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ABSTRACT. We study the Haagerup—Kraus approximation property for locally compact quan-
tum groups, generalising and unifying previous work by Kraus-Ruan and Crann. We establish
some results about how multipliers of quantum groups interact with the C*-algebraic theory of
locally compact quantum groups. Several inheritance properties of the approximation property
are established in this setting, including passage to quantum subgroups, free products of discrete
quantum groups, and duals of double crossed products. We also discuss a relation to the weak™
operator approximation property. For discrete quantum groups, we introduce a central variant
of the approximation property, and relate this to a version of the approximation property for

rigid C*-tensor categories, building on work of Arano—De Laat—Wahl.
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1. INTRODUCTION

HARASNRRGRNE S S REAEE S~

The approximation property (AP) for locally compact groups, introduced by Haagerup and
Kraus [31], can be viewed as an analogue of Grothendieck’s approximation property for Banach
spaces [27]. Tt belongs to a family of widely studied analytical properties like amenability, weak
amenability, and the Haagerup property. In fact, AP is a weakening of weak amenability and thus
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a very loose form of amenability. It is known that AP passes from locally compact groups to their
lattices and vice versa, and that it has better permanence properties with respect to standard
constructions like extensions and free products, in comparison to weak amenability.

It was an open problem for a long time to exhibit examples of exact groups without AP. In
the remarkable paper [47], Lafforgue and de la Salle proved that SL(3,R) fails to have AP, thus
confirming a conjecture in [31]. Building on this result, it was shown later by Haagerup, Knudby
and De Laat that a connected Lie group has AP if and only if all simple factors in its Levi
decomposition have real rank at most one [28], [29], [30].

AP has a wide range of applications. As shown by Haagerup-Kraus [31], in the case of discrete
groups there is a connection between AP and the slice map property (or equivalently, the operator
approximation property) of the associated crossed products. It was recently proven in the full
generality of locally compact groups that AP implies exactness [62] (see also [I5]), which makes
it relevant to a number of problems in operator algebras. Let us also mention that AP was shown
to be equivalent to a non-commutative version of Fejér theorem [15], and used to prove results
concerning convolution operators on LP(G) [12] 21].

Amenability, weak amenability and the Haagerup property have also been studied extensively
in the broader setting of locally compact quantum groups, see [9] for a survey. An interesting new
feature in the quantum setting is the interplay between discrete quantum groups, their Drinfeld
doubles, and the associated C*-tensor categories [22]. In fact, the central versions of amenability,
the Haagerup property, weak amenability and central property (T) for discrete quantum groups
have been recast at the level of C*-tensor categories [56], thus building a natural bridge to the
study of subfactors.

In the present paper we undertake a systematic study of the approximation property for locally
compact quantum groups. Kraus and Ruan introduced a version of the approximation property
for Kac algebras in [41], requiring the existence of a net in the Fourier algebra A(G) such that the

~

associated net of completely bounded operators on L°°(G) converges to the identity in the stable
point weak*-topology of CB?(L> (@)) Crann studied this property for general locally compact
quantum groups, and showed for example that in the presence of this property, amenability is
equivalent to coamenability of the dual quantum group [14, Corollary 7.4].

Our starting point is the original work by Haagerup and Kraus. We say that a locally compact
quantum group has AP if it admits a net of elements in the Fourier algebra A(G) which converges
weak* to 1 in the space of left CB multipliers M’ (A(G)). We show that this definition is in fact
equivalent to the definition of AP used in [41], [14], thereby verifying a conjecture in [41]. Along
the way, we obtain a useful alternative description of the weak*-topology on the space of left CB
multipliers. We discuss carefully that working with left or right multipliers does not change the
theory, and that passing from a quantum group to its opposite or commutant preserves AP. We
also show that if quantum group has the AP exhibited by a net which is uniformly bounded in
the norm of A(G) (resp. M', (A(G))), then it is amenable (resp. weakly amenable).

We then derive a number of permanence properties of AP in analogy to the classical setting.
In particular, we show that AP passes to closed quantum subgroups of locally compact quantum
groups, and to duals of double crossed products. This includes the passage to direct products of
quantum groups as a special case. In the setting of discrete quantum groups we verify that AP is
inherited by free products and direct limits of directed systems of discrete quantum groups with
injective connecting maps. We also introduce a central version of the approximation property for
discrete quantum groups and show that it is related to a natural notion of AP for rigid C*-tensor
categories, building on work of Arano-De Laat—Wahl [2], [3].

Let us now briefly describe more of our results and explain how the paper is organised. In Sec-
tion 2l we collect some background material on locally compact quantum groups and fix our nota-
tion. In Section Bl we review several characterisations of the space M, (A(G)) of left cb-multipliers
of the Fourier algebra A(G) and its natural predual Q'(A(G)). By definition, M%,(A(G)) is a (in

general not closed) subalgebra of L(G), but also ML, (A(G)) is isomorphic to L1(@)CBU L>(G)),

~ ~

the space of a normal left module maps on L°°(G). Any such map in Ll(@)CB”(Lm(G)) restricts
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to CO(@), and we provide a characterisation of the maps on CO(@) which so arise. This leads to
a description of Q'(A(G)) as quotient of the projective tensor product Co(G)® L'(G) which we
were unable to locate in the literature even for classical groups.

In Section M we define the Haagerup-Kraus approximation property for locally compact quantum
groups and verify that it passes to opposite and commutant quantum groups. We compare our
definition to the version of AP given by Kraus and Ruan, showing that they are equivalent. We
show that M., (A(G)) admits an involution linked to the antipode of G, and to the fact that
elements of Ll(@)CB"(L‘”(@)) act boundedly on the Hilbert space L?(G). We finish the section

by showing that AP is independent of working with left or right multipliers.

In Section Bl we discuss the relation of AP with weak amenability and coamenability.

Section [@] is devoted to the special case of discrete quantum groups. When [ is discrete, we
have the notion of a finitely-supported function leading to the algebra coo(I"). It suffices to work
with cgo(I") when considering AP, and we show further that the approximating net can be chosen
to satisfy other properties. We introduce the central approximation property for discrete quantum
groups and prove that central AP is equivalent to AP in the unimodular case. Building on the
work of Kraus-Ruan [41] and Crann [14], we show that if a locally compact quantum group G has

~

AP then the von Neumann algebra L>°(G) has W*OAP. We study the relation between AP of I
and (strong) OAP of C(T') or W*OAP of L=°(T). Finally, we introduce strengthenings of these
concepts which take into account also the algebra £°°(I"), and show that these are equivalent to
AP even in the non-unimodular case.

In Section [Tl we establish a number of permanence properties. We show that the AP is inherited
by arbitrary closed quantum subgroups and by the duals of double crossed products. In particular,
the direct product of two quantum groups with AP also has AP. For discrete quantum groups we
investigate the passage to free products and direct unions, again showing that AP is preserved.

Finally, in Section [8 we define the approximation property for rigid C*-tensor categories and
verify that the categorical AP is equivalent to the central AP for discrete quantum groups. This
implies in particular that the central AP is invariant under monoidal equivalence. We also relate
these properties to the AP of the Drinfeld double.

We conclude with some general remarks on notation. If A is a C*-algebra we write M(A) for its
multiplier algebra. For a map ®: A — A, the symbol ®' stands for the map A 3 a — ®(a*)* € A.
If w: A— Cis a linear functional we write @ for the linear functional given by @W(z) = w(x*).

We write ® for the algebraic tensor product, ® for the tensor product of Hilbert spaces or the
minimal tensor product of C*-algebras, & for the injective tensor product of operator spaces and
® for the spatial tensor product of von Neumann algebras. We denote by x the flip map for tensor
products of algebras, and use the symbol ¥ for the flip map of Hilbert spaces.

We freely use the basic theory of operator spaces, following [23], see also [53] [54] for example.
When X,Y are operator spaces, CB(X,Y") denotes the space of completely bounded (CB) linear
maps X — Y. For dual operator spaces X,Y we write CB?(X,Y) for the subset of CB(X,Y)
consisting of all maps which are weak*-weak*-continuous. In the case X = Y we simply write
CB(X) = CB(X, X) and CB?(X) = CB?(X, X). If M is a von Neumann algebra, then CB”(M)
can be equipped with the stable point-weak*-topology: T; Ze—}) T with respect to this topology if

and only if (T; ® id)z —I> (T ®1id)z in the weak*-topology, for any separable Hilbert space H and
1€

x € M®B(H), see [31]. Whenever we have a left N-module structure on an operator space X,
the space of left N-module CB maps is denoted by yCB(X). Similarly, if X is a right module or
a bimodule, the corresponding spaces are denoted by CBy(X) and CBy(X), respectively. We
denote the operator space projective tensor product by &, and recall that (X@Y)* = CB(X,Y™)
completely isometrically. The canonical pairing between an operator space X and its dual X* is
denoted by (w, z)x« x for w € X*, x € X, or simply (w, ) if there is no risk of confusion.

For a n.s.f. weight # on a von Neumann algebra M, we denote the GNS Hilbert space by Hy,
and we use the notation My = {x € M |f(z*z) < +00}. We write Ag: 9y — Hy for the GNS map.
Typically we then represent M on Hy and identify M C B(Hp).
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2. PRELIMINARIES

Throughout the paper we will work in the setting of locally compact quantum groups introduced
by Kustermans and Vaes [45]. In this section we recall some fundamental constructions and results
of the theory, more information can be found in [43], 46} [68]. For background on operator algebras
and operator spaces we refer to [10] 23] [63].

By definition, a locally compact quantum group G is given by a von Neumann algebra L (G)
together with a normal unital x-homomorphism Ag: L*(G) — L*(G)& L*°(G) called comultipli-
cation, satisfying (Ag ®id)Ag = (id ® Ag)Ag, and left resp. right Haar integrals ¢ and 1. These
are normal, semifinite, faithful (n.s.f.) weights on L°°(G) satisfying certain invariance conditions
with respect to Ag. In general, the von Neumann algebra L>°(G) is non-commutative and will not
be an algebra of function on a measure space. Following this notational convention, the predual
of L>(G) is denoted by L'(G) and the GNS Hilbert space of ¢ is denoted by L?(G).

Every locally compact group G can be seen as a locally compact quantum group G by taking
L>®(G) = L*™(G), the algebra of classes of measurable, bounded functions on G, and letting Ag
be the pullback of multiplication in G. The weights , 1 are given by integration with respect to
left (right) Haar measure in this case.

Out of the axioms, one can construct a number of additional objects associated to a locally
compact quantum group G. First of all, there is the Kac- Takesaki operator W€ € L°(G)® Lw((@),
which is a unitary operator on L*(G) ® L*(G) defined via

(w ®id)WE)A,(z) = Ap((w ®id)Ag(z))  (w € LY(G),z € Ny).

It implements the comultiplication via Ag(z) = W& (1 ® 2)W® for € L>(G). Tomita-Takesaki
theory yields two groups of modular automorphisms (o )icr, (0F )ier and modular conjugations
Jp, Jy associated with the weights ¢, ¢, respectively [63]. The left and right Haar integrals are
linked by the modular element dg, which is a strictly positive, self-adjoint operator affiliated with
L*®(G).

In the theory of quantum groups, the role of the inverse operation is played by two maps: the

antipode Sg and the wnitary antipode Rg. The antipode is in general an unbounded (densely
defined) map on L°(G) such that

(id ® w)W€ € Dom(S¢) and S ((id ® w)WE) = (id @ w)WE  (w € L'(G)).

The unitary antipode, on the other hand, is a bounded, normal, *-preserving, antimultiplicative
map on L°(G) satisfying AgRg = x(Rg ® Rg)Ag. These maps are linked via Sg = Rg7® 2 =
TE/QR(G,, where (7C)scr is the group of scaling automorphisms of L°°(G). The left and right Haar
integrals are unique up to a scalar, and we shall fix normalisations such that ¢ = o Rg.

With h any locally compact quantum group G one can associate the dual locally compact quantum
group G in such a way that the correspondence between G and G extends Pontryagin duality.
Furthermore, the Hilbert spaces L*(G), L? (G) can be identified in a canonical way, and the Kac-
Takesaki operators of G and G are linked via WC = x(WE*). If there is no risk of confusion we
will simply write A for Ag, A for Ag, and similarly R, S, ﬁ, S for the (unitary) antipode of G or
G. Using the canonical identification of L?(G) and L?(G) one obtains a number of useful formulae.
Let us mention in particular that the right regular representation V& € L®(G)'® L=(G) is given
by VE = (J5 @ Jp)x(W®)*(J5 @ Jp).

We will also work with the weak*-dense C*-subalgebra Co(G) C L°°(G). It is defined as
the norm-closure of the space {(id ® w)W®|w € L}(G)}. After restriction, the comultiplication
becomes a non-degenerate x-homomorphism Co(G) — M(Co(G) ® Co(G)). Similarly one defines
Co(G), and then WE € M(Co(G) ® Co(G)). Using the comultiplication of L(G), we define
a Banach algebra structure on L'(G) via w v = (w ® v)Ag for w,v € LY(G). As L=(G) is
the dual of L'(G), we have a canonical L' (G)-bimodule structure on L°°(G), which is given by
wrz = (id ® w)Ag(z) and z xw = (w ® id)Ag(z). Treating L'(G) as the predual of the von
Neumann algebra L°°(G) gives, as usual, an L°°(G)-bimodule structure on L'(G) defined via
rw=w(-z),wr = w(x-) for z € L(G),w € L*(G).
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Let us introduce the map Ag: L'(G) — Co(G) by Ag(w) = (w ® id)W®, and similarly for G.
Using this we define the Fourier algebra of G as A(G) = )\@(Ll(G)). One can check that Az
is multiplicative, so that A(G) is a dense subalgebra of Co(G). As Ag is also injective, we can

define an operator space structure on A(G) by imposing the condition that Ag: LY(G) — A(G) is
completely isometric.

In the text, we will use certain subspaces of Ll(G), which consist of functionals having nice
additional properties. Firstly, let us introduce

L;(6) = {w € L'(G) | Fperr(c) Ae(w)* = Aa(6)}

(2.1) ) _
= {w € LY(G) | JpeL1(6) YaeDom(ss) P(Sa (@) = 0()}

For a given w € L;(G), the functional 6 is characterised uniquely by any of the properties in (2.1)),

hence we can write § = w!. The mapping w — w’, and the restriction of the multiplication from
LY(G), turn L,}(G) into a *-algebra. The second subspace we will use is

(2.2) S ={w € LX(G) | 3nr>0 Vaem, |w(a™)| < M|[Ay(2)|l}-

This subspace appears in the construction of the left Haar integral ¢ for G. Indeed, for w e #
we have

Ag(w) €N and  Vaem, (Ap(z) [ Ap(Ac(w))) = w(z").

In a couple of places we will need the following result, which says that there are “a lot” of
functionals with desirable properties.

Lemma 2.1. The subspace

Jo={we ZNLI(G)|wa' € ZNL{(G)and f: Rt (wif) o7 € LY(G)
extends to an entire function with V.cc f(z) € _#Z N L,}(G)}

is dense in L'(G), and A\g(_%o) forms a a-soT* x || - || core for Ag.

Proof. Our approach is standard, compare for example [38, Lemma 14.5] for a similar result.
Therefore we only give a sketch of the argument.

According to [46, Proposition 2.6], the space #% = {w € #Z N Lé (G) |w* € #} is dense in
L'(G) and \g(_#¥) is a 0-SOT* x || - || core of Az. Let us introduce three mollifier operations: for
n € N let

M?: LYNG) 3w \/g/e_"ﬁwoafdteLl(G),
R

M LNG) > w \/g/e_"s2w07§;’ds€Ll(G),
R

M LNG)swrs \/g/ e_"p2w6g7 dp € LY(G).
R

Next, let w,, = M o M¢ o M?(w) and set _#oo = span{w, |n € Nyw € _#*}. It suffices to show
that oo is dense in L'(G), that Zoo C _#, and that Ag(_#oo) forms a 0-SOT* x || - || core for
Ag.
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Choose n € Nyw e _#¥f 2 € N,y € Dom(Sg). It is elementary to check that w, € _# N L& (G)
and R 3 ¢+ (w,0%) o 7% € L!(G) extends to an entire function with the desired property. Since

@it )| = lenl)] = (22| [ et o nS(a)) dedsdy

e 3/2|w(/RS e 0 50 58 o 2C (1) dt ds dp) |

< (22 As(Ae(@)Il]| Ay (/ () 0 o 78 (27) 55 de ds d) |
R3
= (1)*2[1As (e (@[ 4, VA (/ —n(E+ ) 506 o 78 (2) dt ds dp) |
RS
= (@2 Ag @Dl ([ e G 0 18 (a) drdsdp) |
R3

—n i 2 S2 2 —s
< (%)3/2”/\@(/\@(“))”(43 le ((t+i/2)"+s"+p )|V£/2 /2 dtdsdp)||A¢(x)||,

where v is the scaling constant of G, we have @, € #. Here we used of (57) = va?3® and
poTs =g . It is automatic that @, € L; (G). Indeed,

T(S6) = wn(Se) = /2 [ M 0 MIW)(T 0 Re 07,0 ds
= (\/g/Refn(SH/sz:f o M2(w) o780 Rg ds)(y).

The above calculation shows also that @, = \/Z [ e s+ /2% Ve o MO (w) o780 Rg ds. Moreover
we have w,,? € ¥, which is a consequence of the following calculation:

ot (27)] = (2)%2 8 e /DI, (6768 0 78 0 Re(2*)) dt ds dp|
< @A OGNIAL ([ e g o1 o Re@)is dtdsdy) |
= @A [Ay ([ | T 0F 018 0 Re ()6 dtdsdy) |
= @A @) g ([ e ok o o @) dedsp)|
= (22 Ap e @) |75 V5 * A ( / e MR G2 5 N 0 o 28 o R (a”)at dt ds dp) |
— @Al | R b S ) g orSo e o) drds d) |

—n i /2)2 4 (547 /2)2 —i/2)2). §/2—t/2— N

< (%)B/QH/\@()\G(W))H /}R3 e~ ((t4i/2)" +(s41/2)" +(p—i/2) )|1/G/2 42 p/2||A¢(R@(x )|l dt dsdp
—n i/2)%4(s+i/2)? —i/2)2), s/2—t/2—

= (%)B/QHA@()\G(W))”(/RS |€ ((t4+3/2)"+(s+i/2)*+(p—i/2) )|VG/2 t/2—p/2 dtdep)||A¢($)||,

where we used Ay (2) = Aw(zéé/z) for sufficiently good operators z, 0;/’ =Ad(6#)ocf, o1l =
vg "¢ and af’ (68) = V(gpég’. We are left to argue that #yo is dense and that Ag(_Zoo) is a
SOT* x || - || core for Az. It follows from

wn —— w0, Ag(slwn) — Az(e(w))

n—r oo
for w € #*% The first claim is standard (see e.g. [42, Proposition 2.25] where a similar method
is used), the second one can be seen as follows: first, observe that for ¢,s,p IS R we have using
(0f ®id)WE = (id ® 78,)(W®)(1 ® 55) (see equation (@) and (78 ® 7§ )W = WE that
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(7%, © 0%, )WE = (5% © 1)WE and
Ac((wbiF) 078 0 0f) = ((woiF) o 7€ i) ((id @ 7%,) (WE)(1 @ 6%))
= (w®7%,_) (6% @ HWE)5E = (wor€, ©1%,_, 00? ) (WE)si
= (WS, 00% )(WE)% =78, 00® (Ag(w))dL.
Hence

Ap(Ae(wn)) = ()72 / e TP A S (A (W6) 0 7€ 0 0F)) dt ds dp
]RS

0 0% ,(Ae(w))dL) dtdsdp

p—t—s

—_(n 3/2 —n(t2+s2+p2)AA G

(71') ~/]R'3 € AP(T
n —n(t?>+s%4p?), s/2—p/2 —i i(p—t—s) vy —i

_ (;)3/2 ‘/R,g et +s"+p )I/@/ p/ J(’;(s@ tJ(’;P (p—t )Va pAfp?()\G(w)) dt ds dp,

where P is the self-dual operator implementing the scaling group via P¥*A,(z) = l/é/ 2A¢(T§; (2)).
Convergence Ag(Ag(wn)) — As(Ag(w)) follows now using a standard argument.

3. COMPLETELY BOUNDED MULTIPLIERS
Unless stated otherwise, in this section G is an arbitrary locally compact quantum group.

3.1. Definitions and fundamental facts. We start by discussing the notions of (left/right)
centralisers and multipliers. In the main part of the text we will focus on the left version of these
objects — this is simply a matter of choice, compare Proposition .14l
Following [33], we say that a linear map T: L'(G) — LY(G) is a left (respectively, right)
centraliser if
T(wrw') =T(w)*w (respectively T(w*w') = wx T (w')) (w,w' € LYG)).

We denote by Céb(Ll((/G\})) the space of completely bounded left centralisers. Together with the
completely bounded norm and composition as product, Céb(Ll(@)) becomes a Banach algebra.
Similarly, C7, (L1 (@)) stands for the space of completely bounded right centralisers, where now it is
natural to use the opposite composition as product. We equip these spaces with an operator space
structure by requiring that the embeddings Cib(Ll(@)), Cgb(Ll(@)) < CB(L'(G)) are completely
isometric; both then become completely contractive Banach algebras.

An operator b € L*(G) is said to be a completely bounded left multiplier if b A(G) C A(G) and
the associated map

©'(b).: LY(G) —» LY(G) satisfying bA(w) = A(O'(b).(w))  (we LYG))

is completely bounded. As Ais injective, this definition makes sense. YVe follow here the notation
of [13]; sometimes the notation m! = ©!(b). is used instead. As A is multiplicative, for any
b € M, (A(G)) we have that ©!(b). € CL(LY(G)). We write ©!(b) = (©!(b).)*, and denote the

o~

space of CB left multipliers by M’ (A(G)). Any Fourier algebra element A(w) € A(G) is a CB
left multiplier with ©!(A(w)), € CB(L!(G)) being the left multiplication by w and ©!'(A(w)) =
(w ®id)A. Moreover, it holds that M., (A(G)) € M(Co(G)), see [17, Theorem 4.2].

Conversely, if T' € C’éb(Ll(@)) is a left centraliser, then its Banach space dual T* is a normal
CB map on L=(G) which is a left L'(G)-module homomorphism, i.c. T* € Ll(@)CB‘T(LOO((/G\})).
Then, by [34, Corollary 4.4], there exists a unique CB left multiplier b € M, (A(G)) satisfying
O'(b) = T*, that is, ©'(b), = T. These constructions are mutually inverse, and so the map ©'(-), :
ML, (A(G)) — Oéb(Ll((/G\r)) is bijective. We define the operator space structure on M., (A(G)) so
that these spaces become completely isometric.

