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Solitons induced by an in-plane magnetic field in rhombohedral multilayer graphene
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We model the influence of an in-plane magnetic field on the orbital motion of electrons in rhombohedral
graphene multilayers. For zero field, the low-energy band structure includes a pair of flat bands near zero energy,
which are localized on the surface layers of a finite thin film. For finite field, we find that the zero-energy bands
persist and that level bifurcations occur at energies determined by the component of the in-plane wave vector q
that is parallel to the external field. The occurrence of level bifurcations is explained by invoking semiclassical
quantization of the zero-field Fermi surface of rhombohedral graphite. We find parameter regions with a single
isoenergetic contour of Berry phase zero corresponding to a conventional Landau level spectrum and regions with
two isoenergetic contours, each of Berry phase π , corresponding to a Dirac-like spectrum of levels. We write
down an analogous one-dimensional tight-binding model and relate the persistence of the zero-energy bands in
large magnetic fields to a soliton texture supporting zero-energy states in the Su-Schrieffer-Heeger model. We
show that different states contributing to the zero-energy flat bands in rhombohedral graphene multilayers in a
large field, as determined by the wave vector q, are localized on different bulk layers of the system, not just the
surfaces.

DOI: 10.1103/PhysRevB.108.115425

I. INTRODUCTION

Advances in the production of thin films of rhombohedral
multilayer graphene (RMG) [1–10] recently culminated in
the realization of high-quality films with up to 50 layers [8].
Scanning tunneling spectroscopy [1], magneto-Raman [2],
and photoemission [1,3] measurements have confirmed the
existence of flat bands near the Fermi surface, as predicted
theoretically [11–21]. Meanwhile, the observation of phases
including ferromagnetism [22] and superconductivity [23] in
trilayers of rhombohedral graphene have been attributed to flat
bands with strong electronic interactions.

The presence of flat bands localized at the surfaces of RMG
may be understood by analogy with edge states within the
bulk band gap of the one-dimensional Su-Schrieffer-Heeger
(SSH) model [24–27], whereby the intra and interlayer cou-
plings in RMG play the role of alternating hopping parameters
in the SSH model [17,18], Fig. 1. It was predicted [2,19] that
the bulk band gap of RMG closes with layer number N at
wave vector qc = γ1/h̄v near the K-points at the corner of the
Brillouin zone, where γ1 is the interlayer hopping parameter
and v is the intralayer velocity. In the limit of large N , i.e., bulk
rhombohedral graphite, the band gap is closed and zero energy
states occupy a “Dirac spiral,” which rotates, as a function of
the perpendicular wave vector kz [28–31], around a K-point at
the in-plane radius qc.
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The study of Landau level (LL) spectra and the integer
quantum Hall effect (QHE) in magnetic fields are key charac-
terization tools of graphene [32,33] and related nanomaterials.
For out-of-plane (perpendicular) magnetic field of magnitude
as little as B = 1 T, Shubnikov–de Haas oscillations emerge
in RMG [8]. For slightly stronger fields, B > 3 T, discrete
LL form [19,34,35], leading to quantized Hall resistivity
and the onset of the QHE observed experimentally [8]. In-
plane (parallel) magnetic fields have also been explored in
graphene-related systems [19,36–38], specifically in relation
to the magnetic ratchet effect in bilayer graphene [39,40], su-
perconductivity in trilayers [23,41], and the energy spectrum
of Bernal stacked multilayers [42,43].

In this paper, we model the influence of an in-plane mag-
netic field on the orbital properties of electrons in RMG
stacks with layer number N � 1, using a tight-binding
model [11,15,19] and magnetic field incorporated via a Peierls
substitution [39]. We numerically study the effect of the
magnetic field on the band structure in the vicinity of the
Dirac points. Figure 2(a) shows the band structure for zero
field exhibiting two flat bands at zero energy [11–19,21], and
Fig. 2(b) shows the spectrum for large magnetic field where
we plot energy levels as a function of qx, which is the com-
ponent of the wave vector measured from the K point in the
direction of the applied field Bx [44]. We note two qualitative
features of the spectrum in an in-plane field: First, there are a
series of bifurcations from doubly to singly degenerate energy
levels and, second, the zero-energy flat bands, observed at
zero field, persist up to very high field strengths.

