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Abstract

We study the optimal design of an innovation contest where a buyer seeks product
variety and faces a moral hazard problem. The suppliers are specialized and may differ
in their flexibility to adopt approaches outside their areas of expertise. If the specializa-
tions are sufficiently different and suppliers are otherwise symmetric, the buyer attains
the first-best with a fixed-prize contest (FPC). If one supplier is inherently advantaged
or the specializations are sufficiently close, the first-best is unattainable with an FPC.
In all cases, an auction is an optimal contest and implements the first-best, provided

the buyer can discriminate within the contest; if not, the buyer may prefer an FPC.
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1 Introduction

Contests are commonly used by public and private entities to inspire new ideas and procure
innovations.! While a contest designer may have some broad objective they hope to achieve,
there are often different means to the same end. As the ‘best’” approach is not always known
ahead of time, a designer may wish to encourage a variety of different approaches. Take,
for example, NASA’s ‘Watts on the Moon Challenge’, which sought the development of new
technology to transmit power on the moon. The broad objective is clear, but there are many
different ways this could be achieved, and NASA explicitly sought different approaches:
“NASA has a significant interest in both wired and wireless transmission, and the challenge
seeks to incentivize and demonstrate both types of solutions”?

To elicit product variety, it is only natural to seek participation from innovators with dif-
ferent areas of expertise. An important question, then, is how to structure a contest to elicit
product variety when participants are specialized. In this paper, we address this question
by extending the literature on contest design as a means of incentivizing variety (Ganuza
& Hauk, 2006; Erat & Krishnan, 2012; Letina & Schmutzler, 2019)% to an environment in
which innovators are specialized and may differ in their flexibility to adopt approaches outside
their areas of expertise. Contrasting existing results in the literature, we find that fixed-prize
contests (FPCs) can be highly effective tools for eliciting product variety. However, their
efficacy depends on the relative positions of the specializations and the competitive balance
within the contest. Specifically, FPCs perform best when the participants’ specializations
are sufficiently different and no participant is inherently advantaged.

Our model builds on the framework of Letina & Schmutzler (2019) (L&S) and is inspired
by Hotelling (1929): A buyer seeks an innovation from one of two suppliers. There are dif-
ferent approaches available to the suppliers, which correspond to points in the unit interval.
Ez ante, the ideal approach is unknown, but after the innovations are developed, the uncer-
tainty is resolved. The quality (buyer’s value) of a supplier’s innovation then depends on the
distance between the approach taken and the ideal approach. This reflects the idea that once
the buyer sees the innovations, she is better able to assess the extent to which they suit her
needs. The suppliers’ approaches are unobservable to the buyer, and the realized qualities
are observable but non-verifiable. Therefore, neither the approaches nor the qualities are

contractible, but the buyer’s purchasing decision depends on the qualities.

IFor a survey on the contest theory literature, see Konrad (2009).
thtps ://wuw.challenge.gov/7challenge=watts-on-the-moon-phase-2)
3See, also, Lemus & Temnyalov (2024), which explores information design in a related context.
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Each supplier has a specialization, which is an approach that can be adopted at no cost.
The cost incurred by a supplier is an increasing function of the distance between her chosen
approach and her specialization. These cost functions may differ, capturing the idea that the
suppliers may differ in their flexibility to adopt approaches outside their areas of expertise.

To provide a concrete interpretation of the model, consider a hypothetical mobile phone
design competition: A mobile phone company (the buyer) contracts with two product design-
ers (the suppliers) to develop prototypes for a redesigned mobile phone. Broadly speaking,
mobile phones can be large — ideal for streaming/gaming — or small — better suited for porta-
bility. The core competencies of the suppliers may differ in this regard: One might specialize
in discreet, wearable technology, while the other is experienced in designing larger tablets
with high-quality screens. The buyer, uncertain about which approach is best, seeks a range
of options, and her ideal design is most likely to fall between the two extremes — smaller
than a tablet, but more functional than an earpiece.

While the context of this particular mobile phone competition is hypothetical, procure-
ment design competitions are commonplace in both the public and private sectors. The
Department of Defense in the U.S., for example, frequently runs such competitions to pro-
cure innovative weapons and defense systems (Lichtenberg, 1988). Similarly, firms, including
Apple, Telstar, and IBM, have been noted to use such competitions (see Lu et al., 2022, and
the references therein). The question is, how should the buyer optimally structure the contest
to elicit the ‘right’ level of variety?

Given their prevalence in the real world and in the Economics literature, our baseline
model focuses on FPCs and, in line with Fullerton & McAfee (1999), we allow entry fees.
In an FPC, the buyer commits ex ante to a prize (or price) for each supplier. After the
qualities are realized, the buyer purchases from the innovator offering the greatest surplus.*

L&S find that when all approaches are equally costly, an FPC is incapable of eliciting any
product diversity. Instead, adhering to the Principle of Minimum Differentiation (Hotelling,
1929; Downs, 1957), an FPC leads both innovators to cluster at the approach that maximizes
individual expected quality.® In our model, the optimal prize structure depends on the
relative locations of the specializations, but there is never a lack of diversity in equilibrium.

If the specializations are sufficiently different, the optimal FPC calls for positive prizes

for both suppliers, who subsequently choose more conservative approaches (closer to the

4In the baseline model, we allow the buyer to set different prizes and entry-fees/subsidies for the two
suppliers. But we also consider a variant in which the buyer faces an anonymity constraint, requiring that
she offer the same contract to both suppliers. We further discuss this issue in Section 6.