The above notions have right counterparts. Recalling that V€ € L>®(G)®L>(G) is the right
Kac-Takesaki operator, let us introduce the map p: LY(G) 5 w — (id ® o.))V@ € L=(G). Its

image ﬁ(Ll(@)) should be thought of as a right analogue of the Fourier algebra A(G) = :\\(L1 (@))
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An operator b’ € L™(G)’ is called a completely bounded right multiplier if (L (G))b' € p(L'(G))
and the associated map O (b),: L}(G) — L*(G) is CB. Similarly as in the left version, we write
or() e CBE1 @) (L™ (@)) for (©"(b').)* and Mzb(ﬁ(Ll(@))) for the space of CB right multipliers.
Any CB right centraliser T' € Cgb(Ll((CA})) is associated to a unique CB right multiplier b €

Zb(ﬁ(Ll(@))) via T = O"(b'), and this assignment is bijective. We similarly define an operator
space structure on M7, (5(L*(G))) to make it completely isometric with Cgb(Ll((CA})).

We will write e.g. [|b]les = [|©'(b)||es for b € ML, (A(G)). Observe that bA(w) = A(O!(b).(w))
for each w € L'(G) if and only if (1 ® b)WE = (6!(b) ® id)(WE), and from this, it follows that
bl < [1blles. Similarly we have [[o/[| < [[b]|es for b € M, (5(L'(G))).

As a consequence of the above discussion, we have a commutative diagram

(3.1) cL(LY(G) — Mgb(A(G))\
L™(G)
L'(G) A(G)

The two diagonal maps to L°°(G) are the canonical inclusions, as is the map A(G) — M, (A(G)),
while the vertical map L*(G) — C’éb(Ll(@)) is given by left multiplication. A simple calculation
shows that this diagram indeed commutes. We obtain an immediate corollary: the map Ll(@) —
Céb(Ll(@)) is injective, equivalently, if w € L'(G) with wxw’ = 0 for all w’ € L'(G), then w = 0.

There is a canonical way of moving between left and right CB multipliers using the extension
of the unitary antipode R of G. Recall that it is implemented via R= Jo(+)*J,, and let us denote

its canonical extension to a bounded linear map on B(L%(G)) by R~ = Jo(-)*Jp. The following
result will be used in Proposition .14 to show that it does not matter if we use left CB multipliers,
or right CB multipliers, when we introduce the approximation property (AP), see Definition (41
below.

Lemma 3.1. For w € LY(G) we have pw) = (E(w o R)) Furthermore, R~(MY,(A(G))) =
m(P(LY(G))) and for a € ML,(A(G)) we have O7(R™(a)) = Ro Ol (a) o R

Proof. Recall that V& = (Jo ® Jw)x(W@)*(J@ ® Jy,), see [46, Proposition 2.15]. It follows that
(32) plw) = ([d@w)VE = B~ (([dowo R)(x(WE))) = B~ ((wo R®id)(WE)) = R*(A(wo R)).
Next, take a € MY, (A(G)) and w € L*(G). We have R™(a) = Joa*J, € L=(G), so by (B2,

~ A~ L~ ~

pw)R~(a) = R~ (A(wo R))R™(a) = R~<ai<w o R))

:}A%N(:\\(G( (wo R)) ) = (e (wOR)OR)
Hence R™(a) € M5 (a) with @T(EN( )) = Ro ©!(a) o R; this map is indeed CB, compare
Lemma A8 We have shown that R~ (MY, (A(G))) C cb(p(Ll((G:))), the converse inclusion is
analogous. O

We finish by recording a known result for which we have not found a convenient reference.
Lemma 3.2. Let b € M', (A(G)). There is 3 € C with ©'(b)(1) = 1.

Proof. It suffices to show that for T' € ;1 CB” (L°(G)) there is 8 with T(1) = 1. By definition,
AoT = (T®id)A and so A(T(1)) =T(1) ® 1. By [I8, Theorem 2.1] (and references therein) it
follows that T'(1) € C1, as required. O
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3.2. Predual. Since the inclusion M’ (A(G)) — L*(G) is bounded (actually, contractive), we
can consider the restriction of the Banach space adjoint of this map, giving a map o!: L'(G) —
ML, (A(G))*. Let us define the space Q'(A(G)) as the closure of the image of o, so that

Q'(A(G)) = a!(L(G)) € Mg (A(G))".
According to [33, Theorem 3.4], the space Q'(A(G)) is a predual of ML, (A(G)), i.e. we have
Q'(A(G))" = Myy(A(G))

completely isometrically. Whenever we speak about the weak*-topology on M., (A(G)) we will
have in mind this particular choice of predual.

Similarly, we can restrict functionals in L'(G’) to Mzb(ﬁ(Ll(@))), and after taking the closure
obtain the predual Q" (p(L*(G))) C M7, (P(LY(G)))*. From now on, we will restrict our discussion
to the “left” setting.

Proposition 3.3. M', (A(G)) is a dual Banach algebra, that is, the multiplication of M., (A(G))
is separately weak®-continuous.

Proof. We turn M, (A(G))* into a M’ (A(G))-bimodule in the usual way. Let a,b € ML, (A(G)) C
L>(G) and f € L'(G). Writing (-, -) for the pairing between M., (A(G) and Q'(A(G)), or between
L°°(G) and L'(G), we have

(ab,a'(f)) = {ab, ) = (a,bf) = (a,a! (b))
= (b, fa) = (b,a'(fa)).

This calculation shows that b - a!(f) = o!(bf) and o!(f) - a = a!(fa), so by continuity, it follows
that Q'(A(G)) is a closed submodule of M!, (A(G))*. It is now standard, see [59, Proposition 1.2]
for example, that the product is separately weak*-continuous in M, (A(G)). O

Our next goal is to obtain a characterisation of functionals in Q'(A(G)). We will do this by
obtaining an alternative description of the weak*-topology on M, (A(G)). In the process, we also

~

discuss CB maps on the C*-algebra Co(G) which are associated to left centralisers.
To start, we observe that the adjoint T* of a CB left centraliser T € C*, (L'(G)) restricts to a

~

CB map on Co(G). Indeed, we can write T* = ©!(a) for some a € M., (A(G)) and then the claim

follows from the equality (1 ® a)W@ = (T* ® id)WE and density of A(G) in Co(G). We seek a
characterisation of which CB maps on Co(G) occur in this way as restrictions of duals to left CB
centralisers, in terms of a property similar to the characterisation C?, (L' (G)) = Ll(@)CB‘T (L=(G)).

~_ o~

In the following statement, recall that (Co(G), A) is bisimplifiable, and so elements of the form

~ ~ ~ ~

A(a)(1®D), for a,b € Co(G), form a linearly dense subset of Co(G)® Co(G). Hence the left-hand-
side of B3] is contained in L*(G) ® Co(G) C L>(G)® L*(G), while the right-hand-side is in
L®°(G)®L>®(G). We also recall that, by Kaplansky density, L'(G) is (completely) isometrically a

subspace of Co(G)*.

~ ~

Lemma 3.4. Let L € CB(Cy(G),L>(G)) be such that

~

(3.3) (L ®id)(A(a)(1®b)) = A(L(a)(1®b)  (a,b e Co(G)).

Embedding LY (G) into the duals of L™(G) and Co(G) in the usual way, we have that L* maps
LY(G) to itself, and the resulting restriction T € CB(L'(G)) is a left centraliser. Furthermore

~ ~

T* € CB(L™(G)) restricts to L, so consequently L € CB(Co(G)).
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Proof. As L'(G) is an essential Co(G)-module, by Cohen-Hewitt factorisation, given wy € L(G)
there are wy € LY(G) and b € Co(G) with wy = bws. Then, for w; € L(G) and a € Cy(G) we have

)

L*(w1), (id ® w3) (A(a) (1 @ b)), @)-.co(@)
w1), (id® wz)ﬁ(a»co(@)*,co(@)

)

It follows that L*(wy % wy) = L*(w1) * wo in Co(G)*. As LY(G) is an ideal in Co(G)* ([45, Proof
of Proposition 8.3]), this shows that L*(w; xws) € L*(G), and as products have dense linear span
in L'(G) ([13, Section 3]), we conclude that L* restricts to a map on L'(G), say T € CB(L!(G)).
Then T'(wy *wg) = T(w1) *wa for all wy,ws, and so T € Céb(Ll(@)). We finally calculate that, for
a € Co(G),we LY(G),

<T*(a)aW>Loo(@),Ll(@) = <aaT(w)>Loo(@)yLl(@) = <L*(W)aa>co(@)*,co(@) = <L(a)7w>LOO(@))L1(@)7

and so T* restricts to L, as required. ([l

We can now characterise what it means for an operator in CB(Co(G)) to be a centraliser.
Condition (@) in the following proposition should be thought of as a Co(G) variant of what it
means to be a left L'(G)-module homomorphism.

~

Proposition 3.5. For L € CB(Cy(G)) the following are equivalent:
(1) there is T € Céb(Ll(@)) such that T* restricts to L;

(2) (L ®id)(A(a)(1®b)) = A(L(a))(1 @b) for each a,b € Co(G);

~ ~

Furthermore, the restriction map Cib(Ll((CA})) = Ll(@)CB‘T(LOO(G)) — CB(Cy(G)) is a complete

isometry; in particular, there is a bijection between Cib(Ll((CA})) and the space of all maps L €

~

CB(Co(G)) satisfying [@).

Proof. If () holds then AT* = (T* ® id)ﬁ and so certainly the condition in (2 will hold for T*
and hence also for L. Conversely, suppose that (2)) holds. Then due to Lemma B4 we know that
L* restricts to a map T € C%, (L'(G)) such that T* restricts to L, showing ().

~ ~

The restriction map Ll(@)CB"(L‘”(G)) — CB(Cy(G)) is clearly a complete contraction. With

T, L as above, this restriction map is given by 7™ — L, and as T is the restriction of L* and

L — L*,T — T* are completely isometric, it follows that Ll(@)CBU(L(’O(@)) — CB(Co(G)) is a
complete isometry. ([l

-~ ~

Proposition 3.6. Equip the space CB(Co(G),L>°(G)) with the weak*-topology arising from the
canonical predual Co(G)® L' (G). The restriction map

CHLY(G)) = 115, CB7(L7(E)) = CB(Co(G),L7(C))

is a complete isometry which has weak*-closed image.

~ ~ ~

Proof. Proposition 3.0 shows that the restriction map Ll(@)CB"(LO" (G)) = CB(Co(G),L>(G)) is
a complete isometry. Let (T;);er be a net in Cib(Ll((CA})) such that the image of the net (T});cr

2
~ ~ ~ ~ ~

in CB(Cy(G),L*(G)) converges weak* to L € CB(Cy(G),L>™(G)). Let a,b € Co(G) and wy,ws €
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L!(G), and note that (id ® wa)(A(a)(1 @ b)) € Co(G). We now calculate that
(A(L(@)(L®b),wr @ wa) = Lim(T; (a), wy % (bwz)) = lim{a, Ti(w) * (b))

= lim(A(0)(1 @ b), Tifwr) ® wz) = lim (T} ((id © wa) (A(a) (1 @1))), 1)

icl
= (L((i[d ® w2)(A(a) (L @ D)), w1) = (L ®id)(A(a)(1 @ D)), w1 @ wp).
All the above pairings are between a von Neumann algebra and its predual. It follows that we have
A(L(a))(1®b) = (L®id)(A(a)(1 ® b)) in L=(G)® L°(G). By Lemma B4l L* restricts to T' €
cl (L L(G)) such that T* restricts back to give L. That is, Tr = T* weak* in CB(Co(G),L>®(G)),

as required. O

We now wish to show that the resulting weak*-topology on C!, (L (@)) given by Proposition 3.6]
agrees with the weak*-topology on C%, (L*(G)) = M!, (A(G)) given by the predual Q'(A(G)). In
the following, for a Banach space E, we denote by kg: E — E** the canonical map to the bidual.

Lemma 3.7. Let E, F be Banach spaces, and let a : E* — F* be a bounded linear map. Let
D C F be a subset with dense linear span. Then o is weak®-weak*-continuous if and only if
a*kp(D) C kp(E). In this case, and when further « is a bijection, the resulting preadjoint
ay 1 F'— FE is also an isomorphism of Banach spaces and « is a weak*-weak*-homeomorphism.

Proof. Tf « is weak*-continuous, then there is a preadjoint operator «a, : F' — E with (a.)* = «,
and so a*kp(D) = (ax)*kr(D) = kpax(D) C kg(E), as claimed. Conversely, if a*kp(D) C
kg(E) then by norm density of span D in F, and norm continuity of a*, we have that a*kp(F) C
ke(E). We could now directly apply [16l Lemma 10.1], but let us give the argument. There is a
linear map T : F — E with o*kp(x) = kp(T(x)) for each x € F. As kg, kp are isometries, T is
bounded with ||T'|| < ||a*|| = ||@||. Then for x € F, € E*,

(T (1), ) = (. T(2)) = (kp(T(2), p) = (" rr(x), p) = (a(p), ).
Hence T* = a and so « is weak*-continuous, with preadjoint 7.

When « is a bijection, by the Open Mapping Theorem, it is an isomorphism. Thus also a* is
an isomorphism, and so as a*kp = Kga, it follows that a, is bounded below and so has closed
image. If g € (. (F))* then 0 = (u, . (z)) = (a(p),z) for all z, u and so a(u) = 0 so p = 0.
Hence « is a surjection, and so an isomorphism. O

Theorem 3.8. The weak*-topology on Cib(Ll(@)) given by the embedding into CB(Co(G), L=(G))
agrees with the weak*-topology on ML, (A(G)) given by Q'(A(G)).

Proof. We use Lemma 37l Set £ = Q'(A(G)). To avoid confusion, for this proof only, we shall
write 6 : C’éb(Ll(@)) — CB(Co(G),L®(G)) for the complete isometry T T*|CO(@)7 given by
Proposition 3.6l As the image of 6 is weak*-closed, it has canonical predual F' which is a quotient
of Co(G)SLY(G). Let 7 : Co(G)®LY(G) — F be the quotient map. We hence corestrict 6 to give
an isomorphism 0 : Cib(Ll(((A})) — F*. Let ag : E* = M', (A(G)) — Cib(Ll(((A})) be the canonical
bijection, and set « = 0o g : B* — F*.

Given a € M. »(A(G)) and set T' = ay(a), so by deﬁnition aX(w) = A(T'(w)) for each w € L
Equivalently, (]l®a)WG (T* ®1d)(WG) Given w € L'(G), f € LY(G), set u = n((id® f)(W

w) € F, and calculate that

(ke(MNw)f), @) g pe = (@, Mw)f) p-, < AW, M@ = (T @id)(WE),we f)
= <T*((id ® f)(WG)),w>Lm(@)7L1(@) = ( (id® f)(W ))=W>Loo(@),L1(@) = <a(a)7“>F*,F-

It follows that a*(kp(u)) = nE(:\\(w)f) € kg(FE). As the linear span of such elements u is dense
in F, the conditions of the lemma are verified, and the result follows. O

‘G
WE

)-
)®

Using this result we can characterise functionals in the predual space Q'(A(G)). In the following,
we work with infinite matrices with entries in operator spaces, see [23, Chapter 10].
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Proposition 3.9. For any Hilbert space H and z € Co(G)®K(H), w € LY(G)& B(H),, the bounded
linear functional

Qpw: MY(A(G)) 3 a - ((0Y(a) ®@id)z,w) € C.
belongs to Q' (A(G)). Furthermore, all functionals in Q' (A(G)) are of this form for some separable
Hilbert space.

This result was recorded without proof in [I3, Proposition 3.2]. In the classical context of locally
compact groups, an analogous result was proved by Haagerup and Kraus in [31, Proposition 1.5].
For the convenience of the reader, we give a proof using Theorem [3.8

Proof. We first show that Q, ,, is a member of Q'(A(G)). As Q'(A(G)) € M., (A(G))* is norm
closed, by first approximating z,w by sums of elementary tensors, and then collapsing the pairing
between IC(H) and B(H)., we reduce the problem to the case when H = C, when z = (id ®w)W@
for some w € L'(G), and when & € L'(G). We then calculate

(0'(a)((id ® w)W®),8) = (A@ 0 0(a)),w) = (aA@),w) = (@, A@)w) (a € ML(A(G))),

which shows that €, = a!(A([@)w) € Q'(A(G)), as required.

Now, take any functional in Q'(A(G)), which by Theorem is represented by some element
pell (@)@Co(@) (note that the projective operator space tensor product is symmetric). By [23]
Theorem 10.2.1], we can find infinite matrices

a € Ml,ooxooa B S KW(LI(@))u Y S KOO(CO(@))u O/ S Mooxoo,l

such that p = a(8 ® v)a’ (for the introduction to infinite matrices with entries in an operator
space, see [23, Sections 10.1, 10.2]). Writing o = [a1,(;,jy](s,j)en2 etc., this means that

(3.4) =Y ) @@ Baly, (@€ MY(AG)).
i,5,k,l=1

Let H be an infinite dimensional, separable Hilbert space with orthonormal basis {e,,}°°; and
let e, ; (i, € N) be the corresponding rank one operators. Write T'(H) for the operator space of
trace class operators, identified in a completely isometric way with B(H).. For any n € N we have
Ilesili =1 lIm, (ry) = 1. Indeed, the matrix [e; ]}, corresponds to the map £, € CB(B(H), My)
given by E,(z) = [Tr(e; )]} ;=1 If we denote by V,,: C" — H the canonical inclusion associated
with the choice of basis, one easily sees that E,(x) = V,*zV,, (x € B(H)) and || Ey,||c» = 1 follows.
Consequently [e;;]7%_; is a well defined matrix in Mo (T(H)). Finally, define

= a(B ® [e;i]5-1)a’ € LYG)RT(H) = LY(G)& B(H)..

A choice of basis gives us an isomorphism H 2 ¢2 and consequently we can consider v as an
element of Co(G) ® KL(H) (|23} Equation 10.1.2]). Finally, using equation ([8.4]) we can show that
the functional associated to p is of the form €, . Indeed, we have

4,j=

<CL, Q'y,w> = <(®l(a) ® id)ﬂ)/aw> = Z aq (z,] ) ® ld)p)/ ﬂz E ® ey, g>04(k 0,1
i,5,k,l=1
= Z a1,3i,7) (0" (@) (75,0), Bik) s 1
i,5,k,l=1
for any a € M\, (A(G)). O

3.3. Viewing multipliers as bimodule maps. In this section we provide another way of looking
at CB multipliers and the associated weak*-topology which will be useful in later considerations.

Let us first introduce some terminology. As usual, let CB? (B(L?(G))) be the space of normal CB
maps on B(L?(G)). Notice that CB?(B(L*(G))) = CB(K(L*(G)), B(L*(G))). This is an operator
space which is equipped with the weak*-topology given by the predual K(L?(G))® B(L*(G)),. Via
left and right multiplication, B(L?(G)) becomes a L™ (G)’-bimodule, hence we can consider normal
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CB bimodule maps on B(L?(G)). We can also look at those maps which leave LOO((/G\r) C B(L3(@))

globally invariant. We will denote the set of CB normal L>(G)’-bimodule maps on B(L*(G))
which leave L™ (G) globally invariant by | e G)/CBEJQ G()(’;) (B(L*(G))). One easily checks that this

space is weak*-closed in CB?(B(L*(G))), hence it naturally inherits an operator space structure
and a weak*-topology.
According to [34, Theorem 4.5] (and [I8, Proposition 3.3] for the left version), for any a €

M, (A(G)) there exists a unique map ®(a) € L= (G) /CBEOI;(G )(B(L2(G))) which extends ©(a) €
CB?(L>(G)). This map satisfies

1® ®(a)(z) = WE((0'(a) @id)(WE (1 @ 2)WE))WE* (2 € BLA(G))).
Furthermore, the resulting map

(35) ML(A(G)) 34— B(a) € 1~ oy CBYX ) (BILA(G))

is a completely isometric isomorphism which is additionally a weak*-homeomorphism ([I8, Theo-
rem 6.2]).
When a arises from an element of the Fourier algebra, ®(a) takes a special form.

Lemma 3.10. For w € LY(G) let a = Mw) € A(G), so that ©'(a) = (w @ id)A. The associated
map P(a) is
®(a): B(L*(G)) 3 2 — (w®id)(WE* (1 ® 2)W®) € B(L*(G)).

Proof. As before, the left centraliser associated with a is sunply left multiplication by w, and so
©!(a) has the given form. Then for z € B(L?(G)), using that (A ® 1d)(WG) WEWE

1 ® ®(a)(x) = WE(((w ®id)A @ id) (W (1 @ 2)WE)) WE
= WE((w®id @id)(WEWE (1@ 10 2)WE,WE,))wo
= WEWE (w @ id ®id)(WE (1 © 1 © 2)WE)WEWE
=18 (w®id)(WE* (1 ® 2)WE),
and so ®(a) has indeed the claimed form. O

4. THE APPROXIMATION PROPERTY

We define the approximation property for a locally compact quantum group G (abbreviated
AP) in a way completely analogous to the definition of AP for locally compact groups by Haagerup
and Kraus in [31]. Recall that we fix the predual Q'(A(G)) of M',(A(G)), and we always refer to
the corresponding weak*-topology on M, (A(G)).

Definition 4.1. We say that a locally compact quantum group G has the approzimation property
(AP) if there is a net (a;)ic; in A(G) which converges to 1 in the weak*-topology of M., (A(G)).

Remark 4.2.

e We could call the above property “left AP” and introduce also a right variant of AP.
However, in Proposition .14 we will show that these properties are equivalent, so that
there is no need to distinguish between them.

e A variant of AP was considered by Kraus-Ruan [41] (for Kac algebras) and Crann in [14].
Their property is a priori stronger, but in Theorem [£.4] we show that this variant is in fact
equivalent to Definition [l This proves a conjecture by Kraus-Ruan [41l, Remark 4.2].