For energies ε, we find that the bifurcations occur along a
set of points in the ε-qx plot, Fig. 2(b), given by

|ε| ≈ h̄v(qc − |qx|), (1)
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FIG. 1. Schematic side view of the unit cell for three layers of
rhombohedral multilayer graphene. Labels An and Bn denote the
two nonequivalent atomic sites on each layer, γ0 and γ1 are the
intralayer and interlayer hopping parameters, respectively. The in-
plane carbon-carbon bond length is a/

√
3 = 1.42 Å where a is the

lattice constant, while the interlayer distance d = 3.46 Å. The out-
of-plane z axis is shown on the left where zn is the coordinate of the
nth layer.

for |qx| < qc. The origin and position of the bifurcations (1)
may be understood by analysis of a two-band model for bulk
graphene in zero magnetic field, in which zero energy states
exist along the Dirac spiral in reciprocal space near each K
point [29,30]. With an approximately linear dispersion near
zero energy, an isoenergetic surface forms a tube-like struc-
ture around the spiral, Fig. 2(c). Semiclassical quantization
of LL [45–48] involves quantization of the area of an isoen-
ergetic surface in a plane perpendicular to the applied field.
For field with component Bx, we consider cuts of the tube-like
structure in the y-z plane, where we find either one contour,
Fig. 2(d), or two contours, Fig. 2(f), depending on the qx

value. We calculate the Berry phase [49] of these contours
to be either zero or π (modulo 2π ) for one or two contours,
respectively. Thus, the region with one contour corresponds
to a “conventional” LL spectrum with constant level spacing
∼l (where l is the level index) whereas the region with two
contours corresponds to a Dirac-like LL spectrum with doubly
degenerate levels including zero energy and level spacing
∼√

l . Analysis of where the zero-field spectrum transitions
from one to two contours leads to Eq. (1), as we discuss in
further detail in Sec. II B.

In the presence of an applied field, the spectrum retains two
flat bands near zero energy. Just as these bands at zero field
may be related to edge states of the SSH model [17,18,24–27],
then their presence in a finite field may be understood by
analogy to zero-energy states localized on solitons in the
SSH model as in the Jackiw-Rebbi mechanism [26,50–53], as
explained in Sec. IV. As the magnetic field strength increases,
the position of the soliton tends to move towards the center of
the sample until, for very large magnetic field strengths, the
solitons are annihilated and the energy levels separate away
from zero energy. Similar bound states can also be found
in other systems, such as SSH models undergoing dynamic
quenching [54] or periodic driving [55]. Additionally, pho-
tonic SSH lattices have been shown to host a family of stable
solitons once nonlinearity is introduced to the lattice, despite
the breakdown of the bulk-boundary correspondence [56–59].

Section II describes the methodology beginning with the
minimal model in which only nearest-neighbor hopping pa-
rameters are considered, and Sec. II B discusses the qualitative
interpretation of level bifurcations in terms of the semiclas-

FIG. 2. Low-energy band structures for rhombohedral graphene
with 20 layers, with a visualization of the corresponding semiclassi-
cal quantization showing isoenergetic contours in bulk rhombohedral
graphite in a plane perpendicular to the magnetic field. (a), (b)
show band structures for no magnetic field and B = 100 T, respec-
tively [44], they are calculated through the numerical diagonalization
of the Hamiltonian (2). (c) shows an isoenergetic tube (blue) centered
around the Dirac nodal spiral, a plane (red) corresponding to qx =
qc = γ1/h̄v intercepts the spiral (black), creating an isoenergetic
contour which is depicted in (d), indicating a singly degenerate state
(four-fold including spin and valley degeneracy). Panels (e) and (f)
are similar, except the plane now cuts through qx = 0, creating two
contours corresponding to a doubly degenerate state (eight-fold in-
cluding spin and valley degeneracy) found at low energy for qx < qc

in (b).

sical quantization of the zero-field Fermi surface. Beyond
the minimal model, Sec. II C, we find that the introduction
of next-nearest neighbor and next-nearest layer hopping pa-
rameters does not materially affect Eq. (1). An alternative
calculation is presented in Sec. III whereby we numeri-
cally determine the energy spectrum for bulk rhombohedral
graphite (i.e., an infinite number of layers N) using a magnetic
supercell. These calculations recover the results presented
in Fig. 2(b) for a stack with a finite number of layers
N . Section IV explores the topological nature of the band
structure through a comparison to the SSH model, relating
the zero-energy flat bands in a finite field to zero-energy
states localized on solitons [26,50–53]. We also consider
the influence of disorder on the spectrum by calculating the
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disorder-averaged density of states (DOS) per unit energy, and
we find that chirality-preserving disorder does not affect the
DOS in a magnetic field to a significant degree, whereas the
zero-energy flat band is shown to be susceptible to chirality-
destroying disorder [21,52,53].

II. METHODOLOGY

A. Finite rhombohedral graphene layers
with an in-plane magnetic field

For numerical determination of the energy spectrum, we
employ a tight-binding model [15,19], initially using the min-
imal model including nearest-neighbor intra and interlayer
hopping only. We assume translational invariance within each
layer to Fourier transform to k|| = (kx, ky ) space and create
a 2N×2N Hamiltonian for N layers and two atomic sites (A

and B) per layer. We modify the in-plane terms HAB of the
Hamiltonian with a Peierls substitution, which introduces a
path integral of the vector potential such that

HAB(k||)=−γ0

3∑
j=1

exp

(
ik|| · (RB j − RA) − ie

h̄

∫ RA

RB j

A · dl

)
,

where γ0 is the tight-binding parameter for intralayer hopping,
RA is the position of an A atom, and RB j denotes the posi-
tions of three adjacent B atoms. The magnetic vector potential
A = z(By,−Bx, 0) is chosen so that translational invariance in
the in-plane direction is preserved [39], and z is the coordinate
perpendicular to the graphene layers. Expanding and simpli-
fying the above yields

HAB(k||) = −γ0

[
exp

(
ikya√

3
− iezaBx

2h̄

)
+ 2 exp

(−ikya

2
√

3
+ iezaBx

4
√

3h̄

)
cos

(
kxa

2
+ ezaBy

4h̄

)]
.

