy ., = 0.

Note that if N1, Ny <, G with Ny < Nj, then Cg/N2(U/N2)N1/N1 < CG/Nl(U/N1)7 via
the quotient map G/N2 — G/N1. We can pick ayn,; € G such that ayn;N/N = ay/y,; for
N <, G, and our definition of *Fix implies that ay n, ;N1 = ayn, iN1. The elements ay n;
satisfy [ap v, U] € N. Hence, for U € Og with Ay # 0, and for 1 <1i < |\y|, let

ay,; = ﬂ ay,N,iN.
G

N,
N<U

Then ay; # (0 is a closed subset of G (cf. [14, Proposition 1.1.4]), which consists of a single

element ay;. Indeed, suppose that a,b € ay;. That is, a,b € ay n; N, or equivalently, blac N
for all N 4, G, which forces a = b because Nn<,¢N = 1. Therefore ay; = {ay,;}, where

av; € (1{9€G|lg, Ul C N}
NG
N<U

Putting ayn; = 1 if N £ U, we have (ayn;N)va,c € Jim Ca/N(UN/N) = Cg(U), we
N<GE
conclude that ay; € Cq(U) (cf. [19, Exercise 0.4(2)]).
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Consequently, (wq,, : G/U — G°) € “AFg, and

[Wag ., : G/U = (G/N)] € BY(G/N) if N<U

X . c —
Fix(wgy, : G/U = G)N = { 05 (/) otherwise,

saying that *Fix(wq,,, : G/U — G°) € Jim B¢(G/N). We have thus proved the following.
N<LG

Proposition 5.5. Let G be a profinite FC-group. Then *Fix induces a ring isomorphism

B*(G) = lim BY(G/N).
N<,G

The crossed Burnside ring of a profinite FC-group has some of the properties similar to
those of the crossed Burnside ring of a finite group. Let R be a commutative ring, and write
B}(G) = Rz BY(G). Given U <, G and a € Cg(U), we have Y “a € Z(RCG(U)),

9€[Ne(U)/U]
since % € Cg(U) = Cg(U) for all g € Ng(U). As in [2, Section 2.3], we obtain a ring
homomorphism:

w: BR(G) — Z(RCo(), www:X—6)= Y Y a,
c€[G\X] g€[Ng(G)/Gx]
USGGac

where
(w: X >G)= || (wa,:G/Gs— G
z€[G\X]
is an almost finite crossed G-space. Here, a, € Cg(Gy) for all z, and the notation U <g G,
means that there exists h € G such that U < *G,. The map 2y extends to virtual almost finite
crossed G-spaces, and since |G : U| < oo, the above sums are finite. Therefore 2y is well defined,
and we obtain a ring homomorphism

UeOg

where O¢ denotes a set of representatives of the conjugacy classes of open subgroups of G. The
same argument as in [2, Lemma 2.3.2] shows the following (for the proof, we now use K <, G
with |G : K| minimal such that @ = ), A\y(we,, : G/U — G°) has a nonzero Ag).

Lemma 5.6. If R is torsionfree, then ( is injective. Consequently, we obtain a mapping

Spec( [[ Z(RCc(U))) — Spec(Bg(G)).
Uebg

Note that the ring extension B(G) C B\C(G) is not algebraic, and therefore the mapping in
Lemma 5.6 need not be surjective.

6. IDEMPOTENTS OF B(G)

Let G be a profinite group. We draw on the properties of the ring homomorphisms Fixy and
Infg /N defined in Section 5 in order to investigate the relationships between the idempotents of

B (G) with those of the Burnside rings of the finite quotient groups of G.

If G is finite, Dress proved that G is soluble if and only if the prime ideal spectrum of B(G)
is connected, i.e. the only idempotents of B(G) are 0 and 1 (cf. [9, Section 7.5, Corollary]). (By
ideal, we mean an ideal that is closed in the topology of E(G) defined by taking {ker(Fixy) |
N <, G} as open neighbourhood basis of 0 € E(G)) This result extends to profinite groups
and B (G) in the following way.
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Proposition 6.1. Let G be a profinite group. Then G is prosoluble if and only if the prime
ideal spectrum of B(G) is connected, i.e. the only idempotents of B(G) are 0 and 1.