Let us list some examples and counter-examples:

e In Section[f] we show weak amenability implies AP, therefore all compact quantum groups

and the discrete quantum groups OF., Ut have AP ([25, 22]). Furthermore, the locally
compact quantum group SUg(1,1)cq¢ has AP, see [I1].
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e Permanence properties of AP with respect to quantum subgroups (Theorem [7.1]), direct
products (Proposition[T.2]]), free products (Theorem[Z.7)) and the Drinfeld double construc-
tion (Theorem [ITH) allow us to construct examples with and without AP. For instance,
the Drinfeld double of SL(3,R), or of any classical locally compact group without AP, see
[47], gives rise to non-classical quantum groups without AP.

4.1. Equivalent characterisations. We check first that the approximation property is preserved
under taking the commutant quantum group G’, or the opposite quantum group G°P, for definitions
see [46], Section 4].

Proposition 4.3. The following conditions are equivalent:
(1) G has AP,
(2) G' has AP.
(3) G°P has AP,

Proof. Assume that G has AP, i.e. there is a net (w;)ic; in L'(G) such that Az (wi) = 1 weak*
1€

in M., (A(G)).
First we will prove that G’ has AP. Recall that G/ = G°P (M6, Proposition 4.2]). Using
Proposition B3, choose an arbitrary functional , ., € Q'(A(G’)) where H is a separable Hilbert
space, ¥ € Co(G) ® K(H) and v € LY(G)®B(H),. Pick some selfadjoint antiunitary 7 on H
(for example, pick an orthonormal basis and let J be coordinate-wise complex conjugation) and
define j : K(H) = K(H) by j(z) = J2*J, an *-antihomomorphism with j2 = id. Then R ® j
is a well-defined bounded map on the spatial tensor product Co(G) ® K(H), and R, ® j* i
well-defined on L'(G)®B(H),. Indeed, R ® j acts via (R® j)(X) = ( ® J)X*(J, ® J) for
X € Co(G)®K(H) and then we can define R, ® j* as the restriction of (R®j) to L (G)® B(H),:
(R ® j)* preserves this subspace as (R ® j)* (wewn) = Wi ey for & € L?(G),n € H. Since
LY(G)RK(H)* C (Co(G) ® K(H))* is closed, the claim follows. Furthermore, both these maps are
isometric b1Ject1ons
Set z = (R® j)(y),w

= (R.
Ag(@i), Qo) = ((wi ®id)Ag @id)(R ® j)(y), (R @ ) (v))

= (R(w; ®id)AgR@1d)(y),v) = (((id @ Ru(wi))Ag @ id)(y),v)
= (((Ru(ws) ®d) Ao, ®d)(9), ) = Q0 Ao (Ru(wi))

J7*)(v). Then using Lemma B.10]

and since Ag(w;) = 1 weak*, we conclude Az, (Ry(w;)) — 1 weak*. This shows that G’ has
1€ 1€
AP. - R
Next we prove that G°P has AP. By [46l Proposition 4.2] we have G°? = G'. Write R™
for the extension of the unitary antipode on G, B(L*(G)) 2 = ~ Jzz*J; € B(L*(G)), so that
Qi = w; o R~ € LYG'). We claim that the net (Ag/(wi © R™))ier converges weak* to 1 in
M, (A(G®P)). Take z € Co(G') ®K(H), 0 € L}(G)& B(H).. Recall that Co(G’) = J5Co(G)J5 and
Ag o L™ (G) sz—(Jz® J5)Ag(JerJz)(Jp @ Jg)
=(R~ ® R™)A5(R™(x)) € L®(G)&L>*(G)'".
Using this, we obtain
(Ag/(wio R™),Q.0) = <(@l()\A (wio R7))®id)z,0) = (((w; o R~ ®id)Ag, ®id)z,0)
= ((R” ®J)((wi ®1d)Agz ®id) (R~ ® )z, 0) = (A\g(wi), Qr~ej)z,60(R~5))
- <]]-79(R“‘®j)z,90(RN®j)> - <279> - <]]-79z,9>

icl

and thus G°P has AP. The converse implications follow since (G')’ = G and (G°P)°P = G. O
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The next result shows that the version of the approximation property considered in [41] and
[14] is equivalent to AP as defined in Definition 411 Both [41] Definition 4.1] and [14], Page 1728]
take condition (2)) of the following theorem as their definition of AP.

Theorem 4.4. The following conditions are equivalent:

(1) G has AP,
(2) there is anet (a;)icr in the Fourier algebra A(G), such that the corresponding net (©'(a;))ier
converges to the identity in the stable point-weak*-topology of CB? (L>°(G)).

In order to prove Theorem .4l we need to establish some preliminary results. Recall that L>°(G)
is a right L'(G)-module via 7 x w = (w ® id)A(x) for 2 € L=(G),w € LY(G).

Proposition 4.5. Let a € L™(G) and w € L' (G).
(1) If a € A(G) then axw € A(G).
(2) If a € My (A(G)) then axw € ML (A(G)) with ||laxw||e < ||a|esl|w| and

Ol (axw)(@) = (w®id)((id ® ©!(a))((1 @ HWEHWE) (7 € L¥(G)).
Proof. (1) Write a = A(®) for & € L'(G). Then
axw = (wid)A(@®id)W’) = @ @ w® id) (WEWE,)
= @ @id)(WE((d®@w)WE 1)) = A(@(- (id @ w)W®)) € A(G)

as required. R R
(2) As W€ € L®(G)® L™®(G), there is a well-defined linear map 7' on L>°(G) given by

T(#) = (w®id)((id ® 0'(a)((1 @ )WEIWE) (T € L=(G)).
Clearly T' is completely bounded with ||T'|lcy < [lalcs/lw| and weak*-continuous. We first show
that T is the adjoint of a centraliser, equivalently, that AT = (T® 1d)A Ifz e L*>® (G) then using
AB!(a) = (0!(a) ®id)A gives
AT(Z) = (w®id ®id)((id ® AO!(a))((1 @ Z)WE)WEWT)

= (weid®id)((ide 6'(e) ®id)((1 ® A@)WHWEH)IWEWS,)

= (w®id®id)((id® 0'(a) ®id)((1 ® A(%))W%)W%)

= (T ®id)A®@).

Consequently T is the adjoint of a centraliser, and so there exists b € M, (A(G)) with T = ©(b).
Then bA(@) = M@ o T) for each & € L(G), equivalently, (1 ® b)WG = (T ®id)(W®). In other

words, we have
(b® LW = (i[d®@ T)(W) = (id ® w @ id) ((id ® id ® ©'(a)) (W WS )W5;),
or equivalently
b 1= (id®w®id)((id ® id ® 0'(a)) (W WS ) W5WT)
(4.1) = (w®id ®id)((id ® id ® 0'(a)) (WS W) WEWS).
Now, (1 ® a)W@ = (0a)® 1d)(W )soa® 1 = (id® 6! (a))(WE*)WE and hence
axw®l=(weid)A(@) @1 = ((weid)A® id)((id ® 0l(a))(WE )W)
(4.2) = (w®id®id)((id ® id ® 6'(a)) (WS W )W WS,).

As [@I) and @2 agree, we conclude that b = axw. Thus a+w € M., (A(G)) with ©!(a*w) =

T
as required. (I

Lemma 4.6. For any locally compact quantum group G and z € L™(G),a € Co(G),w € L*(G)
we have wx (za) € Co(G).
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Proof. As L'(G) is a closed Co(G)-submodule of Co(G)*, by [60, Lemma 2.1] we know that w = bw;
for some b € Co(G) and w; € L*(G). Then

w* (za) = (id ® w)A(za) = (id ® w1) (A(z)Aa)(1 @ b)).

As a,b € Cy(G) we know that A(a)(1 ® b) € Co(G) ® Co(G), the minimal C*-algebraic tensor
product. By continuity, it hence suffices to prove that

(id @ wi) (A(z)(c ®d)) € Co(G)
for ¢,d € Co(G). However, this equals ((id ® dw1)A(z))c and by [60, Theorem 2.4] we know that
(id ® dw1)A(z) € M(Co(G)), and so the result follows. O
Next we introduce certain functionals in Q'(A(G)) in analogy to [3I, Proposition 1.3]. For a
Hilbert space H, = € L>°(G)® B(H),w € L*(G)® B(H). and f € L*(G) define
(4.3) Quwp: MY(A(G)) 3 a - (OY(ax f) ®@id)z,w) € C.
Note that g,  is well-defined and bounded by Proposition .5

Proposition 4.7. The linear functional Q. ., is weak* -continuous, hence is contained in Q' (A(G)).

Proof. Clearly Qg r is bounded with ||, f|| [lz)ll £llwll, so it suffices to prove the result

when w is in the algebralc tensor product of L* (G) with B(H)., and hence by linearity, we may
suppose that w = @ ® u. Then

o, p(a) = {(©'(ax f) ®1d)(2),0 @ u) = (O'(ax f)(([d®u)(2)),B)  (a € M(A(G))).
Thus, it suffices to show that for & e L* ( )and T € LOO(G)

p: Mg (A(G)) 3 ars (0! (ax f)(@),5) € C

is weak*-continuous. By Proposition &5 given the form of ©(a x f),
pa) = (([do 0" (@) (LeB)WWE, fod)  (a € My(A(G))).

As WE € L>®(G)® LOO(G) also WG(f®w) e LY (G)® Ll(@), so again by approximation, it suffices
to show that for f/ € L'(G),&’ € LY(G) the map

W MY (A(G)) 3 a— ((id ® ©4(a)) (L@ B)WE), ' 0. ') = (6}(a)(@7), &) € C

is weak*-continuous, where J = (f/ ® id)(W&*) € Co(G).

By linear density of products, compare Lemma [5.3] it suffices to consider the case when &' =
@y * @y for By, @y € LY(G). As ©4(a), (@ * @2) = ©4(a), (@1) @2 by the left centraliser property,
we see that

W (a) = (0'(a)(@Y), &1 % Bo) = (@2 % (79),0'(@)«(@1))  (a € My(A(G))).

As 7 € Co(G), by Lemma A8 applied to G, we know that Gy * (27) € Co(G). Thus i/ € Q'(A(G))
by Proposition [3.9] O

We are now ready to prove Theorem [£.4]

Proof of Theorem[{4) (2) = (1) follows directly from the characterisation of functionals in the
predual Q'(A(G)) of ML, (A(G)) in Proposition 30

(1) = (2) Assume that (a;)ics is a net in A(G) which converges weak* to 1 in M, (A(G)). Pick
a state f € L'(G), and for each i € I set b; = a; x f. By Proposition E5 we have b; € A(G). We
now show that (©!(b;));cr converges to the identity in the stable point-weak*-topology.

Given a separable Hilbert space H, z € L(G)® B(H), and w € L'(G)& B(H)., using Proposi-
tion [ we see that

(0 (b)) ®id)z,w) = (0% (a; * f) ®id)x,w) = (@i, Vs f)

(L Qe g) = (O(Lx ) ®id)(2),w),
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Since f is a state, we have 1x f = (f®id)A(1) = 1, hence ©!'(1xf) = id, and so (6! (b;)®id)(z) -
1€
x weak™ as required. (I
4.2. Further general properties. Let us start with an auxiliary technical result. Recall that
for a von Neumann algebra M and a linear map 7: M — M we define TT: M > x ~ T'(z*)* € M.

Lemma 4.8. If T € CB7(M), then TT € CB°(M) and ||T"||ep = |T|lev- If M = L>®(G) for a
locally compact quantum group G then RoT o R € CB?(L™(G)) and ||[RoT o R||cp = ||T||cp- Both
operations T +— TT. T+ RoT o R are continuous with respect to the stable point-weak* -topology.

Proof. Let M C B(H). Using the normal version of Wittstock’s Theorem (compare with the start
of the proof of [32 Theorem 2.5] for example), we can find a Hilbert space K, bounded linear
maps V,WW: H — K and a normal representation 7 : M — B(K) such that T'(z) = W*n(x)V for
x €M, and | Tl = [|[V||||W]]. Consequently TT(x) = V*m(z)W for z € M, and it follows that
Tt € CB°(M) and || T < |T|les- As (TT)T = T we in fact have | TT||e = ||T||co- Assume
now that (7});er is a net in CB? (M) which converges to 7' € CB° (M) in the stable point-weak*-
topology, and take 2 € M@ B(£?),w € M, ® B(¢?),. Then we have

(1] @id)z,w) = (T; ®id)(2")*,w) = (T; @ id)(27), D)
E—I><(T®id)(x*),w> = (T ®id)(z*)*,w) = (T @ id)(z), w).

This calculation shows the stable point-weak*-continuity of the map 7+~ T't.

Now assume that M = L*°(G). If T € CB?(L*°(G)), then clearly R o T o R is normal since
the unitary antipode R is normal. Using again Wittstock’s Theorem, write 7T = W*r(-)V and
choose an antiunitary J on H which satisfies 7* = J. Then, for z € L*°(G),

RoToR(z) = JzT(Jpa*J5)" J5 = JT  (Jxd3)J5
= T W n(Jpn)VJp = (TWJ5) Tr(Jsxs) T (TV J3).
AsL®(G) 3z — Jn(JzzJ3)T € B(H) is a x-homomorphism, it follows that RoT o R is CB with
[RoToR|eb < ||T||cp- Again, as Ro(RoT o R)o R =T, we have in fact ||[RoT o R|lcs = || T||cb-

Let (T;)icr be anet in CB? (L°°(G)) converging to T in the stable point-weak*-topology. Choose
a self-adjoint antiunitary J’ on ¢2 and define j = J'(-)*J’, a normal x-antiautomorphism of
B(f?). Then R ® j extends to a well-defined normal bounded linear map on L*(G)® B(¢?).
Indeed, in the proof of Proposition we argued that R. ® (jli(e))" is a bounded linear map

on L'(G)®B(?)., and we just need to take the dual map R ® j = (R. ® (jli(e2))*)*. For
r € L®(G)® B(£?),w € L'(G)® B(£?). we have
(RoT;jo R®id)z,w) = (RoTjo R® j*)x,w) = (T; ®id)((R®j)(:c)),w o (R®j))
(T i)(Re)@).wo (RS ) = (RoTo Reid)r.w)

which concludes the proof. ([

We now show that M, (A(G)) admits an interesting involution. Recall that S denotes the
antipode of G.

Proposition 4.9. Let a € MY (A(G)). Then a* € Dom(S) and S(a*) € ML (A(G)) with
O!(S(a*)) = 6l(a)'.

Proof. By Lemma L8] we know that ©!(a)’ € CB?(L>°(G)). One easily checks that ©!(a)! is a
left L' (G)-module map, hence ©'(a)t = ©!(b) for some b € M’ (A(G)). The claim follows now
from [I7, Theorem 5.9)].

For the convenience of the reader let us also indicate a direct argument. As ©!(a) = ©(b) we
have that

(1@ HWE = (0/() © i)W = (0'(a)! @ id)WE = ((6!(a) @ id)WE*)",
and hence
WE (1 @b") = (0(a) @id)WE = (id@@)(WO)b* = (id ® & o O!(a))WE
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for each & € L* (@) In what follows, we treat S as a densely-defined, closed operator on L>°(G)
equipped with the weak*-topology. From [68, Proposition 2.24], compare [45 Proposition 8.3], we
know that for any @ we get (id ® ©)W® € D(S) and S((id ® )W) = (id ® @)WE*. Tt follows
that (id ® @)(WE)b* € D(S) with

S((id @ @)(WE)b*) = (id © @ 0 ©'(a)) W = (@ 0 0'(a) @ id)WT = a (& ® id)(WF)
(4.4) =a(id @ @)W = a S((id @ ®)WE).
Let C = {(id@@)WC |G € Ll(@)} C D(S). We shall show that C contains a net (a;);es such that
both a; - 1 and S(a;) = 1 weak* in L*°(G). It follows that a;b* = b* and aS(a;) —a
S S 1€ 1€
weak*, and so as S is weak*-closed, it follows from (4] that b* € D(S) with S(b*) = a. Hence
a* = S(b*)* € Dom(S) and S(a*) = S(S(b*)*) = b, as claimed.

We now show the claim about C, using some standard “smearing” techniques, compare [42].
For a € Co(G) and r > 0,z € C, define

a(r, z) \/_ / exp(—r?(t — 2)*)7(a) dt.

Then a(r,z) is analytic for the one-parameter automorphism group (7):cr with 7, (a(r, 2)) =
a(r, z +w) for w € C. Similarly, for @ € L!(G), define

w(r, 2) / exp(—r%(t — 2)})@ o 73 dt.
\/_

Given @, let a = (Id®@©)(W®). As (1, ®@7;) (W) = WE it follows that 7(a) = (id®@&o7T_)(W®)
and hence a(r,z) = (id ® @(r, —z))(W®). Finally, as S = R7_;, it follows that S(a(r,2)) =
R(a(r,z —i/2)) = (id ® @ o R)(r,—z +i/2))(WE).
As C is norm dense in Co(G), we can find a net (&;)ier with a; = (id ® w;)(W®) — 1 strictly.
1€
By [42] Proposition 2.25], the net (a;(r, z));er converges strictly to 1(r,z) = 1, for any choice of
r, z. By the above discussion, a;(r, z) € C. Then also S(a;(r,2)) = R(a;(r,z—1i/2)) v R(1)=1

strictly. Cohen—Hewitt’s Factorisation Theorem shows that strict convergence implies weak™*-
convergence in L™ (G), hence we have constructed the required net. (]

Corollary 4.10. Let a € ML, (A(G)). Then ©'(a) € CB?(L*(G)) preserves the adjoint if and
only if S(a*) = a.

Next we check that M., (A(G)) is globally invariant under the scaling and modular automor-
phism groups.
Lemma 4.11. Let G be a locally compact quantum group and let a € MYy (A(G)). For any t € R,
o 1i(a) € M ( (G)) with ©'(1i(a)) = 7+ 0 O (a) o 7.
o 0f(a) € ML(A(G)) with ©!(cf (a)):  — 6 7 0 Ol (a) (6~ "+_y(x)).
o o) (a) € ML, (A(G)) with ©' (o} (a)): x — 7— 0 O (a) (74(x)d ) o

~— ~—

&)

Proof. Take w € L'(G). Using (% @ 7)WE = wo (see proof of [45] Proposition 6.10]) we obtain

T (a)Mw) = (a1 (AW))) = 7 (aX(w o 7)) = A(O!(a)s(w o 7) 0 7—y)

which implies 7;(a) € M., (A(G)) and ©!(r;(a)) = 7 o ©'(a) o 7_;; notice that clearly the right-
hand-side of this final expression gives a completely bounded map.
We now use the following facts. Firstly, by the definition of W€ we have (p ®id)(WE*)A,(z) =

Ay ((p@id)A(z)) for p € LY(G), z € N, Secondly, (¥ @0?,)oA = Aory, see [45, Proposition 6.8].
Thus

(poof @id)(WE)Au(x) = Ap((poof @ id)A()) = Ay ((p @ 0} )A(r(x)))
= VEVIAL((p @ 1d)A(ry())) = Vil (p @ id) (W) P Ay (),
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which implies that (of ®@id)(W®*) = (]l®VfZ)WG*(]l®P“); here we have also used [68, Definition
5.1, Remark 5.2]. Next, since W& = y(W®*) and 6~ = VP ([68, Theorem 5.17]), and using
that 7_;(y) = P~y Pt for y € L°(G) sce [4B, Proposition 8.23], we arrive at
(4.5) (id@of)(WE) = (VI @ HWE(P* @ 1) = (37" ® 1)(7_, @ id)(W).
Using this formula and 7 (8) = § ([68, Theorem 3.11]) we calculate
of (a ) ( )— of (a0%, (M) = of (a(w @ id) (6" @ 1)( @ id)(WT)))
= of (aM(wd™) o %)) = of (N(©' (@) ((wd™) 0 7))
X(((@ < ) ((wzm 0 7))0 ") 0 7).
The above shows that of (a) € M'(A(G)), and for z € L®(G) we get
(6! (0f (@) (2),w) = (2, 0' (o7 () (2, (6'(a). ((wd™) 0 7)6~1) 0 7,)
= (077 (), ©'(a). ((wS“)Oﬁ»: <5"Tto@( )(07" 7 (), w).

The final claim is shown in a similar way. We have (67 ® 7_¢) o A = Ao o ([45, Proposition
8.23]) and hence for x € N,

(poof @) (WE) A (@) = Ap((poof ®id)Ax)) = Ay ((p @ 7)Ao} (x)))
— U EPEA((p @ ) A} (1)) = P (p ® d) (WO VLA (1),

consequently (o} ® id)(WE) = (1 ® P*)WE (1@ Vi) and so

(id@ol)(WE) = (P @ HWE(VE © 1) = (£ @id)(WE) (6" @ 1).
Calculating as before,

o? (A)Mw) = o (alw @ id) ((+_, @ id)(WE) (5" @ 1)))
=gV (aX((Sitw) 0f_y)) = X(((g_it 0! (a).((6"w) o 7_¢))) o 7)
and so
(0'(07 (@))(2),w) = (71 0 ©'(a) ( ()0 ") 5", w)  (z€L™(G))

as desired. O

In the next proposition we show that for any a € M, (A(G)) the map ©'(a) is bounded on the
Hilbert space level; the final claim should be compared with Proposition

Proposition 4.12. Let a € ML, (A(G)). Then for b € Mg we have ©'(a)(b) € N, and the densely
defined operator
L(G) 2 Aa(Mz) > Aa(b) = A5(0'(a)(8)) € LA(G)
is bounded. In fact, we have
Ap(0'(a) (b)) = S7H(a)Ap(b) = S(a*)*Ap(b) (b€ Np).