We shift the in-plane wave vector k|| as q = h̄(k|| − Kξ ) to be measured with respect to the K-point at Kξ = ξ (4π/3a, 0)
where ξ = ±1 is a valley index. Then, we expand the Hamiltonian for small |q| and small |B|, which is valid for |q|a/h̄ � 1
and e|z|a|B|/h̄ � 1, conditions which hold at low energy. The resulting Hamiltonian reads

HN (q) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 h̄vπ
†
1 0 0 · · · 0 0

h̄vπ1 0 γ1 0 · · · 0 0

0 γ1 0 h̄vπ
†
2 · · · 0 0

0 0 h̄vπ2 0 · · · 0 0
...

...
...

...
...

...
...

0 0 0 0 · · · 0 h̄vπ
†
N

0 0 0 0 · · · h̄vπN 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2)

where v = √
3γ0a/2h̄ and

πn(q) = ξ (qx + eznBy/h̄) + i(qy − eznBx/h̄),

where zn is the position of the nth layer on the z axis, Fig. 1.
We choose z = 0 to be in the middle of the layered system. In
polar coordinates we can write

πn(q) =
√

(qx + eznBy/h̄)2 + (qy − eznBx/h̄)2 eiξϕn = rneiξϕn ,

and it is clear the phase ϕn can be gauged away (e.g., by a
redefinition of the atomic orbital wave functions). However,
the magnetic field retains its influence through the magnitude
rn and cannot be gauged away. Without loss of generality,
we set By = 0 such that the magnetic field B = (Bx, 0, 0).
By diagonalizing the Hamiltonian (2) we obtain the band
structure of Fig. 2(b), which, when compared to the zero-
field band structure of Fig. 2(a), shows a spreading of the
energy levels along the energy axis and the appearance of
bifurcations of levels near the K-point, from doubly degen-
erate (eight-fold including spin and valley degeneracy) to
singly degenerate states (four-fold including spin and valley
degeneracy). We see similar qualitative features for larger
layer numbers and smaller fields, Fig. 3, although the bifur-
cations are less visible for these parameter values. For this
figure and other numerics in this paper the following hop-
ping parameter values are used: γ0 = 3.16 eV, γ1 = 0.381 eV,

γ2 = −0.017 eV, γ3 = 0.38 eV, γ4 = 0.14 eV [60,61], a =
2.46 Å for the in-plane lattice constant, and d = 3.46 Å for
the interlayer spacing [62].

The qualitative features of Fig. 2(b) are still observable
even at comparatively low field strengths [44], although, at
qx = 0, the energy levels are only slightly spread from the
zero-field degeneracy point of bulk eigenvalues at ε = ±γ1.
At low field, the bifurcations are also localized in this region
of the ε-qx plot, but still obey relationship (1). This also
holds true for small layer numbers N � 10 and larger fields,
although the zero energy states do not extend to the band-
gap closing point qx = qc. Additionally, bifurcations are not
present for N � 4 due to there being an insufficient number
of bands to realize doubly degenerate states for ε < γ1. The
bifurcations occur at positions (1) that can be understood
through a comparison to an infinite layer graphene model, as
described in the next subsection.

B. Semiclassical quantization of the zero-field Fermi surface

To develop a qualitative understanding of the numerically
obtained spectrum, we consider bulk rhombohedral graphite
for zero magnetic field. Assuming translational invariance in

115425-3



TYMCZYSZYN, CROSS, AND MCCANN PHYSICAL REVIEW B 108, 115425 (2023)

FIG. 3. Low-energy band structures for rhombohedral multilayer
graphene with an applied in-plane magnetic field, obtained through
the numerical diagonalization of Hamiltonian (2). (a) N = 300 layers
and Bx = 5 T, where, for clearer presentation, only every fifth pair
of bands are depicted. (b) N = 1000 layers with Bx = 1 T, where
only every 25th pair of bands are depicted. Bifurcations are still
present at locations described by relation (1), but are less visible
when compared to Fig. 2(b) due to the larger layer number.

both the intra and interlayer directions, we introduce per-
pendicular wave vector kz in addition to the small in-plane
wave vector q measured from the K-point. By doing so the
Hamiltonian [29,30,63] is reduced to a 2×2 matrix