SSimilar clustering is found by Erat & Krishnan (2012).



median). As these approaches are costly, the buyer maintains variety by limiting the size
of the prizes. If, in addition, no supplier is inherently advantaged — through having lower
marginal cost or a more central specialization — the buyer attains the first-best with an FPC.
If one supplier is inherently advantaged, there is a distortion from the social optimum since
the first-best approaches cannot be implemented with equal prizes. When the prizes differ,
the supplier offering the greatest surplus may not be the supplier with the highest quality.
As a result, the buyer’s ex post purchasing decision may not be socially efficient. This ex
post inefficiency gives rise to an ez ante ‘distortion cost’ for the buyer.® In response, the
buyer reduces the prize spread, relative to the prizes that implement the first-best, which
reduces the likelihood that she later purchases the lower-quality innovation. In equilibrium,
the advantaged supplier adopts an approach that is ‘too far’ from her specialization, while
the disadvantaged supplier adopts an approach that is ‘too close’ to her specialization. To
emphasize the role of the buyer’s limited commitment power in driving this result, we also
consider a variant in which the buyer can credibly commit to purchasing the highest quality
innovation. Reminiscent of results on rank-order tournaments (Lazear & Rosen, 1981), the
buyer attains the first-best with an FPC.”

When the specializations are sufficiently close, the buyer’s primary objective is to increase
variety, and this cannot be done in an FPC with two positive prizes. Instead, the buyer
awards a positive prize to exactly one supplier, say ¢. Supplier j is not excluded, but is
awarded a “prize” of zero and subsequently produces at her specialization. With this prize
structure, the buyer commits to purchasing from ¢ only if her innovation is of sufficiently
higher quality than j’s. Since similar approaches yield similar qualities, 7 is led to differentiate
her approach from j. This scenario can be interpreted as one in which the buyer engages in a
bilateral negotiation with supplier ¢, committing to a price and using the threat of acquiring
j’s default innovation as leverage to induce differentiation.

Finally, for some configurations of the specializations, the buyer cannot improve upon
the default scenario using an FPC: The optimal FPC calls for prizes of zero and leaves the
suppliers to produce at their specializations. In this case, there is, in effect, no contest at
all. Instead, the buyer leaves the suppliers to produce according to their own core com-
petencies and subsequently acquires the innovation of higher quality.® This occurs when

the specializations are moderately close — close enough that the buyer would prefer greater

6A similar distortion emerges in Maskin & Riley (2000) and Che & Gale (2003).

"See Galasso (2020) for another example of how limited commitment can lead to welfare distortions in
the context of innovation incentives.

8Equivalently, the buyer acquires both innovations and consumes the one of higher quality.



variety, but sufficiently different that the prize needed to incentivize differentiation imposes
a prohibitively large distortion cost.

We then study a more general contest design problem, a la Che & Gale (2003). In this
setting, the buyer commits to a menu of allowable prices for each supplier; after the qualities
are realized, the suppliers compete by choosing prices from their menus. L&S show that an
auction, in which prices are unconstrained, always implements the first-best, but may be
inferior (for the buyer) to an FPC if entry fees are not permissible. We extend the first point
and obtain a similar finding to the second. First, we show that the auction implements the
first-best independently of the details of suppliers’ specializations/costs and the distribution
of the ideal. Driving the result is that the location-choice subgame is a potential game
(Monderer & Shapley, 1996), with a potential equal to the objective function of the social
planner. Second, if the buyer cannot offer identity-dependent prizes/entry-fees, she may
prefer an FPC, due to the auction’s tendency to leave greater rents to the suppliers.

Our results add to the literature on innovation contest design.® Much of this literature
focuses on providing the right incentives for contestants to exert costly effort, which either
raises the probability /speed of successful innovation or increases the expected quality of the
innovation (see, e.g., Taylor, 1995; Fullerton & McAfee, 1999; Che & Gale, 2003; Schéttner,
2007).'% In either case, what defines ‘success’ or ‘high quality’ must be specified ahead of
time. This is not possible in our model, given the uncertainty over the ideal approach.

Gretschko & Wambach (2016) compare the welfare properties of different mechanisms
for procurement in an environment in which sellers are horizontally differentiated and the
buyer is uncertain of her preferences. But in their model, the specifications of the sellers are
fixed exogenously, and there is no scope for the buyer to induce different specifications.

Relative to the small number of studies that have considered contest design in the context
of eliciting product diversity, our contribution is the inclusion of supplier specializations.
This added feature is a relevant concern in real-world innovation contests. Indeed, the
consulting firm, McKinsey, recommends using prizes when the optimal approach is uncertain,
precisely to encourage participation from innovators with different areas of expertise.!' As

a concrete example, take the Mobile Design Competition organized in 2019 by Samsung and

9For studies on the optimal design of contests more broadly see, e.g., Moldovanu & Sela (2001), Liu et al.
(2018) or Olszewski & Siegel (2020).

10Baye & Hoppe (2003) show that, in some cases, patent races (innovators compete to innovate first) are
strategically equivalent innovation tournaments (innovators compete to produce the best innovation).

11«“By attracting diverse talent and a range of potential solutions, prizes draw out many possible solu-
tions...” (Bays et al., 2009, p. 49).