In order to prove Proposition .12 we start with a general lemma; recall ([2:2]) for the definition
of 7.
Lemma 4.13. Let w € ¢ C LY(G), let a € L™(G), and let b € Dom(c¥ i2) € L*®(G). Then
awb € 7 with Ag(A(awd)) = aJ, 0_1/2( VI As(A(w)).
Proof. Take x € N,. We have

(%, awb) = ((axb")", w) = (Ay(a”zb”) [ Ag(A(w)))
= (a"Jp0 5 (0")" Jo A (2) [ Ag(Mw))) = (Ap () [ apo )y (b) JpAg(A(w)))

which proves the claim. O
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Proof of Proposition [{.13 Take b = (id ®w)W@ for w € L'(G) such that @ € L; (G) and & € _7;

that such an w exists follows from Lemma 2] for example. Then, for any & € L* (@),

~

(01(a)(b), ®) = ((id ® W)W, 0(a). (@) = (M(©'(a). (@), w)
= (a\@),w) = (@ @ i)W wa) = ((id ® wa)WE, D),
which shows that

0'(a)(b) = (id ® wa)WE.
Observe also that
(4.6) b= (w®id)(W®) = (@®id)W®)* = (@ @id)W® = \(@*),

in particular b € Mz. Now for y € Dom(S), as a* € D(S) by Proposition 4.9 we have that
S(y)*a* € Dom(S), and hence

<S(y),ﬁ> = <aS(y)7w> = <S(y)*a*7w> = <S(y)*a*,ww>

= (S(S(y)*a*),&") = (yS(a*)".@*) = (yS~}(a), @) = (y, S~ (a)&)
hence wa € Lé (G) and wa* = S~!(a)w*. Consequently
0'(a)(b) = (id ® wa)WC = (@a* ® id)WE = (S~ (a)5* ® id)WE = A(S~!(a)&?).
This calculation, combined with Lemma EI3] shows that ©'(a)(b) € M5 with
A5(0'(a)(b) = Ap(A(S™H(a)w")) = S~ (a)Ap(A(@F)) = S~ (a)Ap (D).
Now let b € M5 be arbitrary. By Lemma [21] the space
{(((dow)W8|weL'(G): m e L}(G), &t € 7}
= {A\@)|w e L'(G): we Ly(G), & € 7}

is a 0-80T X || - || core for Az. Hence there is a net (w;)ier of suitable functionals with b =
0-S0T — lim;es Mw;) and Ag(b) = limje; Az(A(w;)). By 0-SOT -continuity of ©!(a) and the
previous reasoning we obtain

O () (\(wr)) 22 6 (a) (1)
and
A(0'(a)(Awi))) = $™Ha)Ap(A(wi) —— S (a) A (D).
Thus, since Ag is 0-S0T x || - || closed,
6'(a)(b) € Dom(Ag) =Nz and  Ax(©'(a)(5) = 5~ (a)A5(b)
as claimed. O

4.3. Left versus right. We have defined AP of a locally compact quantum group G in Defini-
tion M1l using left CB multipliers. Let us verify that we would have obtained the same notion
using right CB multipliers.

Proposition 4.14. The following conditions are equivalent:
(1) G has AP, i.e. there is a net in A(G) which converges to 1 in the weak*-topology of
ML (A(G)), A A
(2) there is a net in p(L'(G)) which converges to 1 in the weak*-topology of M7y (A(LY(G))).

Proof. Assume that (a;);er is a net in A(G) which converges to 1 in the weak*-topology of
M., (A(G)). Let R~: B(L*(G)) — B(L%(G)) be the extension of the unitary antipode of G given
by R™(z) = Jox*J, (x € B(L2(G))). For each i there is w; € L ((@) with a; = A(w;), and so
by Lemma Bl if we define b; = RN(al) then b, = p(w; o R) € p(LY(G)) C M%(A(LY(G))) with
O (b)) = Ro ©!(a;) o R € CB”(L™(G)).
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Let us now argue that b/ W—I> 1: choose a functional 8 € Q"(p(L*(G))). We have to show that
1€

0o R~ € Q'(A(G)) (this makes sense by Lemma B.1). We can write 6 = lim;e s " (v;) for some
vj € LY(G’). Then, as R~: M’ (LY(G)) — M7, (LY(G)) is an isometry (Lemma 8] we obtain

0o R” —al(vjo R™)| = sup  [(0o R~ —al(vjoR™),a)l
a€ML, (A(G))1
= sup  [(0—a"(y), B ()= sup  [(0—a"(v;),b)] =6 —a"(v;)]| —>0,
aeML, (A(G)) b ML, (A(G))1 jed

so 0o R~ = limje s ol (vj o R™) € Q'(A(G)). Now we can calculate
(L—,0) = (1 - R(a;).6) = (L - a;,0 0 R™) —»0,
1€

which shows that (b});er is a net giving us condition (2). The converse implication is analogous. O

5. RELATION TO OTHER APPROXIMATION PROPERTIES

In this section we discuss the relation between AP and other approximation properties for
locally compact quantum groups which have been studied in the literature. Recall the following
definitions, compare [7, Theorem 3.1], [, Section 5.2].

Definition 5.1. Let G be a locally compact quantum group.

e G is coamenable if A(G) has a bounded approximate identity,
o G is weakly amenable if A(G) has a left approximate identity (e;);c; which is bounded in
ML, (A(G)). In this case, the smallest M such that we can choose ||e;||c, < M for each i is
the Cowling—Haagerup constant of G, denoted A (G).
Remark 5.2. If (¢;)icr is a left approximate identity for A(G) then (R(e;)):er is a right approx-
imate identity, where R is the unitary antipode on L>°(G). Indeed, let R be the unitary antipode
on L™ (@) As R\ = AR,, each R(e;) is a member of A(G), and as R, is anti-multiplicative, it
follows that (R(e;))icr is indeed a right approximate identity. Thus it does not matter if we work
in MY, (A(G)) or in M7, (A(G)), see also Lemma A8

We shall show that if G has the AP, and the approximating net can be chosen in an appropriately
bounded way, then G will enjoy one of the stronger properties in Definition [5.11

Let us first record some general results. For a proof of the following fact see for example [13]
Section 3.

Lemma 5.3. For any locally compact quantum group G, the linear span of {ab|a,b € A(G)} is
dense in A(G).

Next we recall a standard result in Banach algebra theory which follows from the Hahn—-Banach

Theorem and the fact that convex sets have the same norm and weak closures; see for example
[52, Theorem 5.1.2(e)].

Proposition 5.4. Let A be a Banach algebra which has a weak bounded left approximate identity,
meaning that there is a bounded net (e;);er in A such that p(e;a—a) — 0 for eacha € A, € A*.
1€

Then A has a bounded left approximate identity (of the same bound).

Proposition [5.4] does not say that the weak blai is itself a blai, but rather that having a weak
blai implies there is a possibly different net forming a blai.

Let us denote by A%, (G) the closure of A(G) inside M!, (A(G)) and use Proposition[5.4]to obtain
the following result, compare [24] Proposition 1].

Lemma 5.5. The inclusion map A(G) — AL, (G) is an injective contraction. The locally compact
quantum group G is weakly amenable with Cowling—Haagerup constant at most K if and only if
Al (G) has a bounded left approzimate identity of bound at most K .
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Proof. Let w € L'(G) be an element of norm one. Then the map
LYG) - LY G)BL'G): v s we v

is a complete isometry, and so applying A, shows that Ll(@) — Ll(@): vV = w* v is a complete
contraction. Thus ||X(w)||d7 < ||:\\(w)||, here and below writing || - || for the norm on A%, (G) and
| - || for the norm on A(G). The diagram (B.I]) shows in particular that A(G) — M., (A(G)) is
injective, and hence A(G) — A%, (G) is injective.

Now suppose that G is weakly amenable and that (e;);cs is a left approximate identity for A(G)
with |||y < K for each i. Then (e;)ies is a bounded net in AL, (G). For z € AL (G) and € > 0
there is a € A(G) with ||x — al|s < €, and there is ig so that ||e;a — a]| < € when ¢ > iy. Thus

lleix — x||ep < |leiz — e;allep + |lesa — al|ley + ||a — x]|ep < Ke+ e+ € (i > ).
It follows that e;x P in AL, (G). Consequently (e;)ics is a blai for A, (G) of bound < K.

Conversely, suppose that Af:b(G) has a bounded left approximate identity of bound K, say
(fi)ier. For (i,n) € I x N pick e;,, € A(G) with [e;n — fillev < 2. For € AL (G) and € > 0
there is ig so that || fiz — @ < € for i >io. With n > 1,

leinz — zlleb < lleinz — fizllev + || fiz — zllev < ellzlley + €,

and S0 e; T ﬁ 2. We conclude that we may assume that (f;);c; was actually a net in
i,n)eIxN

A(G) and ||fi|les < K for each i. It remains to show that (f;)ier is a left approximate identity
for A(G). Given a € A(G) and ¢ > 0, by Lemma 53] we can find elements ag, by € A(G) for
k=1,...,n for some n such that ag = Y _, arby € A(G) is within € distance of a. Then

| fia — al| < || fia = fiaoll + || fiao — aol| + [lao — a

< Klla—aoll + Y |l fiarbr — axbll + llao — al|
k=1

< (K + Vet Y | fiar — arlles|be|-
k=1

Here we used that for z € AL (G) and y € A(G) we have ||zy|| < ||zlle|lyll. As (fi)ies is a left

i
approximate identity in AL, (G), if i is sufficiently large then || fiax — a|cs||bx]| £ for each k,

<
and so || fia — al| < (K + 2)e. Hence (f;)ier is a left approximate identity for A(G). O

The following is an improvement on [31, Theorem 1.13] in the classical situation; Haagerup and
Kraus only consider the case where each element of the approximating net comes from a state.

Proposition 5.6. Assume that G is a locally compact quantum group with the approzimation
property. If we can choose the approximating net (e;)icr in A(G) to be bounded then G is coa-
menable.

Proof. By definition, e; — 1 weak* in M',(A(G)). By Proposition BT, we consider elements
1€

of the form Qz 5 € Q'(A(G)). Here we will just consider T € L®(G) and & € LY(G), with
f € LY(G) a state. According to equation [{@3), we get

lim(©(e; x £)(2), &) =lim{e:, % 5.¢) = (L, sz ) = (0'(1x f)(),0) = (2,0),
using 1x f = 1 and ©!(1) = id in the last step. For each i € I let e; be associated to @; € L*(G),
so that e; = A(@;). Then
eix f = (f @ id)A(er) = (f @ Id)A(lid @ B (W) = (f ® id @ 30) (W W)
= (id ® @) (WE (L@ (f © id)(W))) = A(@)),
where & = (f ® id)(WE*)2; € L(E). Notice that |31 < | FI@il = |@i].
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~

As computed in Lemma 310} it follows that ©!(e; x £)(Z) = (& ® id)A(Z), so we see that
lim (7, &} » &) = lim((@} © id)A@),0) = (7,0) (FeL®G),deLY(G)).
1€

el
Thus (&})ses is a weak bounded left approximate identity for L' (@) By Proposition[5.4] we obtain

that Ll(@) has a bounded left approximate identity. This already implies that G is coamenable,
see [1, Theorem 3.1]. O

The following is [31, Theorem 1.12] in the classical situation.

Proposition 5.7. Let G be a locally compact quantum group with the approximation property,
and assume that we can choose the approzimating net (e;)icr in A(G) to be bounded with respect to
I“llco- Then G is weakly amenable, with Cowling—Haagerup constant at most the bound of (e;)icr-

Proof. We proceed as in the previous proof starting with a net (e;);er in A(G), but now only
with ||e;]|es < K for each i. We set e; = A(@;) and & = (f ® id)(WE*)@;, where f is some fixed
state and we are considering the natural (left) L°(G)-module structure on L'(G). Then (Wh)ier is
a weak left approximate identity for Ll((@). Furthermore, H)\(c’\uz’-)ch =llei* fllev < lleilles]| fI| < K
by Proposition

For each 7 let fl = ( 1) € A(G). Let 8: A(G) — AL,(G) be the inclusion map, and consider
the adjoint, 6*: AL, (G)* — A(G)*. For u € AL, (G)* and a € A(G) we see that

lim{p, 6(f:)0(a)) = Lim(0"(n), fia) = (6" (n), a) = {(u, 8(a)).

As 0 has dense range, and (A(f;))ies is bounded in Al,(G), it follows that (6(f;))ier is a weak
bounded left approximate identity. By Proposition [5.4] Af:b(G) has a bounded left approximate

identity, and so Lemma shows that G is weakly amenable, with Cowling—Haagerup constant
at most K. ]

6. DISCRETE QUANTUM GROUPS AND OPERATOR ALGEBRAIC APPROXIMATION PROPERTIES

If the quantum group being studied is discrete, we can obtain better results. In Proposition [6.5]
we will show that the net exhibiting AP can be chosen to have additional properties. We also
relate AP to approximation properties of the associated operator algebras, in both the locally
compact case, Proposition [6.10, and the discrete case, Proposition [6.12}

For the rest of this section [ stands for an arbitary discrete quantum group. Then Tisa
compact quantum group, and we freely use the additional theory available in the compact case.
We follow [50] as well as [48, 64], being aware that we use the “left” convention for multiplicative
unitaries and corepresentations.

Every irreducible unitary representation of T is finite- dimensional, and we denote by Irr(f) the
collection of equlvalence classes of irreducibles. We write @ for the conjugate of o € Irr( ). For
each a € Trr(T) let U™ € C(T) ® B(H,) be a unitary corepresentation in the class of . With
respect to an orthonormal basis of H, we regard U% as a matrix [Uﬁj]lgi,jgdim(a)' The matriz
coefficients UJ; span a dense Hopf *-algebra Pol( ) C C( ). We denote by h the Haar state on
C(T) and L°°( ), and let Aj,: C(T) — L(T) be the GNS map for h. As as L®(T) is in standard
pos1t1on on L2(T), the set {WaL (@), An ) | @50 € Pol(T)} is dense in LY(T). As each member of
Pol( ) is analytic for the modular automorphism group of h, this agrees in fact with the set
{WaAn(@),an1) 1@ € Pol(f)}. Notice that wy, (a),a,(1) 15 the functional h(a*-).

For each a € Irr(l]A—) there is a positive invertible operator p, related to the possible non-
traciality of the Haar state h, see [50, Section 1.7]. We choose and fix a basis of H,, such that p,
is diagonal. We define the Woronowicz characters {f, |z € C} by the relation (f, ®1d)(U%) = pZ,
valid for each . The modular automorphism group is then implemented as

o"(a) = fi.xax fi. (a€Poll),zeC),
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or equivalently, (0% ®id)(U%) = (1® p¥)U%(1® p¥?). Similarly, the scaling group is implemented
as

7:.(a) = foiz*ax fi. (a €Pol(l),z € C),
or equivalently, (7, ® id)(U%) = (1 ® p?)U%(1 ® p,**). As we assume that p, is diagonal, say
with entries pq; (1 <4 < dim(a)), we get

(6.1) TZ(Uﬁj) = (pa,i)iz(pa,j)_izUic,yj'

The algebra co(I") is isomorphic to the direct sum of full matrix algebras Mgim(q) indexed

by a € Irr(l]A—), and ¢°(I") is isomorphic to the direct product of these matrix algebras. Given
a € £°°([) we write a = (a®) where a® € Mgim(qa), and similarly for co(I"). With respect to
this isomorphism,

aelrr(T)

R dim(a)
(6.2) W=D > U@ eM(Cl) (D),
aclrr(T) HJ=1
where {ef; ldl;i(la ) are the matrix units of the matrix algebra Mim(a) € co().

We start with a result expressing the action of ©!(a) € CB?(L>(T)), for a € M',(A(I)), on
matrix elements.

Lemma 6.1. For any a = (a®) 7 € ML, (A()) C (1) with a® = [aﬁj]diﬂ(a) we have

a€lrr( i,j=1

dim(a)

Z a® U (a€ln(T),1 <45 < dim(a)).

Proof. Let x € Pol(T) and set w = h(z-) € LY(T). Recall that aX(w) = A(©(a).(w)), equivalently,
a(w ®id)(WT) = (6!(a).(w) ®id) (W ). Using the expression for WT from [©2), it follows that

dim(a) dim (o)
2 D Wipelaiel; = DL D (U
aelrr(T) &4,k=1 aclrr(T) k.J=1
= a(w®id) (Wf)

dim(«)
= (0!(a), (w) ® id)(WT) = YooY (Ol ,w)es.
aclhrr(T) Jk=1
By density, this holds for all w, and so we conclude ®l(a)(Ui‘fj) = 23(0‘) ag'y U, as claimed. U
Remark 6.2. Later, see Proposition .5, we shall consider a € M’ (A(T)) with ©%(a) unit pre-

serving. Let e denote the trivial representation of T, so dim(e) = 1 and U¢ = 1 ® 1. From
Lemma 6.1} for such an a, we see that 1 = ©'(a)(1) = a$ ;1 and so af ; = 1. Further, as the Haar
state h annihilates all coefficients of all irreps except e, and as Pol(l]A—) is dense in C(I]A—), it follows
that ho ©'(a) = h

For discrete quantum groups we will also look at a central variation of AP. We denote by
c00(T") C ¢o(I) the dense subspace of elements © = () @ such that 2% = 0 for all but finitely

many «. From the description of WT in [62) it is clear that we have coo(l") € A(T"). Notice that
the centre of £>°(["), denoted Z(¢>°(T")), consists of families of matrices x = (x®) such that
each % € Mgjm(q) is a scalar multiple of the identity.

agclrr
aelrr(T)

Definition 6.3. We say that a discrete quantum group [ has the central approximation property
(central AP) if there is a net (a;)ier in coo(l) N Z(¢>°(")) which converges to 1 in the weak*-
topology of ML (A(I)).
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It is clear from the definitions that central AP implies AP. At first sight, it might seem more
natural to use A([I") instead of coo(I") in Definition [6.3] and indeed, this alternative definition (for
other approximation properties) is taken in [9, Definition 7.1]. However, in terms of applications,
and also from the point of view of representation categories, working with cgo(I) is in fact the
most appropriate choice. Let us point out that the examples considered in [9] actually do end up
working with coo (). We will discuss the relation of central AP to properties of the representation
category Rep(T') in Section Rl

Remark 6.4. We shall say that a € M’ (A(T")) is finitely supported if a € coo(I). Of course, we
have coo (") € A(T) € ML, (A(T)). For a € coo(I), it follows from Lemma [B.1] that Ol(a)(U2;) =0

for all but finitely many . Hence ©!(a) restricted to Pol(T) is a finite-rank map, and so by

continuity, ©'(a) restricted to C(T) is finite-rank, and hence by normality, ©!(a) is also finite-
rank.

In the next result we show that whenever a discrete quantum group has AP, then this is
implemented by a net of elements with convenient properties.

Proposition 6.5. Assume that [ is a discrete quantum group with AP. Then there is a net (a;)icr
of elements in coo(T") such that

©ai— 1 in (ML (A(T)), w*),

e cvery a; 1s invariant under the scaling group of T and modular automorphism groups of
the left/right Haar integrals,
o cvery ©'(a;) is star and unit preserving.

If U has central AP then we can additionally assume that a; € coo(I7) N Z(€>=(T)).

For the proof of Proposition we shall need two lemmas. For any operator space X, we
denote by k: X*®X — C the canonical completely contractive map w ® x — (w, x).

Lemma 6.6. Let H be a Hilbert space, let M, N be von Neumann algebras, and let
ve (MAL®([T)@N®B(H))® (M. &L (T)&N, @ B(H).).
The bounded linear functional
Qu: ML(A(T)) 2 a = £(((id ® O'(a) ® id®?) ®id®*)v) € C
belongs to QY(A(T)), and we have ||Qy ]| < |||

Proof. Since Q'(A(I)) is closed in MY, (A(I"))*, it is enough to consider v = 2 ® (w; @ ws w3 Dwy)
for 1 € MOL®(M@N®@B(H),w; € M,,wa € LY, w3 € Ny, wq € B(H).. Let ¢ € £1(T) be the
counit of £°(T"). Define y = (w; ® id ® w3 @ id)z € L>(T)® B(H). For a € ML, (A(T)) we have
(Qp,a) = k((id ® O'(a) ® id®?)z ® (W @ ws @ ws ® wy))
= ((id ® ©'(a) ® id®*)z, w1 @ Wy @ w3 @ wy) = ((0'(a) ® id)y, ws @ wy)
<(@l(a *€) ®id)y, w2 @ wa) = (@, Qy,wr0wa,e)

hence 0, = Qy w,0ws,e and the claim follows from Proposition .7 O

In the following, recall that a mean on R is a state mg on L°°(R) which is invariant under the
translation action of R. Such a state exists as the group R is abelian and hence amenable.

Lemma 6.7. Let mg be a mean on R, let H be a Hilbert space, and let z € C(T) @ KK(H),p €
LY(T)®B(H).. Then

Q7,0 ML(A(T) 3 a s me(t — (0 (a) ®id) (7 ®id)(z), p o (7 ®1d))) € C

defines a bounded functional on MLy (A(T)). Furthermore, Q7 , € QUA(N)) and || || < l|[llpll-
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Proof. Ast+ po(7;®id) is norm continuous, it follows that the function ¢ — ((0!(a) ®id)(7_; ®
id)(z), p o (7; ® id)) is continuous, and bounded, and so we can indeed apply mg to it. The only
nontrivial claim is that 27 , is a normal functional.

In order to verify this take ¢ € R. Using the canonical complete contraction x we can write

(0'(a) @id)(7_; ®id)(x), po ( @id)) = £(0'(a) @ id ®id @ id) ((7_4 ® id)(z) ® po (7 @ id)).

Let z = Up; € Pol(T),y = U/?,z € Pol(T) and set p = h(y-) € LY(T). As h is (7)icr invariant,
it follows that (po 7)(z) = h(yf(2)) = h(#(7—¢(y)2)) = h(7_i(y)z) for each z € C(T), and so
poty =h(7—+(y)). From (6.1)) we hence see that

Toi(@) @ po e = (Pai) " (Pag) " (Pa) " (ppa) "2 @ p.

It follows that mg(t — 7_4(z) ® po F) € Pol(T) ® L'(T), the algebraic tensor product. By
linearity, this holds for any z,y € Pol(ﬂ/:). By linearity again, given x € Pol( ) ® K(H) and

p € h(Pol(T)-) ® B(H),, it follows that
v=mg(t (— @id)(z) @ po (7 ®id)) € (L®(T) ®B(H)) © (L'(T) @ B(H).)
and we have
Q7 (a) = £((0'(a) ®id ® id @ id)v) = Qy(a).
Consequently we have QF , € Q'(A(I)) by Lemma[6.6 Furthermore,
192 1l < vl < [l [l]oll-

General elements z € C(T) @ K(H), p € LY(T)®B(H), can be approximated in norm by z, p as
above, hence Q7 , is a normal functional, using again that Q'(A(T)) C ML, (A(T))* is a closed
subspace.