Proof. We know that the result holds for finite soluble groups. Let G be a prosoluble profinite
group, i.e. G/N is soluble for all N <, G. Suppose that e = €% € B(G). Since Fix is a ring
homomorphism, Fixy(e) is an idempotent in B(G/N), and therefore Fixy(e) € {0,1}, for all
N <, G.

Since Fix is injective Fixy(e) = 0 for all N <, G if and only if e = 0 in E(G), ie. eis
the isomorphism class of the empty set. So, suppose that e # 0. Then there must be some
open normal subgroup N of G such that Fixy(e) # 0 € B(G/N). Since G/N is a finite soluble
group, we must have Fixy(e) = 1 € B(G/N). That is, Fixy(e) = [(G/N)/(G/N)] = [G/G] =
[(G/M)/(G/M)], and it follows that Fixys(e) = 1 € B(G/M) for every open normal subgroup
M of G. We conclude that e =1 in E(G)

Conversely, suppose that 0 and 1 are the only idempotents of B (G). Let N <, G. Suppose
that €%, = ey € B(G/N). Then Infg/N(eN) is an idempotent of B(G). By assumption, this
idempotent must be either 0 or 1. It follows that either ey = 0 of ey = 1 in B(G/N) for all
N <, G, and so G/N is a finite soluble group. O

The above result leads us to investigate a possible correspondence between the (primitive)
idempotents of B(G) and those of the Burnside rings B(G/N), for N <, G of the finite quotients
of G.

First, let us recall some elementary facts in group theory. By convention, a perfect group is
a nonabelian (hence nontrivial) group.

Remark 6.2.

(1) G is a perfect group if and only if G/H is perfect for all H < G. Indeed, G is perfect
if and only if G has no nontrivial abelian quotient, if and only if no nontrivial quotient
G/H of G has a nontrivial abelian quotient.

In particular, if G is profinite FC, [16, Lemma 2.6] shows that G’ is finite. Since
the property FC is inherited by subgroups, and since H' < G for all H < G, any
perfect subgroup of G is finite. More generally, for an arbitrary FC-group G, any perfect
subgroup is torsion (since G’ is torsion).

(2) Let p be a prime, and let G be a profinite group. Recall that for a finite group H, there is a
unique well-defined characteristic subgroup OP(H ) which is the minimal normal subgroup
of H with quotient a p-group. For all N <, G, let Uy the characteristic open subgroup
of G such that N < Uy < G and G/Uy = (G/N)/OP(G/N). 1If Ny < N; are open
normal subgroups of G, then G/U; = (G/N3)/(Uy/N2) is a (finite) p-group, quotient of
G/N3, where U; = Uy,. Therefore, G/Us — G/U;, and we obtain an inverse system of
finite p-groups {G/U;, G/U; - G/U; (¥ Nj < N;), Ni, Nj <o G}. Let G = lim G/Uy

N<,G
be the inverse limit, and 6, : G — G the quotient map induced by the projections

G/N — G/Un. Note that 6, is well defined since the squares G /Ny —— G/N; , where

I

G/Uy —— G/U;
the maps are the quotient maps, commute for all N1, Ny <, G with No < Nj. We define
OP(G) =ker(8,) = () Un.
N<G

Then, OP(G) is a closed characteristic subgroup of G with the property that any pro-p
quotient group of G is a quotient of G/OP(G).
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(3) Let H < G be a finite subgroup of a residually finite group G. For each = € H, there

exists N, <, G such that = ¢ N,. Let Ny = ﬂ N,. Then Ny <, G and Ny N H = 1.

reH
Hence, there are infinitely many open normal subgroups of G which do not meet H. In

particular, if G is profinite FC and H is a perfect subgroup of GG, then the set
Ny={N<,G||HNN|=1}

is a filter base for G, that is, Ny is a family of open normal subgroups of G such that:
(i) for all Ny, Ny € Ny, there exists N3 € Ny with N3 < N7 N Ny, and
(i) () ~={1}.
NENH
Indeed we note that we have the stronger condition that for any N; <, G and for any

Ny € Ny, then Ny N Ny € Ny, from which follows that ﬂ N = ﬂ N = {1}.
NeN N<,G

Remark 6.2 (2) would lean towards a definition of idempotents in EZP(G), if we tried to
extend the result from finite groups. However, as we shall shortly see, our methods only allow
us to define idempotents indexed by open subgroups of G, but we cannot expect the p-perfect
subgroups of a profinite group to be all open. We thus leave this question aside, referring the
reader to Proposition 6.4 as a starter towards generalising further our results. We close this
parenthesis on some remarks about groups with the following observation.