Dezeen, which sought the development of new accessories for Galaxy smartphones.'? One

(43

of Samsung’s stated goals with the competition was to foster “...collaboration with a wide

variety of different designers to inform the future development of its products” (emphasis
added).

Moreover, introducing supplier specializations has important economic consequences for
the optimal design of incentives for variety. Contrasting prior results, we find that with
specialized suppliers, FPCs can be highly effective tools for eliciting variety, particularly
when there is sufficient differentiation between innovators’ specializations and no supplier is
inherently advantaged. Additionally, if one supplier has an inherent advantage, the buyer
may benefit (ex ante) from committing to purchase based solely on quality, without regard
to price. Finally, we extend results from the literature and demonstrate that, quite generally,
an auction provides just the right incentives for variety. At the same time, its attractiveness
to a buyer depends on her ability to extract surplus from the innovators. If this cannot be
done effectively — e.g., because suppliers are asymmetric but the buyer is constrained to treat
them equally — an FPC may be preferable.!

Our results also add to the extensive literature on innovation incentives. A related strand
of this literature concerns the length and breadth of patent protection. Waterson (1990), in
particular, emphasizes the role of patents in influencing product differentiation. He shows
that the patent system can raise social welfare (relative to free-entry) through its influence
on firms’ variety choices. Our study complements these general insights and shows how prize
competitions can be optimally structured to improve sellers’ variety choices for a buyer.

Finally, our model relates to the spatial models used in political economy to explain
the policy choices of political candidates/lobbyists.'* Our finding that FPCs induce variety
when innovators are specialized relates to the finding that, when candidates/lobbyists are
ideological, equilibria can be supported in which policies differ (see, e.g., Osborne, 1995;
Epstein & Nitzan, 2004). Differentiating our model from this stream of literature is the

endogeneity of the rewards for victory, which is our main focus.

2https://www.dezeen.com/samsung-mobile-design-competition-brief/

13The inclusion of supplier specializations and costly location choices also has technical implications for the
model. Reisinger et al. (2023) consider a duopoly Hotelling model in which firms first commit to prices, then
choose locations in product space. The second stage of this game is similar to the location-choice subgame
in our model but differs in that location choices are costless. The authors show that in many circumstances,
a PSNE does not exist. In our model, for many prize configurations, a PSNE does exist. The reason is
that the sort of mimicry that destroys PSNE when location choices are costless need not be profitable when
location choices are costly.

“For recent contributions to this literature, see, e.g., Miinster (2006) or Balart et al. (2022).
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2 The model

There are two suppliers, called zero and one, from whom a buyer wishes to procure a single
unit of innovation. Neither the suppliers nor the buyer is certain of the ideal approach, y,
but all parties believe y is distributed according to a CDF, F, with full support on [0, 1].
We assume that F' is smooth on (0,1) with PDF f = F’, which is also smooth on (0, 1),

symmetric about 3, and increasing on [0, 3

, 3)- Formally:

Assumption 1. For all y € [0,1], f(y) = f(1—y) > 0. Fory € (0,3), f'(y) > 0.

Prior to the realization of the ideal, the suppliers simultaneously choose their approaches.
We let ¢; € [0,1] denote supplier i’s approach and let ¢ = ({y,¢;) denote a profile of ap-
proaches. Using the mobile phone design competition discussed in the introduction as an
example, ¢; can be interpreted as the screen size chosen by supplier ¢, where ¢; = 0 corre-
sponds to a very small, wearable device, and ¢; = 1 corresponds to a device as large as a
tablet. If 7 chooses approach ¢; and the ideal is y, the buyer’s monetary value of i’s innovation
is Qi(4i,y) = q— |l; — y|. We refer to Q;(-) as the quality of i’s innovation.

Supplier 7 has a specialization, s; € (0,1), where so < s1.'° If i chooses approach /;, she
incurs the cost C;(¢; — s;). Each C; is symmetric about 0: C;(x) = C;(—x) for all z € [-1,1],
and thrice differentiable with C;(0) = C/(0) =0, C/ > 0, and C!” > 0. Thus, i can produce
an innovation at her specialization at zero cost, while C;(d) > 0 for d # 0. Each supplier
pays her cost regardless of the buyer’s purchasing decision. Abstracting from concerns of
adverse selection, we assume the specializations and cost functions are known by the buyer.

In our baseline model, we focus on FPCs: Prior to the suppliers choosing their approaches,
the buyer commits to prizes, v = (vg, v1), where v; > 0 is the prize to be received by supplier i
if she wins the contest. The buyer may also charge entry fees (or offer subsidies), t = (%o, t1).
As a convention, we let ¢; > 0 denote an entry fee paid by supplier i and t; < 0 denote a
subsidy received by ¢. The approaches taken by the two suppliers are unobservable by the
buyer, while the realized qualities are observable but non-verifiable. Therefore, neither prize
may depend on the suppliers’ approaches or realized qualities, but the buyer’s purchasing
decision will be a function of the realized qualities. If the contest parameters are (v,t) and
the buyer purchases from supplier ¢, the buyer’s payoff is Q;(¢;, y) — v; + to + t; and supplier
J’s payoft is 1(i = j)v; — Cj(d;) —t;. All parties are risk-neutral, and we assume that ¢ is

sufficiently large such that the buyer will always purchase from one of the two suppliers.