Proof of Proposition[6.3 By assumption, there is a net (a;);cr in A(T') which converges to 1 in
the weak*-topology of Mcb(A([F)). For each i € I there is w; € LY(T) with a; = :\\(wi), and there
are &,m; € LA(T) with w; = = We;m,- Given n € N we may choose & n,min € Ap(Pol(T)) with
€ — &inll < €1 and [|n; — nin|l < €2, where

P W S
L= Tonmlr 2T (e +en

Set a; p, = X(W&,n,m,n)a so that a; n, € coo(l), and

+ ||w§i,n777i — W Min ”

nill + e2(er + &) < £

Equipping I x N with the product order, it follows that a; ?)—I> 1in (ML, (A(T)), w*).
i,m)El xN

Fix (i,n) € I x N and choose mg € L>(R)*, a mean on R. Let b;,, be the unique element of
£2°(I) with

llai — ainllacy = llwi = we; il < lwes s — Wei
<ellmll + e2flinll < el

(bin,w) =mr(t— (Te(ain),w)) (w € £1(I)).
As each 7; leaves each matrix block Mgim() € £°°(T) invariant, it follows that b;, € coo(),
because a; n, € coo(lN). Next, we set

Cin = %(bz,n + R(bl7n)*) (S COQ(”—).

Clearly each b; ., and consequently each ¢; ., is invariant under (7¢):er. Thus ¢;, is analytic for
(7t)ter, and 80 ¢; n € D(S™1) and S71(¢in) = R(cip). Then as VI =V = P, see [40, Lemma
6.2], each ¢; 5, is also invariant under the modular automorphism group. Since

Cjﬁn = %(br,n + R(blﬁn)) = R(Ciﬂl) = Sil(ci,n)a

7‘)

the operator ©'(c; ,,) is star preserving by Corollary 101
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We now show that (¢ n)(in)erxn converges to 1 weak* in M’ (A(T )) We will show this first
for (bs ) (imyerxn- Choose p € £(T),w € L'(T) and set y = (id ® p)WT. We have

(0! (b ) (1), w) = ((id @ p)(WT), 0 (bi 1) (w)) = (bin(w @ id)(WT), p)
= mg (t = (Te(ain)(w® id)(W[r),p>) = mp (t — (@l(rt(aiyn))y,w».
By continuity, the above equation holds for each y € C(f)

Let H be a separable Hilbert space, and consider z € C(T') ® K(H) and p € LY(T) ® B(H),.
Then using linearity and (6.3]), it follows that

(Bi .y U p) = ((O1(bin) ®@id)z, p) = mr (t — (O (7(asn)) ®@id)z, p)).
Lemmas A.TT] and imply
(bin, Qap) = me(t = (0'(ain) @id)(F_ ®id)(z), po (7 ®id))) = (ain, Q).

Both sides of the above equation are continuous with respect to x, p, hence it holds also for
€ C(T) ®K(H) and p € L} (T)&B(H).. Since 27 , is a normal functional, it follows that

lim  (bin, Qop) = i i ) = (1,97
(i,n)lgllxN< ? ,p> (i,n)lg}xN<a’ E,p> < m,p>

=mg(t— ((f=s @id)(z), po (f ®id))) = (z,p) = (1,Q,)

(6.3)

and so b; m) 1, as the functionals Q, , give all of Q'(A(I')), by Proposition Then
1,n)el X

using Proposition [£.9]
(R(b; n) 7p> <S(b%ﬁ,n)vﬂw7p> = <(®l(bi7n)T ®id):1c,p>
((©'(bin) @id)(z*)", p) = ((O1(bs,n) @ id)(2*), P)

which converges to (z*,p) = (z,p) = (1,Q4,). We can conclude that ¢;, = 3(bi,n + R(bin)*)
also converges weak™ to 1.

We have now shown all the properties required of the net (c; n) (i nyerxn except that each Ol cin)
is unit preserving. By Lemma [3.21 we know that there is a family of scalars (a; n)in)erxn With
OY(cin)(1) = a;pn1 for each (i,n). As ©!(c;,) is star-preserving, each o; , € R. As ¢; .,

"
(i,n)eIxN

1 weak*, Gl(ci,n)(]l) = a; 1 —— 1 weak™ and so o, ——— 1. We may hence replace
(i,n)€IxN (i,n)EIxXN

Cin by @5 cin.

Finally, when [ has central AP, then we can skip the first step (as a; € coo(I)) N Z(¢>°(I")) by
assumption), and proceed as above to form b;. It follows from (G1)) that 7(U7;) = U7;, and the
equality (7 ® 7,)WT = W' together with (6.2]), shows 7;(a;) = a; for each t,i. Thus actually
b; = a;, and the final step of forming c¢;, and rescaling, will also give central elements. ([l

In the unimodular case there is no difference between AP and central AP.

Proposition 6.8. Let G be a unimodular discrete quantum group. Then G has AP if and only if
it has central AP.

Proof. Since the Haar integral h € L' ( )isa trace there exists a unique state- preservmg normal

I~

faithful conditional expectation E: L®(G)®L®(G) — A(L®(G)) C L=(G)@L>(G). Explicitly,
we have

0080k »
o . A @
(U ® Uk l) dlm(a) (U’L,l)7
compare [9, Section 6.3.2]. Set A = A~LE : L®(G)@L>®(G) — L®(G). Given a € M, (A(G))
define
TU(a) = A*(id ® ©'(a))A € CB7(L™(G)).

That ¥(a) is normal and completely bounded is clear, and note that we have ||¥(a)|lcs < ||a||cp-
Moreover, if a is finitely supported then ¥(a) has finite-rank, see Remark [6.41
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Define also A : £°(G) — Z£°°(G) by
Tra(f)

; DPa,
dim(«
aelrr(G) ( )

A(f) =

where p, € °°(G) is the central projection corresponding to B(H,) C ¢*°(G) and Tr, € ¢}(G)
is the projection onto B(H,) composed with the (non-normalised) trace on B(H,). Then A is a
contractive linear map. Given a € MY, (A(G)) and w € h(Pol(G)-), we compute

dim(a)

A(P(a)w) = Y Y ((@)U),wes;

aclrr(G) ©J=1

dim(a) dim(a)
= Z Z<Aﬁ( 00 (a a)(Ug,;)), Z Z aklAﬁ U @ USj), w)ed;
a€lrr(G) td k=1 aclrr(G) J,k,1=1
dim(a) N dim(a) T B
= 2 2 amw U= 2L D (U edmiael; = Als()
aclrr(G) td,k=1 aclr(G) ©J=1

Here we used Lemma [6.1] to compute the action of ©(a ), and notice that by the choice of w,
all the sums involved are finite. As such w are dense in L' ( ), it follows that A(a) is a left CB
multiplier and ©'(A(a)) = ¥(a). In particular, A(a) € ZM, (A(G)) and [|A(a)||es < ||allco.

Now assume that G has AP and let (fi)ier in coo(G) be a net converging weak* to 1 in
ML, (A(G)). In order to prove that G has central AP, we shall show that A(f;) Py 1 weak* in

ML, (A(G)). Take z € C(G) @ K(H),w € LY(G)&B(H). for a separable Hilbert space H. Then we
have
(A(f1), Qa ) = (¥(f:) @ id)z, w)
= (A ®id)(id ® ©'(f;) @ id)(A @ id)z, w)
= ((id ® O!(f;) ® id)(A ® id)z, w o (Af @ id)).
By applying Lemma [6.6] with M = L°°( ),N = C, it follows that
hm( (fi); Qpw) = (([d®id® id)(A ®id)z,w o (A'i ®1id)) = (z,w) = (1, o),

icl

hence showing that A(f;) —I> 1 weak®, as required. O
1€

In the remainder of this section we relate AP to approximation properties of associated operator
algebras. Let us start by recalling the appropriate von Neumann algebraic approximation property,
see [31], Section 2].

Definition 6.9. Let M be a von Neumann algebra. Then M has the weak® operator approzimation
property (W*OAP) if there exists a net (0;);er of finite rank normal CB maps on M which

converges to the identity in the stable point-weak*-topology, i.e. (0; ®id)x w—1> x for all separable
1€
Hilbert spaces H and z € M ® B(H).

The following result was established by Kraus and Ruan for Kac algebras, [41l, Theorem 4.15],
using the formally stronger definition of AP (which by Theorem [L4]is equivalent to the definition
taken in this paper). A result of this type was also obtained in [I3] Proposition 4.7], again with a
formally stronger definition of AP, and under the assumption that G is strongly inner amenable.
We record a proof for the convenience of a reader.

Proposition 6.10. Let G be a locally compact quantum group. If G has AP, then Loo(@) has
W*OAP.
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Proof. Assume that G has AP. By Theorem [1.4] there is a net (:\\(wi))iel in A(G) such that
O (A (wy)) = id in the stable point-weak*-topology of CB?(L>*(G)). Extend w; € L'(G) to

@i € B(L?(G)), with the same norm and define
U,;: B(LA(G)) 5 T (@ @id) (VE(T @ 1)VE*) € BIL3(G)).
Clearly ¥, is a normal CB map on B(L*(G)), and as Ve e L®(G)'®L>(G) the image of U, lies

~

in L*°(G). Note that if z € L*°(G) then

Ui(x) = (@ ©id) (Vo (@ @ 1)VE) = (@ ® id)A(z) = O/ (Aw:))(@).
Thus ¥, is an extension of @l(X(wi)) to all of B(L*(G)). As B(L*(G)) has W*CPAP, see [10,
Propositions 2.1.4, 2.2.7], there is a net (T )xea of finite rank normal unital CP maps on B(L*(G))
which converges to the identity in the point-weak*-topology. Consider now the maps

\I]i)\ = \I]i © T)\|Lao(@) : LOO(@) — LOO(@)
These are normal and CB, and, because T has finite rank, also each V; ) is finite-rank. Fix a
separable Hilbert space H and finite sets F C L>®(G)®B(H), G C LY(G)®B(H), and 0 < € < 1.
Given z € F,p € GG, we have

(Wi @id)a, p) = (' (A(w:)) @ id) 2, p) —> (. ).
Thus there is i(F, G,¢) € I such that

((Yirge ®@id)z —2,0)| <5 (z€F peq).
Next, since ¥;(p q,c) is normal, we have

(Wi 0 Ta @id)z — (Vi pa.e) @id)z, p)l vy 0 (zelpedq),

hence there is A(F, G, ¢) € A so that
((Yirc.e o Tarae ®id)r — (Virge ®@id)z,p)| <5 (2 € Fpeq),
and by triangle inequality
{(Wirce o Tarce ®id)z —z,p)|<e  (z€F,peq).

Consequently, the net (V;(r,q.c) 2(F,G,e)) (F,G,e) (indexed by finite subsets of L™ (@)@ B(H),

~

L'(G)® B(H), and ]0,1[) shows that L°°(G) has the W*OAP. 0

Remark 6.11. An analogous argument shows that if G is coamenable then L™ (@) has W*CPAP.

In fact, a formally stronger result holds: W*CPAP of L>°(G) follows from amenability of G by [7,
Theorem 3.3].

When the quantum group [ is discrete and has AP, we obtain approximation properties also for
the associated C*-algebra. If I is furthermore unimodular, the converse implications hold. These
results are already known (see e.g. [41, Theorem 5.13]), hence we skip the proof. For the definition
of OAP and strong OAP, see [23] Page 204] or [10, Section 12.4], for example.

Proposition 6.12. Let [ be a discrete quantum group. Consider the following conditions:
(1) T has AP,
(2) C(T) has strong OAP,
(3) C(T) has OAP,

(4) L=(I) has W*OAP.

Then (1) = (2) = (3) and (1) = (4). If T is unimodular then all the above conditions are
equivalent.

Remark 6.13. Combining Proposition[6.12land Proposition[6.8], we see that when [ is unimodular

~

and L>°(T") has W*OAP, then [ has the central AP.
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Following [66, Definition 1.27], we say that a discrete quantum group [ is exact when the
reduced crossed product functor T X, —, preserves short exact sequences.

Corollary 6.14. Let I be a discrete quantum group. If [ has AP then it is exact.

Proof. By Proposition[6.12] the C*-algebra C(I]A—) has strong OAP. It is then exact by a combination
of 23} Corollary 11.3.2] and [36, Theorem 1.1]. The result now follows from [66, Proposition 1.28].
O

We end this section with a result which shows that for a discrete quantum group [, AP is
equivalent to a strengthening of W*OAP of L°°(I') which takes into consideration ¢°°(["). Let us
introduce this strengthening in a general setting, compare [39, Definition 6.9].

Definition 6.15. Let (M, ) be a von Neumann algebra with a n.s.f. weight.
o Let ® € CB?(M) be a normal CB map satisfying ®(9) C My. We say that ® has an
L2-implementation if there is T € B(Hy) such that Ag(®(z)) = TAg(x) for z € Ny.
e Let N C B(Hg) be a von Neumann algebra. We say that (M, ) has W*OAP relative to N
if there is a net (®;);ecr such that:
— each ®; is a normal, CB, finite rank map on M,
— each @, satisfies ®;(9g) C Ny and has L% implementation T} € N,
— the net (®;);er converges to the identity in the stable point-weak*-topology.

Note that an L2-implementation is unique. If it is clear from the context which weight on M
we choose, we will simply say that M has W*OAP relative to N.

Theorem 6.16. Let [ be a discrete quantum group. Consider the following conditions:

(1) T has AP.

(2) L=(T) has W* OAP relative to £>=(I).
(3) L=(T) has W* OAP relative to (>=(I)'.
(4) T has central AP.

(5) L=(T) has W* OAP relative to Z(¢>=(I)).

Then<:><:><:<:>-

Remark 6.17. This result is an analogue of Theorem 6.11 in [39], for (co)amenability and rel-
ative W*CPAP. Furthermore, it is similar in spirit to [6I, Theorem 3] which is concerned with
amenability and injectivity.

We start with an auxiliary result (compare [39, Proposition 6.12]). Recall that for a normal CB
map ® on a von Neumann algebra, we denote by ® the normal CB map given by x — ®(x*)*.

Proposition 6.18. Let G be a locally compact quantum group with left Haar integral ¢ and let
® € CB7(L®(G)) be a normal CB map. Assume that ' satisfies (M) € N5 and has L*-
implementation T: L*(G) — L*(G). We have:

(1) T € L™(G) if and only if ®,(w ) = ®,(w) xv for all w,v € L(G),

(2) T € L®(G) if and only if B (w*v) = wx D, (v) for all w,v € LY(G),

(3) T € Z(L®(G)) if and only if B, (w*v) = B, (w) xv = w* D, (v) for all w,v € LY(G).

Proof. Using the biduality G = G and [68, Definition 4.6] (see also Section ), we deduce that the
subspace

N = (M) |w € LNG): Feerz(e) Ve, (As(@) | €) = w(@*)} € L=(G)

is a core for A, and that for X(w) € N we have A, (:\\(w)) = {. Before we proceed with the main
proof, let us establish some preliminary results:

e For A(w) € N we have A(®.(w)) € N and

o~

(6.4) T* A, (M) = Ap(A(@. ().
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Indeed, for z € Ng,

(Ap(2) | T8 (@) = (TA(2) | Ap(Mw)) = (A(27(2)) | Ap(A(w)))
= w(®'(2)") = w(®(z")) = Pu(w)(z"),
which proves that )\(@ (w)) € N and that equation (6.4) holds.
e For w e LY(G),\N(v) € N we have AN(w ) € N and

(6.5) Ap(Mw *v)) = Aw)Ap(A()).

Indeed, take x € 5. Using the left invariance of the Haar integral ¢ and the definition of WE we
obtain

(wxv)(z") = v((w @ id)A(z")) = (@ @ id)A(2)") = (As(@ @ id)A(z)) | Ay (A(1)))
= (@@ id)(WE) Az (@) [ Ap(A(1)) = (Ag(@) | A(w) A (A1),

which proves the claim.
Let us now prove If T € L*™(G) then (G.4) implies that A ( ( «(W))) = T*A,(ANw)) =
Ay (T*A(w)) and so T*)\( ) = A(@.(w)), for each w € L (G) such that A(w) € NV, and by density

of such w (see Lemma 1)) this equation holds for all w € L'(G). Consequently

~

M@ (w*v)) = T*ANw 1) = TANw)AW) = M@, (W) AV) = APy (w) * 1),
)-

and so @ (wrv) = D, (w)xv for allw,v € L (@
For the converse, assume that @, (w*v) = @, (w)*v for all w, v € LY(G). Let us take A\(w), \(v) €
N and assume that the map R 3 t — (wé *) o7, € L'(G) extends to an entire map, and

denoting by p the value of this map at ¢ = —%, we have furthermore Ap) € N. We now use

W = y(WP®)*, together with (¢f ®id)(WC) = (r; ® id)(WE)(1 ® §it), see [68, Proposition 5.15),
and (13 ® 7)(W®) = WE, see [45, Proposition 8.23]. It follows that for each ¢ € R,
of (\w)) = (w @id)((id @ of )W) = (id @ @)((of @ id)(W®))*
= (id@w)((r @id)(WE)(1 ® §))* = (id @ ©)((id ® 7_¢ ) (WE) (1 @ §))*
=([dow) (16 )[ide 7 ) (W) = (weid) (0" @ 1)(7_; ® id)(W@’))
= A((wd ™) 0 7_y).
Consequently we obtain A(w) € Dom(c 9"1/2) and 0_1/2 (A(w)) = A(p). Take z € Ns. From (G5,

we know that (v * p), A(®.(v) x p) € N. By assumption, ®, (v * p) = ®,(v) x p, and so we arrive
at

(Ap(@) | T*ToA @) T A AW))) = (TA(@) | ApA@)0?, 1, (ANw))))
= (Ap(@' (@) | Ap (A % p)) = (v % p) (@1 (2)") = Do (v % p) (&) = (@u(v) % p) (27)
= (Ap(@) [ A (N@4 () % p))) = (Ag(@) [ Ap (N @u ()%, (A())))

2 )

= (Ap(@) | JoA(@)* J,T* Ay (A(1))).

By Lemma[Z.I] we know that the collection of such w is dense in Ll(@), and so the corresponding
collection of operators J¢X(w)*J¢ is dense in L*°(G)’". Thus T* € L™(G)" = L*(G), as required.

Next we consider Suppose that T € L*(G)’. By equations (64) and (GH), given
Nw), Mv) € N, we have

ApA(@u(w 1)) = T*Ap(Mw 1)) = T*A@)Ap (A1) = M@)T*Ap (A1) = Ap(Aw * D, (1)),
)

hence @, (wxv) = w* D, (v
follows.

. As these functionals are dense in L'(G) by Lemma T} the claim
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Conversely, suppose that @, (w * ) = w * ®,(v) for all w,v € L'(G). For A(w), A\(v) € N we
then have

AT A AW)) = MA@ * 2.(1)) = Ap(N(@u(w % 1)) = T AW)ALA)).
Again by density, it follows that T* € L°°(G)’, as required.

Finally, follows by combining and O

Proof of Theorem[6.10. If ' has AP then by Proposition we have a net (a;)icr in coo(l)
which converges in (M, (A(I")), w*) to 1, and the associated maps ©!(a;) satisfy ©!(a;)" = 0 (ay).
Proposition show that each ©!(a;) has an L*-implementation equal to S~'(a;) € £>°(T).
Proposition T} for f = ¢ € £1(I") being the counit of T, shows that (©!(a;));cs converges to

~

the identity in the stable point-weak*-topology, and consequently L°°(I") has W*OAP relative to
£2°(I"). This shows|(1)| = R

If [ has central AP then additionally S~!(a;) € Z(¢*°(I')) and so L>(T') has W*OAP relative
to Z(EOO(I]A—)). Thus =

Let us now show the equivalence of and Assume and let (®;);er be a net giving

A

W*OAP of L=(T) relative to £°°(I). Define a net (¥;);e; by ¥; = Ro ®! o R. Lemma 8 shows

~

that each ¥; is a normal, finite rank CB map on L°°(I) and ¥, ? id in the stable point-weak™*-

topology. Let T; € £°°(I") be the L2-implementation of ®;. By [46], Proposition 2.11] we know that
JoAp(z) = Ap(R(x)*) for each z € L*(T), and so

An(W(2)) = A (R(®](R(2)))) = JoAn(@] (R(2))")
= JoMn(®i(R(2)")) = J, Ty (R(2)*) = J,Tid o An(2).

Hence ¥; has L*-implementation J,T;J, € (=(T), showing [(3)] The converse is analogous.

Now assume i.e. that L(T) has W*OAP relative to £>°(I'). As before, let (®;);c; be
the corresponding net of normal, finite rank CB maps with L%-implementations T; € £>°(I"). For
i€l let ¥ = @I, so that ¥ is a normal CB map such that Ut = &, has L*-implementation
T; € ¢>°(T). By Proposition GI(I), W, is a left centraliser. Hence also ®; . is a left centraliser,
compare with the proof of Proposition EE9] and so there is a; € ML, (A(I')) with ©'(a;) = ®;. By
Lemma 6.1 as ®; is finite-rank, it must be that a; € coo(I). By definition, (®;)i;cr = (0%(a;))ier
converges to the identity in the stable point-weak*-topology, and so by Proposition 3.9, a; —I> 1

1€
in (M%,(A(I")),w*) and consequently I has AP. Therefore and are equivalent.

Finally, suppose that L (T') has W*OAP relative to Z(¢>(I)), and proceed as above. By defini-
tion, we have that TjAp(z) = Ap(®(x)) = Ap(©!(a;)(z)) for each z € C(T). By Proposition L2
it follows that T; = S(af)*. As T; € Z(¢>=(I')), it follows that a; € Z(¢>°(I')) N coo(l"), which
shows that [" has central AP. This establishes that and are equivalent. The implication
= is trivial. O

7. PERMANENCE PROPERTIES

7.1. Quantum subgroups. For classical locally compact groups, AP passes to closed subgroups,
see [31, Proposition 1.14]. We shall show that an analogous property holds also in the quantum
case.

Let us start by recalling the notion of a closed quantum subgroup of a locally compact quantum
group, see [20]. In what follows we will use the universal C*-algebra C§(G) and the reducing map
Ag : C§(G) — Co(G), see [43], along with the semi-universal and universal multiplicative unitaries,
compare [20, Section 1.2]. We will also use the notion of a quantum homomorphism as explored
in [49], see also [19] Section 2.1].

Let H,G be locally compact quantum groups. Assume that there is a homomorphism H —
G exhibited by a strong quantum homomorphism in the sense of [20, Section 1.3], i.e. a non-
degenerate x-homomorphism 7 : C{(G) — M(Cy(H)) such that Afj om = (7 ® 7) o Af. Then

~

there is a dual strong quantum homomorphism 7 : C§(H) — M(Cy(G)) which is related to =
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via (7 @ id)W® = (id @ 7)W™, see [20, Section 1.3]. In this situation we say that H is a closed
quantum subgroup of G in the sense of Vaes if there is a normal unital 1nJectlve *-homomorphism
v: L®(H) — L=(G) such that Y(Ag(r)) = Ag(T(z)) for all z € C“( ), see [65], Definition 2.5],
[20, Definition 3.1]. Notice that this condition implies that Azy = (v ® 7)Ag.