H inf (q, kz ) =
(

0 h̄vπ† − γ1eikzd

h̄vπ − γ1e−ikzd 0

)
, (3)

where d is the interlayer spacing and π = ξqx + iqy. In-plane
wave vectors at which the energy is zero are represented in
polar coordinates as qD = (qD cos ϕD, qD sin ϕD) where qD =
|qD| with

qD = qc = γ1

vh̄
,

ϕD = −ξ

(
kzd − π

2

)
− π

2
. (4)

The dependence of ϕD on kz shows that these solutions repre-
sent a spiral through k-space, shown in Fig. 4(a). The energy
dispersion very close to the Dirac spiral is linear as ε = h̄v|κ|,
where κ = (κx, κy) is the wave vector measured from the

FIG. 4. Dirac spirals of Eq. (4) in k-space located at the bulk
rhombohedral graphite valley corresponding to ξ = −1. (a) shows
the zero-energy Dirac points forming a nodal line and (b) the points
of an arbitrary small energy ε < γ1 centered around zero energy,
forming a “squashed” tube-like structure.

spiral for a given kz value. Isoenergetic contours are circles of
constant radius κ centerd around the spiral for each kz value,
producing the tubular structure shown in Fig. 4(b).

Onsager semiclassical quantization of LL [45–48] involves
quantization of the area S(ε) enclosed by isoenergetic con-
tours in k-space in a plane perpendicular to the magnetic field,
and is dependent on the Berry phase γ of these contours

S(ε) = 2π

λ2
B

(
l + 1

2
− γ

2π

)
, (5)

where λB = √
h̄/eBx is the magnetic length and integer l � 0.

For example, a “conventional” two-dimensional (2D) semi-
conductor has quadratic dispersion ε = h̄2k2/(2m∗), effective
mass m∗, and zero Berry phase. With area S(ε) = πk2 =
2πm∗ε/h̄, Eq. (5) gives the harmonic oscillator relation εl =
h̄ωc(l + 1/2) with cyclotron frequency ωc = eB/m∗. By way
of contrast, monolayer graphene has a linear dispersion re-
lation ε = ±h̄vk, Berry phase π , and area S(ε) = πk2 =
πε2/(h̄v)2. The Berry phase cancels the factor of 1/2 in
Eq. (5), producing εl,± = ±(h̄v/λB)

√
2l , which does not have

zero point energy h̄ωc/2, but a level fixed at ε0 = 0. We as-
sume that l = 0 is admissible in Eq. (5), although it may relate
to contours enclosing zero area, and is therefore somewhat
ill-defined [46,47].

In this paper, we apply the semiclassical quantization
Eq. (5) to infinite layer graphite, Eq. (3), in an in-plane field
in the x direction. Perpendicular fields have already been
studied,where the relevant contours are circles of radius |κ|
in the x-y plane, resulting in a LL spectrum that is essentially
the same as monolayer graphene [63]. For an in-plane field in
the x direction, the contours instead lie in the y-z plane, Fig. 2.
The number of contours varies for different values of qx, and
we find

0 contours if |qx| > qc + |ε|/(h̄v),

1 contour if qc − |ε|/(h̄v) < |qx| < qc + |ε|/(h̄v),

2 contours if |qx| < qc − |ε|/(h̄v).

Moreover, when there are two contours, they have the same
area. Thus, one and two contours correspond to singly and
doubly degenerate energy levels, respectively, i.e., the same
degeneracies observed in the energy spectrum under an ap-
plied in-plane magnetic field. The location at which the level
bifurcations occur in the finite field ε-qx plot are the same as
the points of transition between one and two contours in the
zero-field quantization.

We find that a path around a single contour acquires a Berry
phase of zero whereas the double contours each correspond to
Berry phase π (modulo 2π ). The later case corresponds to a
Dirac-like LL spectrum as observed in the finite field band
structure at qx = 0, Fig. 1(b). At zero field and qx = 0, each
of the double contours has a dispersion at low energy given by

ε ≈ ±h̄v

√
κ2

y + (qcdκz )2, (6)

where κz is the wave vector in the z direction measured from
the center of the Dirac spiral. Contours described by Eq. (6)
are approximately circular with radius ε and the correspond-
ing enclosed area is S(ε) = πε2. Substituting this into Eq. (5)
returns the Dirac-like LL spacing ∼√

l , and, as there are two
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FIG. 5. Low-energy band structures for rhombohedral graphene
with an applied in-plane magnetic field, with an overlay (red) of the
linear relationship for the location of the bifurcation points in the
LL spectrum, Eq. (1). (a) shows the band structure obtained from
the semiclassical quantization, Eq. (5), of the numerically obtained
areas enclosed by isoenergetic contours in the infinite bulk graphite
model, Fig. 2. (b) depicts a similar band structure for a finite 40-layer
rhombohedral graphene stack with an applied in-plane magnetic
field of Bx = 50 T, obtained from the numerical diagonalization of
Hamiltonian (2).

identical contours, these levels are doubly degenerate. We can
extend this to finite values of qx by numerically calculating the
contour areas, resulting in LL corresponding to an infinite sys-
tem, Fig. 5(a), while maintaining the same qualitative features
as the band structure obtained numerically from the model
of a system with a finite number of layers, Fig. 5(b). The
location of bifurcations of contours in the zero-field spectrum
can be written as Eq. (1), and superimposing this linear ε-qx

relationship over the numerically obtained band structures,
Fig. 5, visually confirms it.