15We restrict attention to specializations on the interior of the unit interval for technical convenience, as
it simplifies some of the proofs. But it has no meaningful impact on our results. Our working paper (see
Protopappas & Rietzke, 2023) covers the case where so = 0 and s; = 1.



The timing is summarized as follows: In stage 1, the buyer commits to the contest
parameters, (v,t). In stage 2, the suppliers decide whether to participate; the participat-
ing suppliers then simultaneously choose their approaches. In stage 3, the quality of each
innovation is realized, and the buyer makes her purchasing decision.

We make the following assumptions on the distribution and cost functions:
Assumption 2.
(i) For ally € 0,1, |'(y)| < 2£(0).
(it) For all d € [0,1] and each i € {0,1}, 2f (3) < C/(d).

Assumption 2(i) ensures that even the least-likely states occur with sufficiently high prob-
ability. Assumption 2(ii) implies that each supplier’s cost function is “sufficiently convex”;
in Section 6, we discuss its relevance in more detail. Assumptions 1-2 imply the following

additional properties on the distribution and cost functions:

Lemma 1. For all y,y',d € [0,1], and each i = 0,1,

(i) fly) <2f(y)
(it) Ci(d) > 2df (1)

(uii) | (y)] < Ci(d).

Terminology

We define key terms used in the analysis: Supplier i’s default innovation corresponds to an
approach choice equal to her specialization. If both suppliers produce their default innova-
tions, we call this the default scenario (or simply, default). Approaches closer to % are called
more conservative, while those further from % are more radical. If i’s specialization is more
conservative than j’s, we say that ¢ is more conservative (equivalently, j is more radical).
Supplier ¢ is more flexible than j if C! < C’j’-.16 The suppliers are symmetric if they
are equally flexible and conservative: Cy = C7 and so = 1 — s;. Supplier ¢ has a cost
advantage if the suppliers are equally conservative but ¢ is more flexible: s = 1 — s; and
C; < C}. Supplier i has a quality advantage if the suppliers are equally flexible, but i is more
conservative: C; = C; and |s; — 3| < |s; — 2|. It is obvious that greater flexibility provides an

inherent advantage, as it enables 7 to choose approaches different from her specialization at

"®When we write C] < C}, we mean C{(d) < Cj(d) for all d > 0.
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a lower cost than j. But ¢ is also advantaged when she is more conservative, as this implies
that the expected quality of her default innovation is higher than j’s.

We use the terms diversity or wvariety to refer to the spread between the chosen ap-
proaches, |¢; — {y|. Finally, we sometimes consider a simplified model in which y ~ UJ0, 1]

and C;(d) = $d?; we refer to this as the uniform/quadratic model.

3 Preliminary results

In this section, we characterize the first-best approaches; we then study the stages 2-3

subgames.

3.1 Benchmark solution — The first-best

As a benchmark, we consider the problem of a social planner whose objective is to maximize
total surplus. The planner’s problem proceeds in 2 stages: In stage 1 — facing uncertainty
over the ideal — she chooses the suppliers’ approaches. In stage 2 — after the uncertainty
is resolved — she allocates an innovation to the buyer. Efficiency requires that the planner
allocates the highest quality innovation to the buyer in stage 2. When the allocation is ez

post efficient, the ex ante expected surplus is,
Sra(l) = Qpp(l) — Co — Ci,

where Q5 (¢) is the expected highest quality innovation: Qpg(¢) = E [max{Qo(fo, ), Q1(¢1,y)}].

Since sg < sy, it is always optimal for the planner to choose approaches such that ¢y < /¢;.

Then, Qo(ly,y) > Q1(l1,y) if y < m(¢) and Qo(ly,y) < Q:1(l1,y) if y > m(¢), where
m(l) = 238 Thus, Qpg(f) = g — kpp(l), where

m(£) 1
() = / 16— y| dF(y) + / o= vl ar()

Letting Lrg = kpp + Cy + C1, the planner’s stage-1 problem can be expressed,
in Lpg(?). FB-P
in, 210 (FB-P)
Before characterizing the solution to this problem, we mention two related benchmarks.

First, Assumption 1 implies that the expected quality of ’s individual innovation is maxi-

mized at an approach of % Second, Qpp(f) is maximized at approaches (s*,1 — s*), where,

8



F(s*) = - (1)

1
2
vidual innovation, but decreases diversity. Given the uncertainty over the ideal, there is

Moving both suppliers’ approaches closer to 5 increases the expected quality of each indi-
inherent value in maintaining variety, as this generates an option value for the buyer. The

approaches (s*,1 — s*) balance this trade-off to maximize the expected highest quality.

Proposition 1. There is a unique solution to (FB-P) characterized by the following first-

order conditions:

F (m (€77)) = 2F (¢§7) = C} (€57 — s0)
1+ F (m (("P)) = 2F (¢1°) = Cy (677 — s1) .

Moreover, if sg, 1 — s < s*, then, so < £5P and (B < s,. If s* < 59,1 — s1, then, ()P < s
and s, < (F'B,

The first-best approaches characterized in Proposition 1 balance the trade-off between
raising the expected highest quality and limiting costs.