Theorem 7.1. Let H, G be locally compact quantum groups and assume that H is a closed quantum
subgroup of G in the sense of Vaes. If G has AP then so does H.

Proof. Since H is a closed quantum subgroup of G we obtain maps m, 7,y as discussed above. If
G has AP, then according to Theorem 4] we can choose a net (a;);cr in A(G) C CO(G) such that
(©4ai))ier converges to the identity in the stable point-weak*-topology of CBU(L"O(G)) For each
ielletw €Lt (G) be such that a; = A\g(w;), and define b; = Ag(v«(wi)). As *y*(wl) e L} (H)
we see that b; € A(H). Let H be a separable Hilbert space and take z € Co(H) ® K(H),w €
LY(H)®B(H).. We have
(bi, Q) = ((O1(b;) @ id)z, w) = (7 (wi) ® id)Ag ® id)z, w).

Since 7 is a complete isometry, v, is a completely quotient map ([23] Corollary 4.1.9]). By [23]
Proposition 7.1.7], 7. ® id: L(G)® B(H), — L'(H)®B(H), is also a complete quotient map,

hence we can find ' € L'(G)® B(H), such that w = (v, ® id)w’
Since ~ intertwines the coproducts,

(biy Q) = (W ®1d ® id)((’y ®7)Ag® id)x,w’}
= {((wi ®id)Ag ® id)(y ® id)z,w’) = ((0'(a;) ® id)(y @ id)z,w’).
Using stable point-weak*-convergence we obtain

<bivﬂw7w> —I> <(7 ®id)x7wl> = <‘T7W> = <LQw,w>'
1€
Hence b; % 1 showing that (b;);e; witnesses that H has the AP. O

7.2. Direct limits. In this section we show that AP is preserved by taking direct limits of discrete
quantum groups obtained from directed systems with injective connecting maps. The correspond-
ing fact for classical groups is certainly known, but we were not able to locate a reference.

Let us first recall some facts about quantum subgroups of discrete quantum groups, using
the notation and terminology from Section In the discrete setting there is no difference be-
tween closed quantum subgroups in the sense of Vaes, closed quantum subgroups in the sense of
Woronowicz [20, Theorem 6.2], and open quantum subgroups in the sense of [35]. We will therefore
simply speak of quantum subgroups of discrete quantum groups in the sequel.

Let T, A be discrete quantum groups and assume that A is a quantum subgroup of I'. Then
one can identify Irr(/\) with a subset of Irr( ), and one obtains a corresponding identification of
L2(A) with a subspace of L3(T). Let p € £>°(T) C B(L*(T)) be the projection onto L?(A). Then
p is a group-like projection (i.e. p is a central projection satisfying Ar(p)(1 ® p) = p ® p, see
[35, Definition 4.1]) and the strong quantum homomorphism 7: ¢o(I') — co(A) associated with
the inclusion of A into [ is given by m(f) = fp. Dually, we have an injective, normal, unital
*-homomorphism ¢: L®(A) — L®(T ) which respects the coproducts. The map ¢ restricts to
injective *-homomorphisms C(A) — C(T) and Pol(A) — Pol(T).

The following fact is well-known, compare for instance [69, Section 2]. Using ¢ we can view
Le (%) as a subalgebra of LOO(I]A—), and so in the following, make sense of E being a conditional
expectation in the usual sense of a contractive projection onto a subalgebra.

Lemma 7.2. The formula L®(T) 5 z — pxp € B(pL*(T)) = B(L*(A)) defines a normal condi-
tional expectation B: L=(I') — L>(A) satisfying B(U;) = 0 for a € Tre(I) \ Trr(A), 1 < 4,5 <

dim(e). Furthermore, E restricts to a conditional expectation C(T') — C(A).

We shall be interested in directed systems of discrete quantum groups in the following sense.
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Definition 7.3. Let I be a directed set. A directed system of discrete quantum groups with
injective connecting maps is a family of discrete quantum groups (I';);cr together with injective
unital normal x-homomorphisms

i L) = L2([;) (el i<j),
compatible with coproducts, such that

® Lig =id fOI'iEI,
® 1 jtji =tk for all 7,5, k € I satisfying ¢ < j < k.

If ([;);er is a directed system of discrete quantum groups with injective connecting maps then
['; is a quantum subgroup of ['; for ¢ < j, and we have injective maps Pol(I';) — Pol(l';). The

algebraic direct limit li_ngl_6 s Pol(I;) becomes naturally a unital Hopf x-algebra, equipped with an
invariant faithful state induced by the Haar integrals of [;. We therefore have lim, Pol(T;) =

Pol(f) for a uniquely determined discrete quantum group [, see for example [37, Chapter 11,
Theorem 27]. We denote [ = hﬂiel I'; and call this the direct limit of the directed system (I';);ec;.

Proposition 7.4. Let ([;);c; be a directed system of discrete quantum groups with injective
connecting maps and let [ be its associated direct limit. If ['; has (central) AP for alli € I, then
I has (central) AP.

Proof. By construction each ['; is a quantum subgroup of I'. Consequently we obtain injective nor-
mal *-homomorphisms ¢; : L(T;) — L>(T), and normal conditional expectations E;: L®(T) —
L®(T;) for all i € 1.

Identifying Irr(T;) with a subset of Irr(T) gives us the extension by zero map p; : £°(I;) —
¢>>(T). For w € L}(T) we have wou; € L'(T;) and so Ap, (wou;) € £2°(T;). We see that pAp (wor;)
agrees with Ap(w) € £°°(I) restricted to £°°(I';) and set to zero in the remaining matrix blocks.
Similarly, for w € L'(T;), by normality, w o E; € L'(T), and as E;(U;) =0 for a ¢ Irr(T;), see
Lemma [7.2] it follows that Az(w o E;) = piAg (w).

We claim that p; restricts to a contraction M, (A(T;)) — MY (A(T)). Indeed, take a €

ML, (A(T;)) and w € L(T). Using the observations from the previous paragraph,

pi(a) (W) = pi (a)\fi (wo Ll))
= pi(Ag, (0'(a)s(wo 1)) = pi(Ng, (w0 1i 0 ©'(a)))
= /\f(WOLi o@l(a) OEi)-

It follows that p;(a) € M, (A(T)) and
6!(pi(a)) = 1 0 ©(a) o E; € CB (L= (),

which yields the claim. By the definition of p; it is clear that pi(¢*(I")) C ¢4(I;) € Q'(A(T)),
which shows that the induced map p; : ML, (A(T;)) — MY, (A()) is weak*-weak*-continuous.

If [; has AP then the identity element 1 € M, (A(T;)) is in the weak*-closure of coo(I;) inside
ML, (A(T;)). As p; is weak*-weak*-continuous, it follows that p;(1) is contained in the weak*-
closure of p;(coo(I:)) € coo(T). So p; = ps(1), the projection corresponding to Irr(T;) C Irr(T), is
contained in the weak*-closure of coo(I") inside M’ (A(T)). Clearly we have (p;,w) = (1, w) for

all w € ¢1(T). Moreover we have ||p;||les = 1 since p; € MY, (A(I)) with ©%(p;) = 1; o E;. Hence if
all T; have AP we see that 1 € M, (A(I")) is contained in the weak*-closure of coo(I). This means
that [ has AP.

If all T; have central AP then we additionally know that 1 € M’ (A(T;)) is in the weak*-closure
of Z(£>(I';)) Ncoo(l;), hence each p; is in the weak*-closure of Z(£>°(I")) Ncgo(l). It follows that
[ has central AP. O
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7.3. Free products. In this section we show that AP is preserved by the free product construction
for discrete quantum groups. For classical groups this fact is probably known to experts, but we
could not find a proof in the literature. Our proof is based on results of Ricard and Xu from [57]
which we recall first.

7.3.1. Ricard-Xu results. Let (A;, ¢i)icr be a family of unital C*-algebras with faithful states
indexed by some set I. Denote by H; the GNS Hilbert space for ¢;, and by H;” the Hilbert space
obtained from A; by completion with respect to the norm given by a ¢i(aa*)1/ 2. Then a — a*
extends to an antilinear isometry H;, — HJ".

We write A = *;er(A;i, ¢;) for the reduced unital free product of the family (A;, ¢;)icr, and
A C A for its canonical dense unital x-subalgebra (the algebraic unital free product), compare [5].
Next, for d > 0, denote by ¥4 C A the subspace of length-d elements. That is, we have 3y = C1,
and if foli denotes the set of all a € A; with ¢;(a) = 0, then ¥, for d > 1 is the subspace of A
spanned by all elements of the form a; - - -aq where a; € Al] for each j, and with %; # ¢;4, for
1 < j < d. Moreover we let A3 C A be the norm closure of ¥,.

In the sequel we shall use two results from [57], the first one being the following.

Lemma 7.5. [57, Corollary 3.3] For d > 0, the natural projection A — ¥4 onto length-d elements
extends to a CB map Pq: A — Aq with ||Pqllcp < max(4d,1).

The second fact which we need is a minor extension of [57, Lemma 4.10].

Lemma 7.6. Fizd>1. Foriel and1 <k <d, let T} ;, € CB(A;) be linear maps which satisfy
¢io Ty = \p¢s for some A\, € C, and which extend to bounded maps H; — H; and H;® — HZP. If
d
K = (2d+ 1) [ ] sup max(| T klleos 175kl Bk 1Tk 3 ereny) < 00
k=1 "*

then the natural map 1T, ;. g — Xgq given by

a - Qg — Til,l(al) v Tid’d(ad) (aj S Aij, ij 75 ij+1)
extends to a CB map Aq — Agq with CB norm bounded above by K.

Proof. The only difference between this claim and [57, Lemma 4.10] is that [57, Lemma 4.10] has
the stronger hypothesis that ¢; o T; , = ¢; for each i, k. A close examination of the proof of [57,
Lemma 4.10] shows that this hypothesis is only used to ensure that the map II;T; ;. is well-defined,
because each T; ) maps Al to itself. This condition remains true under our weaker hypothesis,
and the rest of the proof of [57, Lemma 4.10] carries over without change. O

7.3.2. AP for free products. Let 1,5 be discrete quantum groups and let ' = I'; %[5 be their free
product. Recall from [71] that this means in particular that A = C(I') is the unital reduced free
product C(I'1) x C(I'2) with respect to Haar integrals, and hg is the free product state hg * h_ .

Moreover Pol(T) is the algebraic unital free product of Pol(T;) and Pol(T5). The irreducible
representations of [” are given as follows, see [71l Theorem 3.10]. Each « € Irr(I') has a well-
defined length len(«) € Z4. The trivial representation is the only representation of length 0, and

for n > 1 we have

{a S Il”I’(ﬂ—) | len(a) = n} = {ail X..-X (o7 |V1§j§n Qi S II’l”(U—ij) \ {6}, v1§j<n ij 75 ij+1}.
Again, here we denote by e the trivial representation of a compact quantum group. More explicitly,
given a € Irr([y) associated to the corepresentation matrix U® = [U{’J]?l;i(f‘) € Maim(a) (C(Tx)),
by regarding C(T';) as a subalgebra of C(T), we may regard U® as a corepresentation of (C(T), Ag).
Then X is just the usual tensor product of corepresentations.

To ease notation, we will write h = hg in the sequel.

Theorem 7.7. Let [, 9 be discrete quantum groups and let I = [y x5 be their free product. If
[1,0o have (central) AP, then I has (central) AP.
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Before we can prove Theorem [[.7] we need to establish some auxiliary results. For d € N let us
define the (non-linear) map

d

k=1
(here @ is the £>°-direct sum) via
a((g1.65 g2.8)i=1) = (\ijd((gl,kv92,16)Z:1)04)a61”(f)7 where
. J {07 len(e) # d,

Va((91,5, 92,k )=1)a = _
v Girlar @ @ Gigdag, @=oa1X--Wag: oy € Ire(ly;).

We consider
V= {91,k 92.1)i=1 € @M Boo MLy(A(T2)) [Vick<d g1ke = G2k }s

and write U, for the restriction of Uy to V. Recall that P4 : A — Ay is induced by the projection
onto elements of length d.

Lemma 7.8. The image of W4 is a subset of Ml »(A(I)), that is, we can regard ¥y as a map
V — ML (A(T)). Furthermore, Py extends to a weak*-weak*-continuous CB map L°°( ) = Ag"

Proof. Fix (g1, k,gz K, € V. Proposition 12 shows that each ©!(g; ;) extends to a bounded
linear map on L?(T;) with norm IS, Y(gix)||. Next, using Proposition 9 and Proposition E12}
for z € L®(T), we have

104G ) @l e, yor = 10490 (@)" 12 = 10 (9:) ()12 = 101(Sr (g5 ()
swﬁom%m = lgz ikl all e, yor = Ngiell 12l e, on

Hence ©!(g; 1) extends to a bounded linear r map on L 2(T;)°P with norm bounded by lgs.%]l-
Let us consider T; ; = ©'(g;.) € CB(C( i) for 1 < k < d. Then, according to Lemma [.5] and

Lemma [T.6] we obtain a CB map Y on C(H/:) acting by 0 on elements of length d’ # d, and on
elements of length d by

ar---aq = 0'(gi, 1)(a1) -+ ©'(giy.a) (aa),
where a; € C(ﬁ-j), and the CB norm of T is bounded above by

d
4d(2d + 1) H ig??;} max (|| gi,k | cb, ||S[Fil(9i,k)”7 lgi.kll)-
=1 ’

Since || - || < || - |lev on MY, (A(T;)) we have, using Lemma E8 and Proposition A9,
1S5, (i) | = 157, (9i.0) | < IS5, (gi.6) et = i klleb,

and hence we get in fact
d
(7.2) 1T llew < 4d(2d + 1) T] e, 9i.x |l cb-
k=1 ’

We claim that T extends to a normal map on L™(T). For this it suffices to show that Y*
preserves Ll(f) C C(@* Indeed, if this is the case, then the extension may be defined as
(o))" € CB1(0))

Thus take p € L'(T). Since T is bounded and L*(I') € C(T')* is norm-closed, it is enough to
consider p = h(a-) for a € L=(T). Take b € L®(T) and denote by T the extension of T to a
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bounded linear map on L2 (f) Note that this extension exists since the GNS Hilbert space for h
is
=coeP P LT, oLli([,),
d=1 i1 #ig
where L%(T;)° is the subspace of L2(T;) orthogonal to Ap, (1) (sce B, Section 2]) , and Ol (gir)
has bounded extension to L*(T';) by Proposition EIZ We have
T*(p)(b) = h(aX (b)) = (An(a®) [An(T(D))) = (An(a®) | T2An(b)) = (ToAn(a®) [ An(b))-
Hence T*(p) = wrza,(a),An1) € Ll(f). Let us denote the resulting normal extension of T to
L*(I") with the same symbol.

In particular, taking g; , = 1 for all 1 < k < d in the above discussion shows that the projection
P4 : O(T) — Ay extends to a normal CB map L®(T) — A"

We finally identify Y with the adjoint of a centraliser, namely we claim that W4((g1,k, 92.£)%_,) €
ML, (A(T)) and T = O (W 4((g1., ks 92, i) Fora=a1X---Kag € Irr(T) let us write i; € {1,2}
for indices such that a; € Irr(T; )\ {e},i; # ij41. Furthermore, write each matrix block as
Giko = |Gik.am n]ii“;(al) = Zii";(al) i k,o;mn €y s Where {ef }ii“;(al) are the matrix units in

B(Hq). Choose arbitrary w € h(Pol(T)-) € LY(T). We can calculate Wa((g1,k, 92,8) 10— 1) Az (w) as
follows:

Va((91,0 92,0)=1) A7 (@)

dim(a1) dim(agy)

Z Z Z Z m17 ,md/),(nl,...,nd/)7w>

d'=0 a=a1X---Ray mi,nm=1 mg ,ngy=1

Va((g1.0, 92,6 0=1)(€ndy iy @ - @ et )

dim(ay) dim(ag)

_ § E E . a1 .. . oq
- ml, oma),(n1,...,nq)? w>(gll,170¢1€m1,n1 ® ® gldﬁdyademd,nd)

a=a;X---Mag mi1,n1=1 mag,ng= 1

dim(a1) dim(aq)

> S N we U W)

a=a1X--Rag mi,k1,n1=1 mg,kq,ng=1

. a]‘ DY : ad
(911,17a1,k17m16k1,n1 ® ® gldﬁdyadﬁkdﬁmdekd,nd%

note that as w € h(Pol(T)-), the sums above are finite. On the other hand, using Lemma GBI} we
have

Afm(w»

dim(a1) dim(aygr)

I
M
M
M
M
s
E
S
5
g
Y»—e
§
B
®

.. Qg
.......... ®emd/,nd/)
d'=0 a=a1X---Hoay mi,n1=1 my ngy= 1
dim(ay) dim(aq)

l
Z Z Z gll 1 ml nl) -0 (gidﬁd)(Ugmi,nd)a w>(e(rln11,n1 X ® e(rlndd,nd)

a=ai1X---Rag mi,n1=1 mg,ng=1

dim(a1) dim(agq)

= Z Z T Z <(gi1;17m1,7€1 U]Z17n1)' : '(gid,d7md,kdUI?dd,nd)7 W>(e(rln11,n1 D ® e%dd,nd)

a=a1X---Kag mi1,k1,n1=1 mqg,kq,nqg=1
These two computations show that Wa((g1,k, 92,5)¢—1) A (w) = Az (Ts(w)). As the space of func-
tionals h(Pol(T')-) is dense in L'(T"), this proves the claim. O

Define
Vo = {(g1,92) € MLy(A(T1)) Boo Miy(A(T2)) | g1e = g2, }
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so that V = @7_, Vo.

Note that @Z:l ML, (A(T1)) @oo MY, (A(T2)) is a dual Banach space with predual given by the
¢-direct sum @Z:l QY A(T1)) @1 Q'(A(T2)). We can restrict the corresponding weak*-topology
to V, and similarly for V.

Lemma 7.9. V s weak®-closed, and ¥V, is separately weak™ -weak” -continuous.

Proof. We show that W, is separately weak*-weak*-continuous. We need to show that for any
1 <k < d and fixed elements (g1 x,g2,1) € Vo for 1 <k’ < d and k" # k, the map

Vo 3 (91,5, 92.6) = Wa((g1.0, 920 ) 1) € ML (A(T))

is weak*-weak™-continuous.
Assume that

(9200 920) 50 (910, 928) 0 Vo
By definition of the restricted topology on Vy, we have
(Qi\,imgé\,k) /\Z—A> (91,1“92,1@) in Mfzb(A(”—l)) Do Mfzb(A(ﬂ—Q))

and so in particular,

*

(97 5 To.1e) ;;—A> (9165 92k) 0 £7(11) Boo £7(T2).

Take Q € Q'(A(I")). Since Q'(A(T)) is the norm closure of £*(I') in M, (A(I'))*, we can find a
sequence (£2,)nen in () € QY(A(IN)) which converges in norm to . By the description (1)) of
U4, we see that the map

0°(T1) Boo £°(T2) D (9110 950) = Ya (g1, g2 ) K (1 ks G5 10)s (9100 G20 )b —i1) € €°(T)

is weak*-weak*-continuous, hence the linear functional
Qo Wa((g1h g2k )ty + o (9100 G20 )l —in)
is contained in ¢}(I'1) @1 £*([2) for each n € N. Consider the projection
P: My (A(T1)) oo Mgy (A(T2)) = Vo
given by

= etg2.e
P(g1,92) = (91,95) where g} . = gia, (i € Irr([;) \ {e}), g1 . = g, = L5222,

This is linear and continuous since the linear functional M, (A(I;)) 3 g + ge € C is continuous,
and the image of P is contained in the space M., (A(I')) ®oo MY, (A(T2)) because we alter each
g; only in one entry. Furthermore, P is weak*-weak*-continuous. Indeed, its adjoint is given by
an analogous formula on ¢!(I'1) @ £*(I2). The existence of P shows that Vy is weak*-closed, and
hence also V is weak™*-closed.

Consider the difference

Q0 ‘I’d((91,kug2,k’)];§7:11a ', (gl,k’agz,k’)z/:k+1) olP
—Qo Wa((grh, g2 )p—1s > (GLks G2 Vr—py1) © P,
living in M, (A("1))* @1 ML, (A(T2))*. Because of the bound (Z.2) we can estimate

(2= Q) o Wa((grw, 920 )1y s (910 92,0 ) i—ps) © P
= sup
(95 1295 1) EML (A(T1))Bee ML, (A(T2)))1
(= Q) 0 Wa (910, G20 )t s (9107 G2 )ir—ieg1) © P(Gh ks o)
< sup |(Q - Qn)(\l/d((glyk/vgQ,k')Zlelv(gll,kvgé,k)v(gl,klng,k')Z’:kJrl))‘
(91,595 ) EVo) iz
d

< — - .
<10- Rl P+ TT s o o =20
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This shows

Qo Wa((g1u, g2m )ty o (G100 G2 )—py1) o P € QA1) @1 QY(A(T2)),
and hence

Qo \I’d((gl,kugz,kf)];z;lp (Qi\,kagz’\,k) (91 k5 92, k’)z/ k+1) AG—A> Qo ‘I’d((gl,k’agzk’)z/:l)
as desired. This proves that ¥, is separately weak*-weak*-continuous. ([

For d > 1 consider pgq € £>°(I') defined via pg = (pd,q) ) where

aelrr(T

~J0, length of a # d,
Pl = 1, lengthof a =d

Lemma 7.10. pg € M’ (A(I)) and ©'(pg) = Py.

Proof. We already know that Py is a weak”-continuous map on L®(T). Take a lincar functional
w € h(Pol(T)-) C LY(T). Then we get
dim(a)
(w®id)((1 ® pa) VV[r Z Z Z (w®id) (U7 ® paes;)
d'=1 qelrr(T): len(a)=d’ ©J=1
dim()
= > > (Wi (U@ ely)
a€lrr(F): len(a)=d %=1
dim(a) _
Z > > (w®id)(Pa(Ug) ® e;) = (wo Pg @ id)W'

d'=1 qelrr(T): len(a)=d’ ©J=1

noting that all sums in this calculation are finite, because of the form of w. As such w are dense,
this yields (1 ®pd)VV[r (Pa® 1d)VVr as required. O

Finally, we are ready to prove that AP is preserved by taking free products of discrete quantum
groups.