C. Inclusion of long-range hopping parameters

We consider whether the qualitative features discussed in
the context of the minimal model still hold when considering
up to next-nearest layer (long-range) hopping parameters in
the Hamiltonian. The full Hamiltonian including these extra
parameters γ2, γ3, γ4 [11,14,15,19] is

HN (q)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1 B C · · · 0 0 0

B† A2 B · · · 0 0 0

C† B† A3 · · · 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · AN−2 B C
0 0 0 · · · B† AN−1 B
0 0 0 · · · C† B† AN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(7)

where each element represents a 2×2 matrix

An =
(

0 h̄vπ†
n

h̄vπn 0

)
, B =

(−h̄v4π
† h̄v3π

γ1 −h̄v4π
†

)
,

C =
(

0 γ2

2
0 0

)
, vi =

√
3aγi

2h̄
.

FIG. 6. A comparison of band structures for 20-layer rhombo-
hedral graphene with up to next-nearest layer hopping parameters
γ0,1,2,3,4 included, according to the numerical diagonalization of
Hamiltonian (7), located at the valley corresponding to ξ = 1.
(a) shows the band structure for a 20-layer system for B = 0 to
illustrate the difference compared to Fig. 1(a), 1(b) shows the same
system with the overlay of numerically obtained bifurcation points
for B = 100 T. Negative qx values are included here to highlight
anisotropy of the dispersion (trigonal warping) due to the presence
of parameter γ3.

The band structure for this Hamiltonian, Fig. 6, retains sig-
nificant similarities to the minimal model, but γ4 introduces
finite dispersion with electron-hole asymmetry and γ3 creates
trigonal warping (anisotropy of the dispersion).

For the model (3) of infinite layer graphite at zero field, the
additional parameters modify matrix elements [63] as

H inf
11 = H inf

22 = 2h̄v4|q| cos(ϕ + kzd ),

H inf
12 = (

H inf
21

)∗ = −h̄v|q|e−iϕ + γ1eikzd

+ γ2e−2ikzd + h̄v3|q|ei(ϕ−kzd ),

where ϕ is the polar angle. Since zero-energy states coincide
with a band degeneracy, their location may be determined by
setting H inf

12 = 0, and γ4 has no effect on the location of the
nodal line. The solution may be written as a perturbation to
Eq. (4) and, up to O(v3/v), it can be written as

qD = γ1

vh̄

(
1 + v3

v
cos(3kzd )

)
, (8)


D = −ξ

(
kzd + v3

v
sin(3kzd )

)
, (9)

such that the original terms still dominate [63], and parameter
γ2 may be neglected. The presence of γ3 (trigonal warping)
slightly modifies the semiclassical estimate (1) of the position
of the bifurcations which we determine numerically and show
as the dashed overlaid line in Fig. 5(b). It was recently sug-
gested that the sign of v3 is negative [61,64], in which case
one should invert the sign of qx in Fig. 6(b).

III. NUMERICS FOR INFINITE BULK
RHOMBOHEDRAL GRAPHITE

In Sec II, we described the methodology for numerically
determining the spectrum of a system with a finite number of
layers in an external in-plane field. Here, instead, we describe
how to numerically determine the spectrum of bulk rhombo-
hedral graphite (with an infinite number of layers) using a
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finite-sized magnetic supercell. Specifically, we consider a magnetic supercell described by the Hamiltonian

HM
supercell (q) =

⎛
⎜⎜⎜⎜⎜⎝

m1 0 0 · · · �1

0 m2 0 · · · 0
0 0 m3 · · · 0
...

...
...

...
...

�
†
1 0 0 · · · mM

⎞
⎟⎟⎟⎟⎟⎠. (10)

The magnetic supercell is composed of an integer number M of three-layer hexagonal unit cells, each described by a 6×6 matrix
mn(q), which is similar to the previously considered Hamiltonian (2),

mn(q) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 h̄vπ
†
3n−2 0 0 0 0

h̄vπ3n−2 0 γ1 0 0 0
0 γ1 0 h̄vπ

†
3n−1 0 0

0 0 h̄vπ3n−1 0 γ1 0
0 0 0 γ1 0 h̄vπ

†
3n

0 0 0 0 h̄vπ3n 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

In the Hamiltonian (10), �1 represents a 6×6 matrix with γ1 as
its top right entry and zeros everywhere else, i.e., (�1)i j = 0
for all i, j, except (�1)16 = γ1. This accounts for periodicity
of the supercell.