To provide the intuition for the two cases (sg, 1 — 51 < s* and s* < 59,1 — $1) mentioned
in Proposition 1, first note that Assumptions 1-2 imply s* < % (see Lemma A.1 in the
Appendix). Thus, the condition sy, 1—s; < s* implies sg < % < % < 51, which means that the
specializations are sufficiently different and radical — i.e., positioned at opposite ends of the
unit interval. In this case, the default results in an inefficiently high level of diversity. Relative
to the default, it is optimal for the planner to reduce diversity and choose more conservative
approaches. Conversely, the condition s* < sg, 1 — s; implies, % <859 < 51 < %, which means
that the specializations are relatively close to one another and positioned towards the center
of the unit interval. In this case, the supplier’s specializations are ‘too conservative’ and the
default results in an inefficiently low level of diversity. Relative to the default, the planner

chooses more radical approaches and increases variety.

3.2 The buyer’s purchasing decision

Here, we examine the buyer’s ex post purchasing decision. Given the prizes and realized
qualities, the buyer purchases from 7 if she offers a greater surplus than j: Q;((;,y) — v; >
Q;(¢;,y) —v;. If both offer the same surplus, Qo (4o, y) —vo = Q1(¢1,y) —v1, we adopt the tie-
breaking rules in Che & Gale (2003) and L&S: We assume that the buyer has a preference for

9



quality and purchases from supplier 7 if Q;(¢;,y) > Q;(¢;,y). If Qo(lo,y) —vo = Q1({1,y) —v1
and Qo(lo,y) = Q1(¢1,y), the buyer purchases from each supplier with probability %

It is useful to note that if |v; —vg| < €1 — £y — i.e., the approaches are sufficiently different,
relative to the prize spread — then supplier zero [one| wins with probability F (yo (¢,v))

[1— F(yo(¢,v))], where,
fo + 61 + v — g
yo(l,v) = 5 )

However, if the approaches are sufficiently close, relative to the prize spread — in particular,

|61 — ly| < v; — v; — then the supplier with the smaller prize, j, wins with probability 1. In
this case, the difference in qualities is always less than the difference in prizes; hence, j offers

greater surplus in any state of the world.

3.3 The suppliers’ equilibrium approaches

In this section, we take the prize values as given and study the stage-2 approach choice sub-
game, assuming both suppliers have entered. We focus on pure-strategy Nash equilibrium in
this subgame (henceforth, “equilibrium”).!” Letting p;(¢,v) denote i’s probability of victory,
her expected payoff is m;(¢,v) = p;i({,v)v; — Ci({; — s;). Supplier i solves maxy,cp1 mi (¢, v).

The functional form of p; differs, depending on the prizes. If v = vy, then,

F(m(ﬁ)), 60 < 61
polt) = {1 fo—t,
1-— F(m(ﬁ)), by >ty

Letting go(¢,v) = tat=r1 and 1(-) be an indicator function; if vy # vy, then,

F(y0(€7v))7 61 - 60 Z |U1 - UOl
po(l,v) = 1wy < v1), |6y — Lo| < |v1 — wol,
1- F(g0<€,1)))7 EO - El Z |U1 - UO'

And p(4,v) =1 —po(f,v). Let

up(l,v) = F (yo (¢,v)) vo — Co(Lo — So)

1"For tractability, we do not consider mixed strategy Nash equilibria (MSNE). For a treatment of MSNE
in a game closely related to the 2nd stage of our game, see Reisinger et al. (2023).
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and

ur (6, v) = [1 = F (yo (£,0))] vy — C1(€y — s1).

For (¢,v) such that |v; — vg| < €1 — by, mi(¢,v) = u;(¢,v). Note that each u; is differentiable
in (¢,v) and twice differentiable whenever yo(-) € (0,1). Moreover, Lemma 1(iii) implies
2015 . 2u; (L0
T < 1S oD = £ (wo())]: thus, if v; < 4 then T <.
While the w;’s are relatively well-behaved, the 7;’s are not generally continuous or quasi-

v
<4

concave. As a consequence, for a given pair of prizes, different types of equilibria can emerge;
moreover, there may be multiple equilibria, or an equilibrium may not exist. Propositions
A.1 and A.2 (in the Appendix) provide several necessary equilibrium conditions and give
sufficient conditions for existence. To avoid cumbersome technicalities, we present a parsi-
monious result, which emphasizes just the most important ideas for our later analysis. In

what follows, we let @(v) denote the set of stage-2 equilibria when the prizes are v.
Proposition 2. Let vy,v; > 0 and suppose (* € &(v). Let df = |0F — s].
(i) If di, di > 0 then so < €5 < {5 < s1, [oy — vo| < €f = £, and 2552 =0, i =0, 1.
(ii) If s1 — so < v; and v; = 0 then €5 = s; and {; € {s;,5; & v;}.

Part (i) shows that FPCs tend to reduce diversity relative to the default. More precisely,
in any equilibrium in which both suppliers choose approaches different from their special-
izations, the approaches lie between the specializations. Moreover, the approaches remain
sufficiently far apart that the equilibrium occurs in the region of the strategy space where
T = Uj.

Part (ii) shows that, despite their tendency to reduce variety, an FPC can induce greater
variety. To explain, suppose v; = 0 and s; — sy < v;. Clearly, j has a dominant strategy
to choose s;. Moreover, ¢’s prize is sufficiently large that, if she were to choose s;, or any
other approach that is too close to s; (specifically, any approach in (s; — v;, s; + v;)), the
difference in qualities is never large enough for the buyer to purchase from i. Depending
on the cost of doing so, ¢ may therefore choose to differentiate her approach from j, which
increases the potential difference in qualities, and gives ¢ some chance of victory. The next

example illustrates.