Proof of Theorem[777 Assume that I'1, [ have AP and choose families (f; x)aea, in coo(l;) con-
verging to 1 in (M’ (A(T;)), w*). Due to Proposition 6.5 we may assume without loss of generality
that each ©!(f; ) is unit preserving. As in Remark[6.2] it then follows that ©!(f; ») preserves the
Haar integral on ﬁ-, and that f; . =1for alli e {1,2},\ € A,.

Fix d € N. We shall first show that pg € coo(ﬂ_)w C MY, (A(T)). To do this, we will consider a
net of the form

(fly)\l,k’ f2,A2,k)g:1 eV.
where each A\, € A; for i =1,2 and 1 < k < d. Lemmal[7.0l gives us

d 1
\de((fl)\l,k ) f2;>\2,k)k}:l) € Mcb(A(n_))
In fact, using the definition of U4, we see that these multipliers are in coo(I) since all of the f; x
are finitely supported.
We first consider the case when we keep A;; fixed, for & > 2. Since ¥, is separately weak®-
weak*-continuous, by Lemma [7.9] we have

Wd((f17A1,17f27A2,1)a (fl,Al,kan,Az,k)z:Q) - qjd((]-vl)a (fl,Al,kva,Az,k)z:Q)'

(A1,1,A2,1) €A1 XA

*

We now repeat this argument in the second variable, and so forth, and using that (coo([r)w )Y =

coo(T)", we obtain

pa=Ya((L, 1)) € con(T)" € Mg (A(T)).
Clearly we also have py = (5048]1)0[61”(?) € coo(lN) C coo([r)w
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*

We now show that 1 € coo(I) . Consider

=

To=> 01— L) e’ CMLAT)  (meN).
d=0

According to [57, Proposition 3.5], lim, o [|Th|lcs = 1 and (©Y(T},))nen converges pointwise to
the identity on C(T'). Take z € C(I') ® K(H),w € LY(T') ® B(H). for a separable Hilbert space H.
Then we obtain

(Tn = 1, Q0) = {((0'(Tn) — id) @ id)z,w) ——0,

and since (T,)nen is uniformly bounded in CB norm, the same holds for general z € C(I) ®
K(H),w € LY(T)® B(H).. By Proposition B9, this shows that 7, —— 1 weak* in M., (A(I)).

n— o0
As each pg is in the weak*-closure of ¢cgo([7), the same is true of each T}, and hence we conclude

that 1 is in the weak*-closure of coo(I), showing that I" has AP.
If fix € Z(0>(T;)) Neoo(l;) for each i, A, then Wa((f1,x, ., 2,5, )f_;) is also central. Conse-
quently, if 1,5 have central AP then so does [T = [y * [s. O

Corollary 7.11. Let (';);es be a family of discrete quantum groups with (central) AP. Then the
free product I = *;¢[; has (central) AP.

Proof. If I is finite the claim follows from Theorem [[.7] by induction. In the general case, for
any finite (nonempty) set F' C I, the free product x;epl; is a quantum subgroup of x;¢;[; in
a natural way. Moreover (x;epl;)pcy forms a directed system of discrete quantum groups with
injective connecting maps over the directed set of finite subsets of I, compare Definition [(.3] and
*ierl; = hﬂFC[ *ierl ;. Since x;c p[; has (central) AP, the claim follows from Proposition[4 O

7.4. Double crossed products. In this section we study how the approximation property be-
haves with respect to the double crossed product construction. This contains the Drinfeld double
of a locally compact quantum group as a special case.

7.4.1. Preliminaries. We start by recalling some definitions, following the conventions in [6].
A matching between two locally compact quantum groups Gi,Go is a faithful normal -
homomorphism m: L®(G1)® L (G2) — L°(G1)®L>°(G2) satisfying

(Al ® 1d) m = M293 mlg(Al ® 1d) and (ld ® Ag) m = 13 mlg(id & Ag)

Given this data one defines the double crossed product Gy, of G1, G4 as follows. The von Neumann
algebra of functions on Gy, and its comultiplication are given by

L®(Gr) = L®(G1)BL®(Ga), Am = (id @ x m®id)(A%P @ Ay).

To ease notation, we will decorate objects related to Gy (resp. G2, Gy,) with 1 (resp. 2,m) in the
sequel, e.g. W; = W&, We will also denote the unit in B(L*(G,,)) by L.

Let J (resp. J ) be the modular conjugation of the left Haar integral on the bicrossed product
of G1,G2 and its dual, see [6], Section 2.4]. Define a unitary

Z=JJ(J1Jy @ Jady).

It implements m in the sense that m(z) = ZzZ* for all z € L°(G1)® L*°(G3). The Kac-Takesaki
operator of Gy, is given by

Wi = (BViX)1325,W2,24Z34.

One can describe structure of G,, and its dual, see in particular [6] Theorem 5.3]. For example,
we have

L¥(Gm) = (L®(G1) © 1) U Z*(1© L®(G2))2)",
L2(Gn) = (2*L=(G1) @ 1DZU (1@ L¥(Gy)))".
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A special case of this construction is the (generalised) Drinfeld double. Let G1, Gz be locally
compact quantum groups and assume that Z € L°(G1)® L*°(Gy) is a bicharacter. That is, Z is
a unitary satisfying

(Al (24 ld)Z = 223213 and (ld X AQ)Z = 213212.
Then one obtains an inner x-automorphism
m: L(G1)QL>®(Ge) 3z — ZzZ* € L= (G1)R L™(Gy),

and it is easy to check that this defines a matching between G; and Gs. Consequently, one can
form the double crossed product Gy,, and this is called the generalised Drinfeld double of G, Go
with respect to Z.

In particular, if H is a locally compact quantum group then we can consider G; = H°P, G, = H
together with the bicharacter Z = W¥. The corresponding double crossed product G, is called
the Drinfeld double of H.

7.4.2. GI*,Gs are quantum subgroups of Gy,. Let us return to the general situation of locally
compact quantum groups G1, Gy with a matching m. It is stated in [6, Theorem 5.3], see also the
introduction to [6, Section 6], that G} and G2 are closed quantum subgroups of G,,. We give a
quick argument for the convenience of the reader.

Lemma 7.12. G{* and G2 are closed quantum subgroups of Gy, in the sense of Vaes.

—_— —
Proof. Note first that GI¥ = G , compare [46, Proposition 5.4]. We have natural normal, injective
*-homomorphisms

o~ -

Y1 LOO(Gl)/ — LOO(Gm) i A 1,
Yo: L¥(G2) = L®Gm): 2 Z*(1®7)Z,

hence by [20, Theorem 3.3] it is enough to show that both maps respect coproducts.
First, take 2’ € L™(G1)’. Then @’ ® 1 € L*(G,,) and

An@ ®1) =SWi((@ ®1) ® Ly)WEE = B(EVID) 37 @ 1® 1@ 1)(SV15)153,

noting that all the other parts of Wy, cancel out. By slight abuse of notation, we write here X
both for the swap map on L? (Gm) ® LQ(Gm), which is identified with 1394, and for the swap
map on L?(G;) ® L*(G;). From the proof of [46, Proposition 4.2] we find that the coproduct on

L°(G) is given by Ag-/(#') = Vi(1 @ #)Vy, and so
An(@ ©1) = 2(SVHL QT )V1D)153 = YosAg (@)1382s = Agr (@3-
Since the inclusion L™ (@\1)’@) L ((é\l)’ — L (@;)@ L (@;) is given by a — a3, this concludes
the proof that G{® is a closed quantum subgroup of Gy,.
Take now T € L™(Gz2) so that Z*(1 ® ¥)Z € L>°(Gy,). Then, following exactly the proof of [6]
Proposition 3.5],

An(Z*(1©D)Z) = EWn(Z* (1@ D) Z © Ln)WLE = (Z* @ Z*)DNs(7)24(Z @ Z),
which is exactly the embedding of Az (%) € L™ (G2)® L(Gy) into L™ (Gm)® L (Gyn)- O
As a consequence of Theorem [(.]] and Proposition we therefore obtain the following fact.
Corollary 7.13. Suppose that Gy, has AP. Then both G; and G2 have AP.

Remark 7.14. In view of the close analogy between Drinfeld doubles of ¢-deformations of compact
semisimple Lie groups and the corresponding complex Lie groups [I], [70], it is natural to speculate
that the converse to Corollary does not hold, see also Remark 7.4 in [2]. Specifically, the
Drinfeld double of SU4(3) might be an example of a locally compact quantum group which does
not have AP.
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7.4.3. AP for @; We now aim to prove the following result.

Theorem 7.15. Let G1, Gy be locally compact quantum groups with a matching m.

o If (Gq and Gg have AP then so does G
o If Gl and G are weakly amenable wzth Cowlmg Haagerup constants Acb(Gl) Ap(G2)

then Gm is weakly amenable with Acb(Gm) < Acb(Gl) Acb(Gg).
o If G1,Gs are coamenable then so is Gy,.

An analogous result for the Haagerup property was obtained in [58], but we note that the
terminology used in [58] is different. We also note that for generalised Drinfeld doubles the
statement on coamenability in Theorem [.I5] can be shown quite easily using standard properties
of bicharacters, as discussed in a preprint version of [58].

Before we prove Theorem we need to establish a number of auxiliary results. Recall from
Section B3 the construction of a normal CB map ©(a) on L®(H) and its extension ®(a) €
CB?(B(L*(H))) for any locally compact quantum group H and a € M., (A(H)). Moreover, in the
proof of Lemma [T.T2 we introduced injective, normal x-homomorphisms ~; : L™ ((/Gg\l)’ — LOO(@;)
and 7y : LOO(GQ) — L°°(G ). We will now use these se maps to transport elements of the Fourier

algebras A(GOP) A(Gg) to left CB multipliers of A(G ).
Lemma 7.16. For w € L'(G) we have a = v (AP (w)) € Mib(A((/};)) The associated maps are
0'(a) = ©'(\P(w)) ®id € CB?(L™(G,,)) = CB? (L™ (G1)® L™®(Gy))
and
®(a) = 2(A\"(w)) @ id € CB?(B(L*(Gw))) = CB”(B(L*(G1))® B(L*(G2))).-

Proof. Take w; ® wy € LY(GP)R LY (Gy) = LY(G,,). Using WP = SViX, see [46] Section 4], we
get

Am (w1 ®@ we) = (w1 ®ws ®id ®id) ((EVTZ)13Z§‘4W2,24Z34)
(7.3) = (w1 @id)(BViZ) © 1) 27 (1® (w2 ®id)(W2)) Z
=71 (AT (w1))r2(A2(w2)),
and consequently, writing x for the product on L'(G$P),
adm (w1 @ wa) = Y1 (AT (W) A (W1 @ wa) = 71 (AP (WAL (w1)) 12 (A2 (w2))
= ()\Op(w * wl))’yz()\z(wz)) = Am ((w *w1) ® wg).

By linearity and continuity, a maps A(G ) into itself, and ©(a) has the given form.
The second assertion is verified using a direct calculation. Indeed, if z € B(L*(Gy)) =
B(L*(G;))® B(L?*(Gy)) then

Ly ® ®(a)(z) = Wi ((w ® id) AP ® id) ® id) (Wi, (1 © 2) Wy ) ) Wiy
= Wi ((w @ id) AT @ 1d9%)(Z5,W5 54 Z3a WP 3 234 WP 3 25 W 20 Z34) ) Wi,
= Wi Z5, W35 5, Zsa ((w @ id) AP @ id®° WP S 03a WP 5) Z5, W2 24 Z3a W,
= WinZ53 W5 24 Zs4((w @ 1d®) (WY W T 2as WP Wi'hy)) 23, Wa 24 Z3a W,
= Wi Z5, W3 24 Z3aW1h3 (0 @ id @ id) (WP 3223 W1T5) ) 5, W3 25, Wa 04 Z34 W,
= 1 ® (w®id @ id)(WT 3 223W1T,).
Here we use that (AP ® id)W{P = W??BW‘;?%. The claim follows from Lemma O
Lemma 7.17. For w € L'(Gs) we have b = y2(Ma(w)) € Mib(A((/};)) The associated maps are
0'(h) = m™(id ® ©'(\2(w))) m

and

®(b): B(L2(Gw)) 3 2 — Z*(id ® D(\a(w)))(Z2Z*)Z € B(LA(Gyy)).
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Proof. Using equation (Z.3), we get for wy € L'(Gy) and wy ® wy € L(G,y) the relation
Am (w1 ®@ w2)y2(A2(wo)) = 71 (AP (w1))y2(A2(w2))v2 (A2 (wo))
= 7 (AP (w1)) 12 (A2 (w2 * wp)) = Am (w1 ® (w2 * wp)),

here with x the product on L'(Gy). Thus, if Tp: L>(Gy) — L(Gy,) is the map given by
To =1id ® (id ® wg)As, then Ty is normal, and the pre-adjoint (Tp). satisfies

Am (W1 ® w2)y2(A2(wo)) = Am((T0)+ (w1 ® wa)).

As 79 intertwines the coproducts, it automatically intertwines the unitary antipodes ([49, Propo-
sition 3.10]). The same is true for Ay, and Ao, and hence we get

)\m((Rm oTpho Rm)*(Rm*(Wl ®w2))) = Am((TO o Rm)*(wl Y W2)) = Em(/\m((TO)*(Wl ®w2)))
= R (72(A2(@0))) Bon (A (01 ® w2)) = 72(A2 (R2e (w0))) A (B« (w1 @ w2)).

Now set wy = wo Ry for our given w. As the set of functionals of the form Ry, « (w1 ® ws) is linearly
dense, we obtain from Lemma 8 that b = y2(\2(w)) € ML, (A(Gy)) and ©4(b) = Ry 0 Ty o Ry
By [6l, Theorem 5.3] we know that Ry, = m™!'(R; ® Re) = (R1 ® Re) m. Therefore

)
RnoTpo Ry =m (R ® Ry)(id ® (id ® w o Ry)A2)(R1 ® Ry)m

=m 1(id® Ry o (id ® wo Ry)Ap 0 Ry) m

=m ! (id ® (id ® w)ASP) m

=m (id® (w®id)Ay) m,
and this yields the stated formula for ©!(b).

In order to verify the formula for ®(b), recall that the unitary operator Z implements m by

m(-) = Z - Z*, and hence m~1(-) = Z* - Z. Moreover, from [6, Proposition 3.5] we know that

(m ®id) (W) = Z3,W2,24Z34 W 5. For z € B(L*(Gy,)), by applying the expression for ©(b) just
obtained, we get

(©'(b) ®id) (Wi, (1 @ 2)Wy)
= (m ! ®id®id)(id ® (w ®id)As ® id ® id)
(W5 Z3a W3 24 Z34(1 © 1 ® 2) 235, Wa,24 Z34 WY 3).
Now using (As ® id)Wy = Wy 13W3 23, this expression becomes
= (m™' ®id ® id) (Wih 5 Z5,(id ® w @ id®?) (W3 55 W5 05 (Z227) 15 Wa,25W2,35) Z34W1iT 5)
= (m ' ®id®id) (W5 Z54s W5 04 (w @ 1d @ 1d) (W5 13(Z22% )23W2,13)3a W2 24 Z3a W1 3).
Finally, we use the form of ®(A\y(w)) € CB?(B(L?*(Gy))), as in Lemma B0 to get
= (m ' ®id®id) (W5 Z5, W5 54 (id © @(X2(w)))(Z2Z*)34 W2 24234 W1h3).
Using again (m ®id)(Wy,) = Z§4W2724234W(1)f’13, we continue the calculation as
= (m™" ®id @ id) ((m ®id)(W},) Z5,(id © (N2 (@) (Z2Z")34Z34(m ©1d) (Wi ))
= Wy, (m™! ®id @ id)(Z3,(id © 2(A2(w)))(Z2Z )34 Z34) Win
= Wi Zi323,(id @ ©(A2(w))) (222" )34 234 Z12Wm,
where at the end we used that m~1(-) = Z* - Z. It follows that
Ly @ ®(0)(z) = Wi (0'(0) @ id) (Wi, (1 ® )W )W
= Wi (Wi 21273, (id © ®(N2 (W) (2227 )34 234212 Wi ) W,
=(Z®Z) 1y ® (id @ ®(A2(w)))(Z2Z*))(Z ® Z),
and hence ®(b)(z) = Z*(id @ ®(A\2(w)))(ZxZ*)Z as claimed. O



44 MATTHEW DAWS, JACEK KRAJCZOK, AND CHRISTIAN VOIGT

In the next step, we shall establish continuity properties of the maps A((E‘i\p ) — Mlcb(A(@;))

and A((@) — ML, (A(@;)) described in Lemmas [[.T6 [[.T7 For this we need the following general
fact.

Lemma 7.18.

o Let E,F be operator spaces. The map (E®F)<§A§>F* — FE giwen on simple tensors by
(x®@y)® f— (f,y)x is completely contractive.

o Let A, B be C*-algebras. The map (A ® B)®(A*®B*) — ARA* given on simple tensors
by (a®b) @ (p@w) — (w,bya @ 1 is completely contractive.

Proof. Due to [23, Theorem 8.1.10] the “tensor interchange” map F*®&(F&E) — (F*@F)@E
which is the formal identity on simple tensors, is a complete contraction. Since (F *QF )
CB(F*), the identity map idp- induces the (completely) contractive linear functional F*®@F —
C: f®y +— (f,y). Composing these complete contractions shows that F*®@(F&E) — E: f ®
(y®z) — (f,y)z is a complete contraction. By commutativity of the projective and the injective
tensor products of operators spaces, respectively, the first claim follows.

For the second part recall that the injective operator space tensor product agrees with the
spatial tensor product on C*-algebras. Using the re-bracketing isomorphism

(A® B)®(A*®B*) = (((A® B)@B*)®A*,
the assertion hence follows by applying the first part to £ = A, F = B and tensoring with A*. O

Lemma 7.19. Let (w;)icr be a net in LY(GP) such that AP (w;) P 1 weak* in M, (A(@))

Consider 41 (A} (wi)) € ML (A(Gu)) and (71 (A (wi))) 6CBU( (L*(Gm))). Then (71 (A7" (wi)))
= id weak*, and thus y1(A\]* (w;)) o I L weak® in M. (A(Gm)).

Proof. By Lemma [T.I6 we have ®(v1 (A} (w;))) = ®(A\P(w;)) ®id for each i € I. Applying Lemma
I8 with A = K(L*(G,)) and B = ’C(LQ(GQ)) we obtain a completely contractive map
T: (K(L*(G1)) ® K(L*(Gy))) @(B(L*(G1)).® B(L*(G2)).) = K(L*(G1))® B(L*(G1))-
given by T'((a ® b) ® (w1 ® w2)) = (w2, b)a ® wy on simple tensors. Then
(@1 (AP (wi))), (a ® D) ® (w1 @ wa)) = (B(AT (wi))(a), wi) (b, wa)
= (2(A" (i), T((a @ b) @ (w1 @ w2))),
and hence ®(71 (AP (w;))) = T*(P(ATF (w;))). As AP (w;) = 1 weak*, we know that ®(AP(w;))

- id weak*, and so ®(v1 (A¥(w:))) = T*(id) = id weak*, as required. O
1€

Lemma 7.20. Let (w;)ics be a net in L' (Ga) with Ao(w;) — 1 weak* in Méb(A((/GE)) Then
1€

D(y2(A2(w))) = id weak* in CB? (B(L*(Gw))), and consequently vy2(Xa(w;)) = 1, weak* in

Proof. According to Lemmal[lTl. T we have ®(y2(A2(w;)))(x) = Z*(id@P(A2(w;)))(Z2Z*)Z. We can

now argue exactly as in the proof of Lemma[ZI9 Explicitly, for z@u in K(L*(Gp))® B(L*(Gmm))x,
the predual of CB? (B(L?*(G,,))), consider

(@(12(A2(wi))), x @ u) = (27 (id @ D(A2(wi)))(Z227) Z, u)
= {((id @ (Ao (w;)))(Z2Z*), ZuZ*) = ((id @ P(N\2(w;))), Z2Z* @ ZuZ™).
Since x +— ZxZ* is a complete isometry on K(L*(Gy,)) and u +— ZuZ* is a complete isometry

on B(L*(G,))«, we obtain a complete isometry T on K(L*(G))® B(L*(G))s given on simple
tensors by T(x @ u) = ZxZ* @ ZuZ*. Thus

P(y2(M2(wi))) = T*(id ® ®(N2(wi))) P T*(id) = id

weak®, as required. O
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Proof of Theorem[7.15] Assume that G, and G, have AP. Due to Proposition [£3] it follows that
(GSP)N = (G1)’ also has AP. Choose nets (w!™);e; in L'(Gy) with a; = /\Cl)p(wgl)) —1 weak* in
1€

K2

M., (A(GSP)), and similarly (w'®);c; in L (Gz) with b; = A (w!?) — 1 weak” in M},(A(G2)).
JE

Then, by Lemmas [7.10 17 we have 1 (a;),y2(b;) € Mib(A(@;)), and (T3) gives
cij = m(ai)y2(b;) = )‘m(wl(l) ® wj(?)) € A(@;).

Since M, (A(@;)) is a dual Banach algebra, see Proposition[B:3] it follows from Lemma [Z.T9 that
lim;er ¢; ; = v2(bj) weak™® for each j € J. Hence 2(b;) is contained in the weak*-closure of A(@;)
in Mlcb(A(@;). Taking the limit in j and using Lemma we see that 1y, is contained in the
weak*-closure of A(@;) in Méb(A(@;)), as required.

The remaining statements regarding weak amenability and coamenability are verified in a sim-
ilar way: if (C/}\l, @2 are weakly amenable with Cowling-Haagerup constants Ay ((C/}\l), Ay ((C/}\g) then
we additionally know that

lailles = [|D(ai)ller < Aer(Ga),  [[bjllen = [|D(b5)ller < Ach(Ga),

and consequently ||¢; ;les < Acb((@:) Acb(@\g). The result then follows from Proposition 5.7
If G1, G2 are coamenable then we can choose a;, b; such that sup;c; ;e ||cm-||A(@\) =
SUp;e; jey llwi ® wjl| < +oo. The result then follows from Proposition 5.6l O

7.5. Direct products. The double crossed product construction contains as a special case the
direct product of locally compact quantum groups. More precisely, assume that H;, Hs are locally
compact quantum groups and let m = id be the trivial matching between G = H{® and Gy = Hs.
In this case we write G, = H; x Hy and call this the direct product of Hy and Hs. Note that this
definition agrees with the usual one since

L®(H; x Hy) = L= (GP)@L*(G2) = L*™°(H; )® L (Hy),
AHI xHz = (1d XX id)(AGip ® AGz) = (ld WX 1d)(AH1 ® AHz)a

and we have ng = H-/H\l X IH/I\Q Consequently, Corollary [7.13] and Theorem [[. 18] immediately
give the following result.