We can choose the in-plane component of the magnetic
field to lie in the x direction without loss of generality (for
the minimal model). It can only take certain discrete values
related to the number M of hexagonal unit cells, as determined
by the periodicity of the Hamiltonian. In particular, for vec-
tor potential A = z(0,−Bx, 0), a matrix element connecting
positions R and R′ has a field-dependent phase factor such
as � = (Bxe/h̄)

∫ R′

R z dy. This should be equal to 2π for a
vertical translation of 3Md and a horizontal translation of√

3a/2, so that the allowed values of the magnetic field are

Bx = 2h

3
√

3adeM
, (11)

for integer M. For example, when M = 100, then Bx =
96.6 T, and the numerical calculation requires the diagonal-
ization of a 600×600 matrix (10). Despite differences, this
method produces similar qualitative results to those for a finite
system, Sec. II, including the location of bifurcations from
doubly to singly degenerate states in the energy spectrum as
shown in Fig. 7.

IV. ANALOGY TO THE SSH MODEL

For zero magnetic field, the spectrum of RMG in the min-
imal model may be related to the energy levels of the SSH
model [17,18,24–27] by dimensional reduction [65], i.e., by
treating the in-plane wave vector q as a parameter. In par-
ticular, alternating hoppings t and w of the SSH model are
equivalent to h̄v|q| and γ1, respectively, of RMG. Here we
generalize this analogy in the presence of an in-plane mag-
netic field, resulting in a one-dimensional tight-binding model
with spatially dependent hopping parameters that bears some
similarity to the commensurate off-diagonal Aubry-André-
Harper model [66].

Starting from the Hamiltonian (2) for N layers of RMG, we
gauge away the phase of the intralayer hopping term for layer

n leaving the magnitude

h̄v|πn(qx, zn)| = h̄vrn =
√

(h̄vqx )2 + (evznBx )2, (12)

with qy = By = 0. For an even number of layers N , the verti-
cal coordinate of the nth layer is zn = d[n − (N + 1)/2] with
the origin (z = 0) at the center of the system.

Treating qx as a parameter, the Hamiltonian (2) may be
written as a one-dimensional tight-binding model which is a
generalization of the SSH model with 2N orbitals

HSSH =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t1 0 0 0 · · · 0 0
t1 0 w 0 0 · · · 0 0
0 w 0 t2 0 · · · 0 0
0 0 t2 0 w · · · 0 0
0 0 0 w 0 · · · 0 0
...

...
...

...
...

...
...

...

0 0 0 0 0 · · · 0 tN
0 0 0 0 0 · · · tN 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (13)

FIG. 7. Low-energy band structures for infinite bulk rhombo-
hedral graphene with an applied in-plane magnetic field, obtained
through the numerical diagonalization of the supercell Hamilto-
nian (10). (a) shows the band structure for a supercell of size M =
200, and corresponding field Bx = 96.6 T. (b) Is the band struc-
ture for a supercell of size M = 400, and corresponding field Bx =
48.3 T.
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FIG. 8. Probability density of the wave functions close to the
K-point, qx = qy = 0, for rhombohedral graphene multilayers on
carbon atoms at positions j = 1, 2, 3, . . . , 2N . (a) shows edge-state
localization at zero energy while (b) is a generic bulk state lying
within the valence band. Both (a) and (b) are for a N = 10 layer
system with 20 atoms in total and zero magnetic field. (c) shows
the distribution of a soliton zero energy state for a N = 100 layer
system and an in-plane field Bx = 50 T. We use a larger layer number
to better depict the two soliton states, n∗ denotes the center of the
soliton.

where

tn =
√

t2 + ([
n − 1

2 (N + 1)
]
χ

)2
, (14)

and χ is a parameter describing the strength of the modulated
hopping. This has the following equivalence with RMG:

t ≡ h̄v|qx|, (15)

w ≡ γ1, (16)

χ ≡ evd|Bx|. (17)

The Hamiltonian (13) has constant intercell hopping w with
modulated hopping tn on every intracell bond. The modula-
tion is inversion symmetric about the center of the system,
increasing in magnitude from tN/2 =

√
t2 + (χ/2)2 ∼ t at the

center to tN ∼
√

t2 + (Nχ/2)2 at the edge.
We can interpret the effect of χ as producing a texture

of t in the system, i.e., a soliton and antisoliton pair placed
symmetrically about the center, each of which supports a state
near zero energy. For t < w and χ = 0, the Hamiltonian (2)
describes the SSH model with a bulk band gap of 2(w − t )
and states near zero energy localized at the edges, Fig. 8(a).
By contrast, Fig. 8(b) shows the spatial distribution of a state
lying within the bulk valence band. For nonzero χ , and large-

FIG. 9. Vertical position z∗, as a function of the in-plane wave
vector qx , of the localized states with zero-energy flat bands in
rhombohedral multilayer graphene with N = 50 layers and an ap-
plied in-plane magnetic field Bx = 50 T. Solid lines are obtained by
numerically determining the peak positions of the wave functions,
the dashed line is the estimate Eq. (18). States at qx = 0 are local-
ized at high |z| values towards the surface of the thin film. As qx

increases, they move inwards to the center at which point they begin
to annihilate one another, asymptotically approaching the minimum
of |z| = d/2.