Let G be a profinite group, and define the set of (closed) subgroups of G

P={1<H<G|H =H}

Write [P] for a set of representatives of the G-conjugacy classes of perfect subgroups of G. For
n € N, define inductively the (closed) derived series G = GH > G® > @Gt > .. for G,
where we define G() = G and G0 = [G(~=1), G(=1)] for all i > 2. Since the series is monotone
decreasing, if some G(™ is finite, then the series converges and we have a well defined subgroup
G(2) — ﬂ el 08

neN

Lemma 6.3. Let G be a profinite group. Then P # 0 if and only if G is not prosoluble, if
and only if G°°) exists and is nontrivial, that is, the derived series converges to a nontrivial
subgroup of G.

Proof. First, note that P # () if and only if G is not prosoluble, since H € P if and only if for
all N <, G such that H £ N, then G/N is a finite group with a perfect nontrivial subgroup
HN/N. Hence, we need to show that P # () if and only if G(*) exists and is nontrivial.

If G(*°) exists and is nontrivial, then G(>) e P. Conversely, suppose that P # 0. Let
U= (H | H € P). Note that 1 # U is characteristic in G since P is closed under G-conjugation
and since the image of any perfect subgroup of G by an automorphism of G is again a perfect
subgroup of G. Moreover, U' > (H' | H € P) = U shows that 1 # U € P is perfect. The
assertion follows from the observation that G/U is soluble. Indeed, any perfect subgroup H/U
of G/U, with U < H < G, satisfies H = H'U = H'U'" = H', where the first equality holds
because H/U = (H/U)' = H'U/U. Hence, H € P, which implies that H = U. Therefore, G/U
is profinite and soluble, and we must have 1 # U = G(*) as required. O

The set [P] is useful in the description of the integral idempotents of the Burnside ring of
a finite group G. Indeed, if G is a finite group, the primitive idempotents of the Burnside Q-
algebra Bg(G) of G are indexed by the conjugacy classes of subgroups H of G, and have the
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form [7]:
w(K, H)
e = —————G/K
" e ot K1
where p(—, —) denotes the Mdbius inversion formula, and the sum is over all the subgroups of

H. In Bg(G), we have €2, = ey and ey is characterised by |(eg)X| = 1 if and only if K is
G-conjugate to H, and |(eg)®| = 0 otherwise.

In the (integral) Burnside ring B(G), the set
{fu =2 ex | He[PlU{1}}

K
is a complete set of primitive pairwise orthogonal idempotents, where K runs through a set of
representatives of the conjugacy classes of subgroups of G such that K () is G-conjugate to H,
for all H € [P] U {1}.

Suppose now that G is profinite. We generalise Gluck’s idempotent formula to EQ(G) as
follows: Let O¢ denote a set of representatives of the conjugacy classes of open subgroups of G.
For H € Og, put

n(K, H)
n = 2 e K
For all N 9, G, we have Fixy(eg) = eg/n if N < H and Fixy(eg) =0 if N £ H, as element
in Bg(G/N). Indeed,

iy (en) = M H) p(K/N, H/N)
e NSZKSH INa(H) : K’G/K NS;SH [Neyn(H/N) : K/N’(G/N)/(K/N)

in Bg(G/N), since, if N < H, then Ng/y(H/N) = {gN € G/N | 9NH < HN = H} =
Ng(H)/N. By definition, (ey)? = ep, since (Fixy(en))? = Fixy(ey) for all N <, G. Now, if
U <, G, then |(eg)Y| = \(eH/N)U/N] for any N <, G with N < HNU. By the case of finite
groups, this number is 1 if U/N is G/N-conjugate to H/N, and 0 otherwise. It then suffices to
observe that for such N, U/N is G/N-conjugate to H/N if and only if U is G-conjugate to H.
It follows that |(egy)Y| =1 if U is G-conjugate to H and 0 otherwise, for all H,U <, G.