Example 1. Consider the uniform/quadratic model, and suppose so = %, 51 = %,
3

and v1 = =. In any equilibrium, {3 = sg, so we focus on the choice of supplier one. To
10 > 0 ’

’UOIO

win with non-zero probability, supplier one must choose an approach outside the interval,

(so — v1, 80 + v1) = (55, 15). It is straightforward to compute that either (; = sy or (; = L,

11



depending on cy. In particular, for c; < 18, there is a unique equilibrium with {7 = %. For
c1 > 18, there is a unique equilibrium with (; = s1. For ¢y = 18 there are two equilibria; one
7

in which 7 = s1 and one in which ¢ = +.
1 1= 10

The next result provides sufficient conditions guaranteeing uniqueness of equilibrium,

and gives necessary and sufficient conditions characterizing this equilibrium, should it exist.

Lemma 2. Suppose sg,1 —s1 < s* and either 0 < vy < vy <251 —s50—1 0r0 < v <yy <

s1 — 2sg. Then there is at most one equilibrium in the stage-2 subgame and ¢* € ®(v) if and

only if,

o1 —vo| < 47— 15 (2)
au 0* U % ! [ ok
L) % o 6, 0) = ol = 30) = 0 ®)
Ouq (£* v . y
A B (o) — i - ) =0 ()
v <v; = w(l*v) > v —C; (€j+vo—v1 _Si) (5)

Recall from the discussion following Proposition 1 that sg, 1 — 51 < s* implies sg < % <
% < s1, meaning that the specializations are sufficiently different and radical. Under this
condition, Lemma 2 shows that if the prizes are not too large, then any equilibrium is unique
and characterized by (2)-(5). Condition (2) says that the equilibrium occurs in the region
of the strategy space where m; = u;. Conditions (3)-(4) are local optimality conditions,
ensuring each 7;(-, £, v) attains a local maximum at ¢;. Condition (5) is a global optimality
condition, which ensures the low-prize innovator does not have an incentive to deviate to a
point at which her payoff jumps upwards.

Thus far in this section, we have treated the prizes as exogenous. In the next section,
we analyze the buyer’s optimal choice of these prizes. While a stage-2 equilibrium need not
exist for every possible prize configuration, it is important to note that there are always
prize configurations for which a stage-2 equilibrium does exist. Trivially, if vg = v; = 0
then (sg,s1) € ®(v). However, our next result shows that there are also non-trivial prize

configurations for which an equilibrium exists.

Lemma 3. Ifv; =0 for some i then &(v) # 0 for all v; > 0. Furthermore, if s < s1, then
there exist vy, vy > 0 such that ®(v) # 0 and ¢* € P(v) = (f # s; for each i.

Lemma 3 shows that, for any configuration of the specializations, an equilibrium always

exists if v; = 0 for some 7. Moreover, as long as the suppliers have different specializations,
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there are strictly positive prizes for which an equilibrium exists and, in any equilibrium, both

suppliers choose approaches different from their specializations.

4 The optimal FPC

We now study properties of the optimal FPC. To begin, we set up the buyer’s problem.

4.1 The buyer’s problem

As discussed in Section 3.3, certain prize configurations may lead to multiple equilibria. In
such cases, we assume the suppliers play the equilibrium that is preferred by the buyer. We
also note that it is always optimal for the buyer to ensure participation from both suppliers.
This is because each supplier’s default innovation can be produced at no cost; therefore, the
buyer can costlessly benefit from supplier ¢’s participation in the contest.

Given a pair of approaches and prizes, we let Q,(¢,v) denote the ex ante expected quality

of the innovation purchased by the buyer:

Qy(l,v) =q— Zpi(é, V)E[|¢; —y| | i wins the contest] .

The buyer’s stage-1 expected payoff is, 7, (£, v,t) = Q, (£, v) —po (£, v)vo—p1 (€, V)V +to+t1;
her objective is to induce an equilibrium ¢ € @(v) by choosing (v, t), so as to maximize 7y;
formally: maxy,, 7 (¢,v,t) s.t. v; > 0,m(¢,v) —t; > 0,i=0,1 and ¢ € D(v).

Note that in any optimal FPC, the individual rationality constraints, m; > t;,7 = 0,1,
must bind. If not, the buyer could increase ¢; and strictly increase her payoff. We formalize

this below (we omit the proof, as it is immediate from the text):
Lemma 4. In any optimal FPC, tf = m;((*,v*), and the suppliers capture no rent.

Lemma 4 is consistent with moral hazard models under risk neutrality, where agents
typically capture no rent, absent additional frictions such as wealth constraints or adverse
selection. Consequently, our baseline model avoids the typical rent-extraction/efficiency
trade-off, allowing us to focus on a less conventional trade-off concerning ex ante vs. ex
post efficiency. However, in Section 5, we study a variant of the model in which the buyer
is subject to an anonymity constraint. In that setting, one supplier may capture a positive

rent, and the standard trade-off arises.
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Given Lemma 4, we can express the buyer’s payoff as
7Tb(£, U) = @b<£7 U) — CO(KO — So) — 01(61 — 81),
and we may formulate the buyer’s problem as

n%awa(ﬁ,v) s.t. vg,v1 > 0, and £ € (v). (P)
To elucidate the ex ante/ex post efficiency trade-off, it is instructive to relate the buyer’s

objective function with that of the planner in Section 3.1. See that 7, can be written,