enough N , tN at the edge becomes larger than w so that there
are no edge states. However, at some position n = n∗ there
will be tn∗ ≈ w separating regions with tn > w towards the
edge and with tn < w towards the center. Location n∗ is at
the center of a soliton and supports a zero-energy state, and
there is a corresponding antisoliton with the opposite texture
of tn at the other side of the system which also supports a
zero energy state, Fig. 8(c). Thus, as χ increases, the soliton-
antisoliton pair move from the edges towards the center of
the system, always supporting zero-energy states. Finally, for
large-enough χ , they will reach the center and annihilate,
when tN/2 =

√
t2 + (χ/2)2 ≈ w, and there will be no zero-

energy states.
For fixed χ , the location of the soliton n∗ is dependent

on the value of t . From tn∗ ≈ w it may be estimated at the
right side of the system [n∗ > (N + 1)/2], say, to be n∗ ≈
min[N, (N + 1)/2 + χ−1

√
w2 − t2]. Using the equivalence

to RMG, Eqs. (15) to (17), we can express the layer position
z∗ ≡ [n∗ − (N + 1)/2]d where the flat band state is localized
as

z∗

d
≈ min

(
N − 1

2
,

a
√

q2
c − |qx|2

2π (φd/φ0)

)
, (18)

for |qx| < qc where qc = γ1/(h̄v), φd = ad|Bx| is the mag-
netic flux per unit cell, and φ0 = h/e is the single-particle
flux quantum. This expression is for the top half of the thin
film (z∗ > 0), and the position for the lower half is −z∗.
Figure 9 shows a plot of z∗ obtained by numerically determin-
ing the peak positions of the wave functions, with the estimate
Eq. (18) shown for comparison as the dashed line. It shows
that the zero-energy flat bands are localized on different bulk
layers of the system, not just the surfaces, as determined by
the wave vector qx. This accounts for the behavior observed
for the flat bands at zero energy in RMG in the presence of
an in-plane magnetic field. As the field strength is increased,
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FIG. 10. Energy of the states near zero energy at qx = 0 in N =
20 layer rhombohedral graphene as a function of magnetic field Bx ,
represented as a log-log plot. States localized on surfaces of the RMG
film at small magnetic field are characterized by a linear relation
between energy and magnetic field in the log-log plot, reflecting the
analytical solution ε ∝ BN

x .

the zero-energy states persist, but the extent of the flat bands
in qx is reduced because, for large qx values, the solitons
have disappeared. Finally, at very large field strengths, they
separate and move into the bulk (when the solitons for all qx

values have vanished).
By equating the two terms on the right side of Eq. (18), we

can estimate the extent of the flat band, in terms of qx, that
remains on the surface in the presence of the in-plane field as

qxa =
√

q2
c a2 − (πφN/φ0)2, (19)

where the magnetic flux summed over all layers is φN = (N −
1)φd = ad (N − 1)Bx.

The limit t = 0 for the SSH model corresponds to qx = 0
in RMG, in which case tN ∼ Nχ/2 at the edge. Thus, the zero-
energy states for t = 0 remain at the edge until tN ≈ w, i.e.,
χ ∼ 2w/N . In terms of RMG, this means that states at qx =
0 remain on the surfaces until the magnetic flux φN reaches
values

φN

φ0
∼ 2γ1√

3πγ0

, (20)

where φ0 = h/e is the single-particle flux quantum; numeri-
cal values give φN ∼ φ0/20. We can alternatively write this
estimate as φN/φ0 ∼ qca/π . Up to this point, we can use
the zero-field estimate for the energy of the surface states,
ε ≈ ±(h̄v|q|)N/γ N−1

1 , with the substitution |q| → Bx to es-
timate that the surface states at qx = 0 behave as ε ∼ ±BN

x .
This is confirmed numerically in Fig. 10, which also depicts
larger magnetic fields breaking this relationship as the lo-
calized states move from the edges towards the center. The
localized states will eventually be destroyed when tN/2 =√

t2 + (χ/2)2 ≈ w and, for t = 0, this gives an estimate χ ∼
2w. In terms of RMG, this means that the zero-energy states
remain until

φN

φ0
∼ 2Nγ1√

3πγ0

. (21)

We can alternatively write this estimate as φd/φ0 ∼ qca/π

where φd = ad|Bx| is the magnetic flux per unit cell. Clearly,
this is a huge magnetic field, a large factor (of N � 1) greater

FIG. 11. The DOS as a function of energy for N = 20 layer
rhombohedral graphene systems calculated numerically using the
minimal model Hamiltonian (2) and DOS definition (22). (a) depicts
DOS for pristine RMG at zero field. (b) pristine RMG with an applied
in-plane magnetic field of Bx = 50 T. (c) is the disorder-averaged
DOS at Bx = 50 T created by averaging over 20 randomized disorder
realizations for chirality-destroying disorder. (d) disorder-averaged
DOS at Bx = 50 T for 20 realizations of chirality-preserving disorder.

than the field (20) for which the zero-energy states move away
from the edge.