We have shown the following.

Proposition 6.4. Assume the above notation.
(1) For every H <, G, the element ey = e g %G/K € §Q(G) is an idempotent.

In particular, it need not be a finite Q-linear combination of transitive finite G-sets.
(2) The ghost map

Bg(@) — Q%, =z (|27)veos
maps the set {eg | H € Og} to a canonical basis of the ghost Q-algebra. That is,
eq — (Ou.H)Uucoy, where Sy g =1 if U is conjugate to H and is 0 otherwise.

Example 6.5. Let G = Z,, for a prime p. Then, for all n > 0,

GG,

1 n
EpnG = EG/p G — pn+1

since for nonnegative integers m < n, we have u(p™G,p"G) =1 if n = m, p(p"G,p"G) = -1 if
m+1=n, and u(p™G,p"G) = 0 otherwise.

~ 7.7~ ~
If G =7, then eq = Z MZ /nZ, where n runs through all the integers which factorise
n

n
into a product of distinct primes.
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Dress’s result [5, Proposition 2] does not extend as such to obtain a complete list of the
integral primitive idempotents in B (G). If H is a perfect subgroup of G, it need not contain
any open subgroup, and there may be infinitely many subgroups K of G such that K(°°) is
G-conjugate to H.

In particular, if G is an infinite profinite FC-group, then any perfect subgroup H of G is
finite, and therefore the set P is a subset of the finite subgroups of GG, each of which possessing
finitely many conjugates. Since Z(G) has finite index in G, there are infinitely many subgroups
K < G such that K() is G-conjugate to H. But the elements ey introduced above are only
defined for subgroups of finite index. Our methods lead, for instance to idempotents inflated
from B(G/Z(G)). We conclude this section with an example.

Example 6.6. Let G = A x Z. Then G is profinite FC and H = A5 x {1} is the unique
nontrivial perfect subgroup of G. Note that for any H < U < G we have U’ = U(*®) = H. Let

e =nf& ;¢ (As/As — As /Ay — As/Dio — As/ D + As/Cs + 245 /Ca — A5 /1),

where we write As = G/Z(G) = H, and we use the obvious identifications of the subgroups of
H. We might expect (eg)? = ey € B(G) to be a summand of eg.

7. ACTION OF ALMOST FINITE CROSSED (G-SPACES ON MACKEY FUNCTORS FOR PROFINITE
GROUPS

Let G be a finite group and let R be a commutative ring. Each crossed G-set acts on the
category Mackpr(G) of Mackey functors for G over R, producing a natural transformation of
the identity morphism in Mackg(G). This property has been used in [2] to obtain a ring
homomorphism from the crossed Burnside ring of G to the centre of the Mackey R-algebra for
G over R. Mackey functors have been extended from finite to profinite groups, taking some
different perspectives depending on the objective(s) of the authors ([1, 12] and [6, Section 5]).
In the present section, we show that the almost finite crossed G-spaces act on a category of
Mackey functors. We follow in parallel [1] and [6], specialising their perspective to our context.

Throughout, let G be a profinite group and let R be a commutative ring. We build on
Section 3.

Definition 7.1. Let AF[, be the subcategory of AFg with the same objects as AFg, and
morphisms f : X — Y are the almost finite morphisms such that the fibres f~!(y) are finite,
VyeY.

The categories AF(, and AFg of discrete G-spaces are introduced and used in [1, 6, 12]. By
contrast, in [10], the authors consider G-spaces X, for a discrete group G, such that each point
stabiliser is a finite subgroup of G, and such that X has finitely many G-orbits.

Let us record some useful observations.