7Tb<€,7j) = SFB(E) — T(ﬁ, U),

where T((,v) = Qpg(f) — Q,(¢,v). We refer to T as the buyer’s quality distortion cost,
and it captures the loss of ex ante surplus that results from the buyer’s (potentially) socially
inefficient ex post purchasing decision. To elaborate, note that by definition of Q g, T(¢,v) >
0. That is, the ex ante expected quality of the innovation purchased by the buyer can be no
greater than the expected highest-quality innovation. If vy = vy, the buyer always purchases
the highest-quality innovation, and in this case, T'(¢,v) = 0. On the other hand, if vy # v,
and ¢y # (1, then, with strictly positive probability, the buyer purchases the lower-quality,
cheaper, innovation; in this case, T'({,v) > 0. Moreover, the greater the spread of the
prizes, |v; —vg|, the more likely it is that the buyer subsequently purchases the lower-quality

innovation. For this reason, T, is increasing in the prize spread, |v; — vg].

4.2 Optimal prize structures

This section provides some general features of the structure of the prizes in the optimal FPC.
We let Fp = {(¢,v)|l € ®(v),v9,v1 > 0} denote the buyer’s set of feasible choices and we
note that by Lemma 3, Fp is non-empty. We also let Ap = argmax(g ez, m (¢, v) denote
the set of optimal FPCs for the buyer.

Before stating the main results in this section, we provide two preliminary results; the

first one shows that a solution to the buyer’s problem exists.
Lemma 5. Ap # 0 for all sq, s, € (0,1).

The next result shows that the buyer offers a non-zero prize to ¢ if and only if i’s subse-

quent equilibrium approach is distinct from her specialization.
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Lemma 6. Let (¢*,v*) € Ap. Then, v > 0 if and only if £ # s;.

Our first main result in this section shows that if the specializations are sufficiently
different and radical, the buyer awards a non-zero prize to each supplier. On the other hand,

if both specializations are conservative enough, at least one supplier’s prize is zero.

Proposition 3. If the specializations are sufficiently different, the buyer awards a non-
zero prize to each supplier, and equilibrium variety decreases relative to the default. If both
suppliers’ specializations are sufficiently conservative, then at least one supplier’s prize is
zero. Formally, if sg,1 —s1 < s* then ((*,v*) € Ap implies v§, v > 0 and sy < {5 < {7 < s.
If s* < 89,1 — 51 then (€*,v") € Ap implies v; =0 for some j.

When the specializations are sufficiently different (sg,1 — s1 < s*), the buyer wants
to elicit more conservative approaches; she can implement such an equilibrium by offering
positive prizes to both suppliers. On the other hand, if the suppliers are both sufficiently
conservative (s* < sg,1 — s7), the buyer wants greater diversity. As an FPC with two
positive prizes tends to reduce diversity, there is a conflict between the buyer’s objective and
the supplier’s incentives. But recall from Proposition 2 and Example 1 that the buyer may
be able to elicit greater diversity by offering one positive prize. As our next result shows,
when the specializations are sufficiently close, this is indeed the structure of the optimal
FPC.

Proposition 4. If the specializations are sufficiently close, the buyer awards a positive prize
to exactly one supplier and equilibrium variety increases relative to the default. Formally,
for each s € (0,1) there exists € > 0 such that for all sy € (s1 —€,s1], (¢*,v*) € Ap implies

* * * %
v =0 < and s1 — so < [{] — s5] = v}.

When the specializations are close, the buyer benefits from increased variety, and she
can accomplish this by awarding one positive prize that exceeds the spread between the
specializations. As outlined in the Introduction, we can interpret this scenario as one in
which the buyer negotiates solely with ¢, using j’s default innovation as leverage to induce ¢
to differentiate her approach. It is then natural to ask with which supplier the buyer chooses

to negotiate. The next result sheds light on this question.
Proposition 5.

(i) Suppose supplier i has a cost advantage and the specializations are sufficiently close.

Then the buyer awards a non-zero prize only to supplier i. Formally, suppose C! < C’]‘
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and so = 1 — s1 = s. There exists € > 0 such that for all s € (% — €, %], (0, v*) € Ap

implies v; =0 < v}.

(i1) Consider the uniform/quadratic model and suppose supplier i has a quality advantage
and the specializations are sufficiently close. Then the buyer awards a non-zero prize
only to supplier i. Formally, suppose Co = Cy. For each sy € (0,1) there exists € > 0

such that for all sy € (s1 — €, s1) with |s; — 1| < |s; — 3|, (€*,v*) € Ap(so, s1) implies

* *
vi =0 <uwyj.

Part (i) of Proposition 5 shows that if i is more flexible and the specializations are symmet-
ric and sufficiently close, the buyer negotiates only with 7. The intuition is straightforward:
The buyer wants to induce one supplier to choose an approach different from her special-
ization, and the more flexible supplier can do so at a lower cost. As the buyer internalizes
these costs, she is best off motivating the more flexible supplier.

Part (ii) of Proposition 5 shows that if ¢ has a quality advantage and the specializations
are sufficiently close, then in the uniform/quadratic model, the buyer negotiates only with
1. This result is more subtle, and there are competing forces at play.