Proposition 7.21. The direct product Hy x Hy of two locally compact quantum groups Hy, Hy
has AP if and only if Hy and Hs have AP.

8. CATEGORICAL AP

In this section we discuss the approximation property in the setting of rigid C*-tensor categories,
building on [2], [3], [4], [56]. As an application we show in particular that the central approximation
property for discrete quantum groups is invariant under monoidal equivalence.

Let us first fix some notation and terminology regarding C*-tensor categories, referring to [50]
for more details and background. If T is a C*-category and X,Y € T are objects we write
T(X,Y) for the space of morphisms from X to Y. We denote by idx or id the identity morphism
in T(X,X). By definition, a C*-tensor category is a C*-category T together with a bilinear
x-functor @ : T x T — T, a distinguished object 1 € T and unitary natural isomorphisms

1oX2X2Xl, XQY)Z2X®(Y®Z)

satisfying certain compatibility conditions. For simplicity we shall always assume that T is strict,
which means that these unitary natural isomorphisms are identities, and we also assume that the
tensor unit 1 is simple.

A C*-tensor category T is called rigid if all objects of T are dualisable. This means that for
every object X € T there exists an object XV € T and morphisms sy € T(X @ XV, 1),tx €
T(XY ® X, 1) which form a standard solution of the conjugate equations. That is, we have

(tX X idxv)(idxv X S}) =idxv, (SX (24 ldx)(ldx ®tj§() =idy,
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and sx(f ® id)s% = tx(id ® f)t for all f € T(X,X). The quantum trace Try : T(X,X) — C
of X is defined by Tr,(f) = sx(f ® id)s% = tx(id ® f)t%, and the quantum dimension of X is
dimg(X) = Try(idx ). Every rigid C*-tensor category T is semisimple, that is, every object of T
is isomorphic to a finite direct sum of simple objects. We write Irr(T) for the set of isomorphism
classes of simple objects in T, and choose representatives X; € T for elements ¢ = [X;] € Irr(T),
with the convention that we also write ¢ = 0 for the class [1].

The fusion algebra C[T] is the vector space with basis Irr(T) equipped with the fusion product

[(Xa] - [X;] = Z NE[Xy),
kelrr(T)

where NZ?- = dim(T(X;® X, Xi)), and the *-structure determined by [X;]* = [X,']. We will follow
the usual abuse of notation and identify X € Irr(T) with its class [X]. The regular representation
A: C[T] — B(£2(Irr(T))) is defined by A\(X)(Y) = X - Y. The tube algebra Tub(T) is

(8.1) Tub(T) = P T(Xe®Xi, X; ® Xy)
i,5,k€Irr(T)

equipped with a suitable multiplication and x-structure, see |26l Definition 3.3]. Let us only
note that Tub(T) is a non-unital x-algebra with local units, which are given by the projections
p; =id € T ® X;,X; ® 1) = T(X;,X;) € Tub(T) for ¢ € Irr(T). Moreover, the corner
po Tub(T)po corresponding to [1] € Irr(T) is canonically isomorphic to the fusion algebra C[T],
see [20, Proposition 3.1].

There is a natural faithful positive trace Tr : Tub(T) — C which vanishes on T(X; ® X;, X; ®
Xy) for i # j or X, # 1, and is given by the quantum trace Tr, on T(I ® X;, X; ® 1) for all
i € Irr(T). We write L?(Tub(T)) for the associated GNS-Hilbert space. This yields the regular
representation A\: Tub(T) — B(L*(Tub(T))) of Tub(T). The reduced C*-algebra C,(Tub(T))
and the von Neumann algebra £(Tub(T)) are defined as the closure of A(Tub(T)) in the operator
norm and the weak operator topology, respectively. The map Tr extends to a n.s.f trace on
L(Tub(T)) by [55, Proposition 3.10].

Let us next recall the definition of multipliers on rigid C*-tensor categories from the work of
Popa-Vaes [56], Section 3].

Definition 8.1. Let T be a rigid C*-tensor category. A multiplier on T is a family 6 = (6x,y)
of linear maps fxy : T(X @Y, X®Y) > T(X®Y,X®Y) for X,Y € T such that

9X2-,Y2 (gfh*) = goXhYl (f)h*,
Ox,0x, ioy, (idx, ® f ®idy,) =idx, ® 0x, v, (f) ®idy,,

for all X;,Y; €T, f S T(X1®Y1, X1®Y1) and g, h e T(Xl, XQ)@T(Yl, }/2) - T(X1®Y1, X2®}/2)
A multiplier § = (Ax y) on T is said to be completely positive (or a CP multiplier) if all the maps
Ox,y are completely positive. A multiplier § = (fx y) on T is said to be completely bounded (or a
CB multiplier) if all the maps fx,y are completely bounded and |||, = supx y e [|0x,v [|co < o0

It is shown in [56, Proposition 3.6] that multipliers on T are in canonical bijection with functions
Irr(T) — C. We will often identify a multiplier § = (fx,y) with its associated function § =
(B0k))ketre(ry. Note that we have [[((k)) kereecrylloo < 16]lcs

Let us write M, (T) for the space of CB multipliers on T. Via composition of maps and the CB
norm this becomes naturally a Banach algebra. From the definition of the correspondance between
functions on Irr(T) and multipliers, compare [56, Formula (3.5)], it follows that the product on
M_c(T) corresponds to pointwise multiplication of functions. It is shown in [2, Corollary 5.3] that
M_(T) is a dual Banach algebra, whose predual Q(T) can be constructed using the tube algebra
of T. More specifically, if 8 € Mg, (T) is a CB multiplier, define Mp: Tub(T) — Tub(T) by

My(f) =0(k)f,  feT(Xp®X;,X;®X;)C Tub(T).
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Due to |4 Proposition 5.1] the map M gives an isometric embedding of M (T) into the space
CB?(L(Tub(T))) of normal CB maps on £(Tub(T)), and also an isometric embedding with weak*-
closed image M, (T) — CB(CLy(Tub(T)), £L(Tub(T))). Then the predual Q(T) of M (T) ob-
tained in [2] is constructed as the resulting quotient of the predual C,(Tub(T))®L(Tub(T)). of
CB(Cyy(Tub(T)), £(Tub(T)).

We can approximate elements of Q(T) by taking tensor products of elements in Tub(T)
and vector functionals associated to vectors from L?*(Tub(T)). Noting that Tub(T) is dense
in L*(Tub(T)), a linearly dense collection of functionals in £(Tub(T)). is given by £(Tub(T)) >
T — (f|Tg) = Te(f*Tg) = Te(Tgf*) for f,g € Tub(T). As Tub(T) has local units, it suffices
to look at functionals of the form T +— Tr(Tf) for f € Tub(T). Under this identification, the
canonical pairing of f ® g € Tub(T) ® Tub(T) C C’,(Tub(T))®L(Tub(T)). with § € M (T)
becomes

(8.2) (0, f @ g) =Te(gMs(f))-
Let us define a weighted ¢'-norm on coo(Irr(T)) by

Ifl=" D" dimg(Xu)lf (k).

kelrr(T)

and denote by £*(Irr(T)) the corresponding completion, compare [56, Remark 10.4]. The weighting
by quantum dimensions ensures that admissible x-representations of C[T] in the sense of [56, Def-
inition 4.1] extend to contractive x-representations of £!(Irr(T)). Note that there is a contractive
embedding ¢: £} (Trr(T)) — My, (T)* given by

()(0) = S dimg(Xw(R)I(k)  (w € £(Ire(T)), 0 € Mop(T)).
kelrr(T)

Lemma 8.2. Let T be a rigid C*-tensor category. Then the Banach space Q(T) can be identified
with the closure of £*(Irr(T)) in Mep(T)* under the embedding ¢.

Proof. 1t follows from the explicit formulas that the image of the subspace Tub(T) ® Tub(T) C
¥ 4(Tub(T))RL(Tub(T)). in M (T)* agrees with the image of coo(Irr(T)) under the map ¢. In-

deed, that we obtain all of coo(Irr(T)) in this way can be seen by considering f, g € po Tub(T)pg =
C[T] in (B2). The claim therefore follows from density of the former space inside Q(T). O

Remembering that the weak*-topology on M, (T) means the one induced by the predual Q(T),
we shall now give the following definition.

Definition 8.3. Let T be a rigid C*-tensor category. We say that T has the approzimation
property (AP) if there exists a net of finitely supported CB multipliers of T converging to 1 in
the weak*-topology of M, (T).

Comparing with [56, Definition 5.1] we see that every weakly amenable rigid C*-tensor category
has AP. Indeed, a uniformly bounded net of finitely supported CB multipliers converging pointwise
to 1 converges also in the weak*-topology since cgo(Irr(T)) is dense in Q(T) by Lemma [82

Next recall the definition of the central approximation property for discrete quantum groups
from Definition We aim to show that the central approximation property for a discrete
quantum group [ is equivalent to the approximation property for the rigid C*-tensor category
Corep([N) of finite dimensional unitary corepresentations of I' (i.e. representations of I]A—) To make
the notation more coherent, we will write in this section C[I] = Pol(T) and Cry(l) = c(T),
L(T) = L=(T), and use the same conventions for the Drinfeld double D(I').

We shall first discuss the relation between categorical AP for Corep([") and AP for the Drinfeld
double D(I') of . Recall from Section [[.4T] that L°°(D(I")) = £>°(IN®L(I") with the coproduct

Apry = (i[d® x ®id)(id ® ad(W) @ id)(A @ A),
where W € £2°(IN®L(T) is the Kac-Takesaki operator of I'. Note also that we have a canonical

~

identification of the center Z¢°°(I") of ¢°°(I") with £°°(Irr(Corep(["))) = ¢°°(Irr(I")). In particular,
every multiplier 6§ € M., (Corep(I')) can be viewed as a (central) element of £°°(I).
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In what follows we will use the notion of an algebraic quantum group, see [67], [70, Section 3.2].
By definition, an algebraic quantum group is a multiplier Hopf x-algebra for which there exists
a positive left invariant functional and a positive right invariant functional. For example, if [ is
a discrete quantum group then cgo(I") and C[I'] equipped with their respective comultiplications
and Haar integrals are examples of algebraic quantum groups. Every algebraic quantum group
gives rise to a locally compact quantum group in the sense of Kustermans-Vaes via an appropriate
completion procedure, see [44]. Moreover, one finds that all elements of the underlying multiplier
Hopf x-algebra are contained in the Fourier algebra of the locally compact quantum group, see
e.g. the end of Section 1 in [44].

The Drinfeld double D(I") of a discrete quantum group I' and its dual D(I") are also algebraic
quantum groups. The corresponding multiplier Hopf *-algebras are coo(I") © C[I'] C L>°(D(I))
and

D(D()) = C[I] b coo(T) = span{y1 (Z)y2(2) | Z € C[T],z € coo(I)} € L(D(IN)),

m: L) = LDM): T—T®1,
Y2: () - L(DM): 2 — Z*(1®@x)Z
are the maps introduced in Lemmal[lT2] We will write v1(Z)v2(z) = T < x for Z € C[I'], 2 € coo(l).

Lemma 8.4. Let [ be a discrete quantum group and let D(I") be its Drinfeld double. There is an
isometric embedding
N: Mgp(Corep(l)) — CB?(L(D(I))): 8 — Ny
given by
No(Upj ) = 0()US; > xp

for U2, € C[[,z5 € B(Hg) C coo(T). If 6 € Muy(Corep(I)) then 6 @ 1 € ML, (A(D(T))) C

L®(D(IN)) and Ng = ©'(0 @ 1).

Proof. We wish to apply the results of [51], Section 3]. For this we need to work with the annular
algebra

Tub(l) = @ ( @ Mor(y ® o, f ® 7)) ® B(Ha, Hp),
a,Belrr(T)  yelr(T)
which is equipped with the multiplication given by the product from Tub(Corep(I")) in (8I]) and
the composition of operators between the Hilbert spaces H,. We refer to [26, Section 3] for the
general definition of annular algebras associated with full weight sets.

We again obtain a trace on Tub([") and so can perform the GNS construction, and construct
the associated von Neumann algebra £(Tub([)). Furthermore, [4, Proposition 5.1] applies, and
we obtain a map M : Me(Corep(I)) — CB (£(Tub(T"))) given by My(f) = 0(~)f for f = f'&T €
Mor(y®a, f@7)®B(Hg, Hz) € Tub(l') € £(Tub(I")), which is a well-defined isometric embedding.

It is shown in [51], Theorem 3.5] that there is a x-isomorphism between Tub(I") and the algebraic
convolution algebra D(D(I")) = C[I'] > cgo([") of the Drinfeld double of I'. Under this isomorphism,
the trace Tr on Tub([") does not correspond to the left invariant functional on D(D(I")) on the nose,
but both functionals can be obtained from one another by multiplication with a positive invertible
element in the algebraic multiplier algebra of Tub(l") = D(D(I)). It follows that the regular
representations of Tub(I") = D(D(I"))) on L*(Tub(I")) and L?(D(I)) are unitarily equivalent, which
means that the isomorphism in [5I, Theorem 3.5] induces a normal *-isomorphism £(Tub([")) =
L(D(T)), which restricts to a x-isomorphism C, (Tub(T)) = C’,(D(I)).

Inspecting the formulas in [51] one checks that My: Tub(l") — Tub(l) identifies under the
isomorphism Tub([") = D(D(I))) with the map Ng: D(D()) — D(D(IN)) in the statement of the
lemma. Consequently, we see that Ny extends to a normal CB map on £(D(I)).

An explicit formula for the multiplication in D(D(I)) is given in [70, page 219], though be aware
that there the factors C[I'] and coo(I") are swapped. In particular, for z € coo(I') we have that
(@M (US,) € span{r (Ug)1a(y) |1 < k.1 < dim(a),y € coo(T)} and so No(y2(2)n (UL)) =
0(a)y2(x)1 (U75)-
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From Section [[.4.0] we find that
WP = 23, W5, 25 Wi = (id © 72) (W23 (id @ 711)(W)13a,
where W = W', Given a, 1,7, there is w € £(I') with (w ® id)(W*) = U?;, because W* = x(W)
and W is given by ([6.2]). Then for & € Ll(f),
(@@ No)(WPD") = Ny (12((@ @ id) (W) (U))) = 8(a)72(@ @ id) (W) (U5))

using the previous observation. Given zg € B(Hg) C cgo(l"), notice that 8z = 6(8)zg, and so
wh = 0(a)w, as w € B(Hy)*. Thus

(W@ ® Np)(WPEI*) = (o) (w @& @id) (WP = (we o ®id)((0 ® 1) ® 1)WPD*),
As such w are linearly dense, it follows that (id@Ny)(WP(*) = ((021)21)WPT)* or equivalently,

(Np 2id)(WPD) = (1® (0 ® 1))WPD.
We conclude that §@1 € L®°(D(I)) = £°(1)&L() satisfies f@ 1 € M\, (D(I)) and ©'(#@ 1) =
Ny as claimed. O

Similar to Proposition B0, we can restrict Ny to a map in CB(Cpy(D(I)),L(D(I))). As
*4(D()) is weak*-dense in L(D([")), Kaplansky density shows that this restriction map is a

red
(complete) isometry.

Lemma 8.5. Let [ be a discrete quantum group. The map
N+ Mey(Corep(I')) — CB(Crea(D(T)), L(D(T)))
of Lemma is weak* -weak* -continuous.

Proof. As in the proof of Lemma 4] we identify C,,(D(I')) with C’,(Tub(I")) and £(D(I')) with
L(Tub(l)). Then N identifies with M : My (Corep(I)) — CB(C, (Tub(I)), L(Tub(l))), and we
note that M is again isometric.

It hence suffices to show that M is weak*-weak*-continuous, for which we shall apply Lemma [3.7]
with o = M, E = Q(Corep(I)) and F = C,(Tub(I"))&L(Tub(I")).. From the definition of Tub(I")
in the proof of Lemma [874] we see that the elements of the form w = (f ® T) ® Tr(-(g ® S)) with
f®T eMor(y®a, B®7)®B(Ha, Hz) € Tub(l') and g® S € Mor(y' ® o', 8’ ® ') @ B(Hg7, Hgr)
form a linearly dense subset D C F.

For such an w, given 6 € M, (Corep(I")) we calculate that

(Mg,w) = (Mg, (f ©T) @ Tr(-(9 ® S))) = Tr (Mo (f © T)(g @ S)) = 0(v) Tx(fg @ TS).

Hence the function 8 — (Mp,w) lies in the image of coo(Irr(T)) inside M, (Corep(I))* — in par-
ticular in Q(Corep(l')) by Lemma This verifies the condition of Lemma B.7], and the claim
follows. O

Write Z ML, (A(")) for the center of the Banach algebra M, (A(I")) and note that Z M, (A(I)) =
ML, (A(T))NZ¢>(T). Furthermore, observe that Z M, (A(I)) € M., (A(I")) is weak*-closed, hence
ZM!, (A(IN)) is a dual space, with distinguished predual being a quotient of Q!(A(I)).

Lemma 8.6. Let [ be a discrete quantum group. Then there is a canonical isometric isomorphism
My (Corep(I)) =2 Z ML, (A(T)), and this isomorphism is a weak*-weak*-homeomorphism.

Proof. Let 6: Irr(T) — C be a bounded function, identified with a central element of £>°(I). We
shall first verify that 6 is contained in M (Corep(I')) if and only if it is contained in M., (A()),
and that the corresponding CB norms agree.

Firstly, let 8 € Z M, (A(I)), considered as a map Irr(T) — C. In [56} Section 6], the associated
centraliser is denoted by Wy, see [50, Equation (6.1)], and then [56, Proposition 6.1] shows that
if Uy is completely bounded, which under our assumption it is, then the multiplier on Corep([")
given by 6 is also completely bounded, with ||6]|n,, (corep(r)) < [1€llmt, (a(r))-

Conversely, when 6 € M (Corep(I)), then by Lemma84], we know that @ 1 € M., (A(D(I))).
We again use the normal injective x-homomorphism v, : L(I') — £(D(I')) which identifies [ as a
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closed quantum subgroup of D(I), see Lemmal[l 12 As v1(Z) = T ® 1, it follows from Lemma [84]
that ©!(f ® 1) = Ny leaves the image of v; invariant, and so we obtain a map Ly € CB7(L(I))
with y1Lg = Npv1 and [|Lo[[es < [[Nollev = [|0]lcy- In particular, Le(Up;) = 0(a)Uy; for each
a,i,j. Thus 6 € ML, (A(T)), with [|0]|x,, (corep(r)) = 100lme, ary)-

As these identifications are mutual inverses, we have shown that M;(Corep(I')) 2 Z M., (A(I'))
isometrically. Let v : M (Corep(T)) — Z M., (A(T)) be the resulting isometric isomorphism,
which we claim is weak*-weak*-continuous. We again use Lemma B.7] with £ = Q(Corep([")) and
F' the predual of Z M., (A(T)), with D C F to be constructed. As the predual of Z ML, (A(I)) is
a quotient of Q'(A(I)), it suffices to take D to be the image under the quotient map of a linearly
dense subset D’ of Q'(A(I')). We take D’ C ¢1(T') C Q'(A(I)) to consist of all linear functionals
w constructed by choosing z € coo(l") and defining (y,w) = Zaehr(f) dimg (o) Tro (Yaza) for
y € £°°(I). Given 6 € Mg, (Corep(I)) and w € D induced by z € coo(l7), we see that

(7(0),w) = Y dimg(a)f(a) Tra(wa),

a€lrr(T)

~

where the sum is finite. Hence if we set z = (Tra(aza))aehr(f) € coo(Irr(I)) then (y(0),w) =

(6, 1(z)), where ¢ is the embedding of ¢*(Irr(T)) into Q(Corep(I')) as in Lemma B2 It follows that
w oy € Q(Corep(lN)), and hence v*kp(D) C kp(FE). Now Lemma B.7 yields the claim. d

Let us now compare the categorical approximation property of Corep(I") with the central ap-
proximation property of [

Proposition 8.7. A discrete quantum group I has central AP if and only if Corep(I") has AP.

Proof. The claim follows from Lemma [86] as the isomorphism M (Corep(I')) ~ Z M., (A(T')) is a
unital weak*-weak*-homeomorphism which restricts to coo(Irr(I7)) =~ Zcgo(I). O

As a consequence of Proposition B.7] we see that central AP is invariant under monoidal equiv-
alence.

Corollary 8.8. Let [ and A be discrete quantum groups such that T and A are monoidally
equivalent. Then [ has central AP if and only if A has central AP.

Proof. According to the definition of monoidal equivalence [§], the C*-tensor categories Corep(I')
and Corep(A) are unitarily monoidally equivalent. This means that Corep(I') has AP if and only
if Corep(A) has AP. Due to Proposition [87] this yields the claim. O

Finally, let us relate AP of Corep(I") and D(I').

Proposition 8.9. Let T be a discrete quantum group such that Corep([") has AP. Then the Drinfeld
double D(I") has AP. If T is unimodular, then the converse also holds: AP of D(I") implies AP of
Corep(T).

Proof. Due to Lemma B4 we have an isometric embedding M, (Corep(I)) — M., (A(D(I))) given
by 6 — 6 ® 1. As Corep(I') has AP, there is a net (;);cs of finitely supported elements in
My (Corep(I)) with 6; - 1 in the weak*-topology. By Lemma [80] it follows that the net
1€
(N, )icr converges weak* to the inclusion map in CB(Cjy(D(T)), £L(D(T))). As Ny, = ©(6; ® 1)
for each i, by Theorem [B.8] this means that 6; ® 1 = 1® 1 weak* in M\, (A(D(T'))). Since the
1€

elements #; ® 1 belong to the multiplier Hopf x-algebra, they also belong to the Fourier algebra
A(D(I)) and we conclude that D(I") has AP.

If D(I") has AP then by Theorem [TTlthe same is true for I since [ is a closed quantum subgroup

of D(I). If [ is in addition unimodular, then AP of I' implies central AP of [" by Proposition [6.8]
and consequently AP of Corep(G) due to Proposition 87 O
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