Remark 7.2.
(1) If f € Homyp,(X,Y), then f~1(y) is an almost finite Gy-space for all y € Y, and
Gy <Gy forallx € f71(y).
(2) If G is finite, then AFg = AF(.
(3) If G is infinite, then AF has no terminal object, since Homypr, (X, G/G) # 0 if and
only if X is finite.

We introduce two kinds of Mackey functors for a given profinite group G (compare with [1,
Definition 2.6] and [6, Section 5]).

Definition 7.3. A Mackey functor for G is an additive functor M = (M,, M*) : AFg x AFg —
Ab with M, covariant and M™* contravariant, subject to the following axioms.



14 NADIA MAZZA

(MF1) M.(X)= M*(X) for every almost finite G-space X. Thus we write simply M (X).
(MF2) If |_| X is almost finite, then the natural inclusions X; — |_| X; induce an isomorphism

)

M(|_| Xi) = H M (X;) of abelian groups.

i i
(MF3) For any pull back diagram of almost finite G-spaces

X —%>Y in AFg, the diagram  M(X) S M(Y)  commutes in Ab.
5l g M. (ﬁ)l lM* ™)
Z——W -
; M(Z) 7o MOW)

A restricted Mackey functor for G is an additive functor M = (M., M*) : AFf, x AFg — Ab
with M, covariant and M* contravariant, subject to the same axioms (MF1, MF2), and with
a restricted variant of (MF3), where the vertical maps in the left hand side pull back diagram
are morphisms in AF(..

We let Mack(G) (resp. Mack”(G)) denote the category of (restricted) Mackey functors for
G, whose objects are the (restricted) Mackey functors for G, and the morphisms are the natural
transformations of functors. Given a commutative ring R, we set Mackr(G) = R ®z Mack(G)
and call it the category of Mackey functors for G over R.

Remark 7.4. Recall that a pull back of G-spaces encodes the Mackey formula: If
X —*~G/H,

|
G/K ——~G/L

is a pull back with H, K, L closed subgroups of G, and, to simplify, assume that the maps v and
¢ are induced by inclusions of subgroups H, K — L, then X is of the form

x= || G/HNEK).
uw€[H\L/K)]

In particular, the double coset space [H\L/K] is a discrete space if and only if at least one of
H or K is an open subgroup of L.

In [6, Section 5], the authors show that the Burnside functor B = 1/35 : AFg — Ab, where
B(X) = Homup,(— X) = {f: Y — X in AFg}

satisfies the axioms of Mackey functors, without any finiteness assumption on the fibres of the
maps. In their setting, the covariant part B, is given by the composition of maps: If ¢ €
Hom ar, (X, Z), then B.(¢) : B(X) — B(Z) is given by E\*((b)(f Y = X) = (of 1Y = 2).
The contravariant part E*((b) : E(Z) — E(X) is given by the pull back: For f € Hom 4r, (Y, Z),

U——Y
é*(d))(f)l if
x-2.7z

By contrast, if V' is an RG-module, for some commutative ring R, the fixed point module functor
FPy and the fixed quotient module functor FQ,, are not Mackey functors for G over R, but



ON THE (CROSSED) BURNSIDE RING OF PROFINITE GROUPS 15

restricted Mackey functors. Recall that they are defined on an almost finite G-space X by

FPy(X)= [ V9 and FQuX)= [[ V..
z€[G\X] z€[G\X]

where Vg = V/(hv—v | h € H, v € V) denotes the H-coinvariants of V. If f € Hom apy,(X,Y),
then the image of

FP).(h: I v — [T v

ze[G\X] ye[G\Y]

in the V& coordinate consists of elements of the form Z Z gvu, for elements v, €

z€f 1 (y) 9€[Gy /G
VG forallz € f~1(y). This is well defined if and only if f~1(y) is a finite set. The contravariant
Mackey functor (FPy)* is induced by the inclusions of fixed points V&v < V& for all z €
f~(y). Similarly, the image of

FQ)(H): [ Voo — [ Ve

z€[G\X] ye[G\Y]

in the Vi, coordinate consists of elements of the form Z Z Uz, where v; € Vg, is
z€f~1(y) 9€[Gy/Ga)

the image of v, € Vi, via the quotient map Vi, — Vg, for all € f~(y). Again, this is

well defined if and only if f~!(y) is a finite set. The contravariant Mackey functor (FQy )* is

induced by the inclusions of R-modules Vi, — Vi, for all x € f “L(y).