We determine the density of states (DOS) per unit energy
per unit area to show how the flat bands at zero energy
contribute to sharp features in the DOS. Since the Hamil-
tonian (2) satisfies sublattice chiral symmetry in the same
way as the SSH model, we check that the zero-energy states
are robust to chiral-preserving disorder by calculating the
disorder-averaged DOS in the presence of disorder. We calcu-
late the DOS per unit energy numerically by approximating
the Dirac delta function as a Lorentzian with finite width
ζ = 0.005γ1,

g(ε) = 1

πL2

∑
n

ζ

(ε − εn)2 + ζ 2
, (22)

where L2 is the area of the system.
For pristine RMG at zero magnetic field, the DOS is char-

acterized by a series of Van Hove singularities at energies
corresponding to turning points of the bulk bands, Fig. 11(a),
with a prominent central peak at zero energy caused by the flat
bands. The DOS in a magnetic field of Bx = 50 T is shown in
Fig. 11(b), and is characterized by the softening of Van Hove
singularities, but the peak corresponding to flat bands remains
as prominent as before.

We introduce chirality-breaking disorder through the addi-
tion of on-site energies randomly chosen from a distribution
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[−δ, δ], where δ = 50 meV � γ1 [21]. The resulting disorder-
averaged DOS in the presence of a magnetic field is shown
in Fig. 11(c) with averaging over 20 disorder realisations.
We also consider chirality-preserving disorder in the form of
random additions δ to the interlayer coupling γ1 as γ1 + δ,
chosen from a distribution [−δ, δ], where δ = 50 meV � γ1.
The result of averaging over 20 disorder realizations in a finite
magnetic field is shown in Fig. 11(d).

The DOS for both types of disorder are characterized
by further softening of the Van Hove singularities at finite
energies. However, chirality-destroying disorder destroys the
zero-energy flat band peak, whereas chirality-preserving dis-
order has no visible effect on the zero-energy peak. This is
expected because the zero-energy states rely on the protection
of chiral symmetry [25,52,67,68]. In the plot of Fig. 11(c),
for chirality-destroying disorder, there is also electron-hole
asymmetry in the DOS, but this is only an artifact of having a
finite number of disorder realizations.

V. CONCLUSION

We numerically determine the effect of an in-plane mag-
netic field on the electronic spectrum of rhombohedral
multilayer graphene (RMG). The spectrum shows two qual-
itative features: First, there are a series of bifurcations from
doubly to singly degenerate energy levels and second, the
zero-energy flat bands, observed at zero field, persist up
to very high field strengths. Using semiclassical quantiza-
tion [45–48] of the zero-field Fermi surface of rhombohedral
graphite, we are able to relate the presence of level bifurca-
tions to bifurcations of zero-field isoenergetic contours from
one contour, with zero Berry phase, to two contours each with
Berry phase π . By writing down a one-dimensional tight-
binding model that is analogous to RMG in an in-plane field,
we are able to relate the persistence of the zero-energy bands

in large magnetic fields to a soliton texture supporting zero-
energy states in the Su-Schrieffer-Heeger model. Whereas
the zero-energy flat bands at zero field are localized on the
surfaces of the RMG thin film, in a finite magnetic field they
are generally localized on different layers, ranging from the
surface to the bulk as a function of the wave vector.

The electronic properties of RMG films may be experi-
mentally accessed by a variety of methods including scan-
ning tunneling spectroscopy [1], magneto-Raman [2,69–74],
photoemission [1,3], and magnetotransport [8,75–77]. For ex-
ample, scanning tunneling microscopy was recently used to
probe the surface states of RMG with up to N = 17 lay-
ers [10], and magnetotransport properties, probing the Landau
level spectra, were measured in RMG with up to N = 50
layers [8] and in Bernal-stacked graphitic films with up to a
few hundred layers [76,77].

We neglected spin splitting and assumed a four-fold de-
generacy due to spins and valleys throughout. In an external
in-plane magnetic field, splin splitting of the energy levels
will occur. With the g-factor g = 2, the spin splitting should
be �ε = 2μBB for Bohr magneton μB and field strength B.
Thus, for B = 100 T, we expect �ε = 0.012 eV and �ε/γ1 =
0.030. Experiments [78] in monolayer and bilayer graphene
reported an effective g-factor, g∗ = 2.7 ± 0.2, and attributed
its enhancement to electron-electron interaction effects. Nev-
ertheless, even with such an enhancement, we expect the spin
splitting to be a small effect on the scale of our typical plots,
e.g., Fig. 2(b).

All relevant data presented in this paper can be ac-
cessed [79].
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