A key observation in [17], extended in [2] (referring to the original work of Yoshida), is that,
if G is a finite group, then the crossed G-sets act on the category of Mackey functors. We now
generalise this action to profinite FC-groups and almost finite crossed G-spaces.

Let (f : X — G°) € "AFg and let Y € AFg. Define the mappings:

Ty, X XY — Y,

- (z,y) = f(x)y and

my(z,y) =y, forall (z,y) € X XY,

. . . X—Ge
where we have abbreviated the notation for convenience (ﬂéxy and T)(/f ~%) would be more

precise than 7y and 7'{;, respectively). Clearly, both are continuous and 7y is G-equivariant

(G acts on X x Y diagonally). The map T{j is G-equivariant too, since for all g € G and all

(x,y) € X x Y, we have

(g (2.y)) =7 (92. 9y) = flgx)gy = 9 (2)gy = 9f (2)y = g7 (2, y).

The fibres 7y ' (y) and (T{;)*l(y) are subsets of the almost finite G-space X x Y, and therefore
they are almost finite Gy-spaces for all y € Y. Thus 7y and T{; are morphisms in AFg. Note
that, if f(z) =1 for all x € X, then T{; = Ty.

Now, let M be a Mackey functor for G over R. Consider the composition

e = Mo (r{)M*(ny) : M(Y) — M(Y).
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By definition of Mackey functors, this composition is an R-module homomorphism. Given
a € Homyr, (Y,Y"), the diagrams of R-modules and homomorphisms

77f

M(Y) —— M(Y) and M(Y) — M(Y) commute.
M. (@) l J{M*(a) M*(Q)T TM*(Q)
MY —— MY’ M(Y’)AM(Y’)
It follows that [2, Proposition 4.3] holds in the present context.

Proposition 7.5. Let (f : X — G°) € *AFg. The map 1/ is a natural transformation of the
identity functor of the category Mackg(G). Moreover, if (f' : X' — G¢) € "AFq, then
nf +uf =9 and
77f . nf anf'
where, for any almost finite G-space Y, there are R-module endomorphisms of M(Y'),
(' + 0"y = @nf s M(Y) —> M(X) & M(X') — M(Y)

and
)y =0l MY) —— M(X) ©p M(X') — M(Y) .

Explicitly, Proposition 7.5 states that, for a profinite FC-group G, the abelian monoid of
almost finite crossed G-spaces acts on the category of Mackey functors. If G is an arbitrary
profinite group, the action extended from [17, Section 9] remains well defined too, where

(X - M)(Y) = (M (my)M*(my)) (M(Y)),
for all almost finite G-spaces X and Y, and for all Mackey functors M for G.

The proof is routine. For instance, for the equality nf - nf = n/*f' let f: X — G€, let
f: X' — G, let M be a Mackey functor for G over R, and let Z € AF;. Then,

* T M* Tf
M (Z) M) M(X x 2) 7z) M(Z)
M*(Wz)i e lM*(WZ)
< M*(T;(/xz)
M(X x X'x Z) > M(X'x Z)
: M. (L))
Ad;(féxf ) l z
M(Z)

the dotted maps make the diagram commute, and they are obtained applying M to the pull
back in AFg,

TXXZ

XxX'x7Z——— s XxZ.
Ti’xzi lTé
X' X Z ——— Z
4

If instead we consider restricted Mackey functors for a profinite FC-group G, as in [1], then
“AFg does not act on Mack”(G). Indeed, if (f : X — G°) € "AFg and Y € AFg, then
7y : X XY — Y is a morphism in X.AFé:v if and only if X is finite. Instead, T{; is a morphism
in X.AFé if and only if, for all y € Y, the set {(z,2) € X XY | y = f(z)z} is finite. Thus, only
the finite crossed G-sets act on Mack” (G). This observation does not come as a surprise to us,
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but it raises the question of the structure and purpose of the category (or categories) of Mackey
functors for a profinite groups.
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