To explain, suppose sg < s; and both specializations are close to 1. Here, the buyer wants
one supplier to choose a more conservative approach. To implement a given level of variety, it
is more costly to do so by awarding the prize to supplier one since she would necessarily need
to adopt an approach further from her specialization. All else equal, this favors awarding the
prize to supplier zero. On the other hand, for a given level of variety, more centrally-located
approaches tend to generate higher quality for the buyer. More precisely, for any £ > 0 and
any two approaches such that |¢; — ¢y| = k, the expected maximum quality is higher when
the midpoint between those approaches is closer to % All else equal, this favors awarding
the prize to supplier one, as the resulting approaches would be more centrally located. For
the uniform distribution, the second force is more subdued, and the first force dominates.
However, this second force is stronger when the ideal is strictly less likely to occur in more
radical regions of the approach space.

To close this section, we first present an example illustrating how the prize structure
changes as the specializations vary. We then discuss configurations of specializations not

covered by the results in this section.

Example 2. Consider the uniform/quadratic model and suppose C;(d) = 3d* and sy =
l—51=5< % We will examine how the structure of the optimal FPC varies with s. First,
1

let s < s* = 7. As will be shown in Lemma 7, the solution to the buyer’s problem is the
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solution to (P’), which is characterized in the FOCs in (17)-(19). Solving this system, we
obtain, v5 = vi = %—%s > 0, and the equilibrium approaches are, {§ = 1—{; = 5—1—% = %—i—g.

Next, let s > %. Using Propositions 3 and /, we can compute the optimal FPC by
comparing the buyer’s payoff in two scenarios: The first is her payoff in the default scenario;

we denote this payoff by Wgef(s). It holds,

1 1
e 2 1
Wiff(S):q—/ Iy—SIdy—/Iy—(l—S)ldy=q+s—282—Z-
0 :

In the second scenario, the buyer chooses v; = 0 < s1 — 59 < v; and i’s equilibrium
approach satisfies |0; — s;| = v;. As the suppliers are symmetric, it is irrelevant whether
the prize 1s awarded to supplier zero or one, but for concreteness, let’s suppose vy > 0.
Assuming supplier zero then adopts an approach different from her specialization, there is

an equilibrium in which by = Lo(vy) = 81 — vo.'® The buyer’s payoff is then,

£o(vo) 1 1 )
0= [ o) =)y = [ = (1= s)ldy = 5 fafoo) — 5P ()
0 2o (vo)

The buyer chooses vy to mazimize (6) subject to the constraints, vy > s3 — so and
uo(lo(vo), s1) > 0. The first constraint ensures that the prize provides the right incentive for
supplier zero to differentiate her approach from supplier one. The second constraint ensures
that supplier zero is better off choosing an approach different from her specialization (at the
optimum, neither constraint binds). Computing the value function associated with this prob-

lem and comparing it with Wgef , we find the optimal prize structure: Letting s = LG ~ 408,

for s € E,E), vy =v] =0 and {; = s;. Fors € (E,%

19

* * 2
],UI—O<31—30<UO—§—S,

® * * __ 1
07 =51, and 05 = s — vy = 3.

Example 2 examines a scenario in which the suppliers are symmetric with so =1 — s; =

s < % As s increases from 0 to %,
the structure of the optimal FPC changes. Consistent with Proposition 3, for s < % = s*,

vy, v; > 0, but when }l < s, vj = 0 for at least one supplier, j. In particular, there is

5 € (i, %) such that for s € H,E), vy =v] = 0, whilst for s € (3, %], v =0 <.
To understand the distinction between the latter two sub-cases, recall from the discussion

the specializations move closer to one another, and

surrounding Proposition 3 that, when the buyer wants to encourage greater diversity, she

8For s < %, this equilibrium is unique. For s = %, supplier zero is indifferent between choosing s; — vg or
$1 + vp; this is not important, since the buyer would also be indifferent between these two choices.
197f s = 5, the buyer is exactly indifferent between choosing v§ = vi =0 or v} =0 < vj.
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must offer a strictly positive prize to exactly one supplier and that prize must exceed the
spread between the specializations: s; —sy = 1 —2s < v;. For s close to %, the specializations
are close and the buyer can elicit greater diversity with a small prize, which imposes a small
quality distortion cost. In addition, the buyer’s default payoff is low. In this case, the benefit
from increased diversity outweighs the cost of achieving it. As s decreases towards }U the
buyer’s default payoff increases. Additionally, the minimum prize needed to elicit greater
variety increases, which increases the quality distortion cost. For s close enough to i, the
benefit from increased variety is outweighed by the cost, and the buyer is better off at the
default. The threshold, s, leaves the buyer indifferent between the default and implementing
greater variety.

Finally, it is worth discussing the parameter configurations not covered by the results in
this section (for example, if 1 —s; < s* < 59 and the specializations are not “too close”). The
qualitative conclusions drawn from Proposition 3 and Example 2 extend to such scenarios.
For instance, if the specializations are sufficiently different, the optimal FPC specifies positive
prizes for both suppliers, and equilibrium variety decreases relative to the default. If the
specializations are moderately close, then the structure of the prizes depends on whether the
buyer is most concerned with increasing or decreasing variety (relative to the default).

Figure 1 illustrates how the structure of the FPC changes in Example 2 for all possible
configurations of the specializations in which supplier zero has a quality advantage; i.e.,
sp > 1—s7 (the case sy < 1—s; is symmetric). The relevant region of the parameter space is
the triangle bounded on the left by the line s; = 1 — sg and on the right by the line s; = s;.
Hence, as we move from left to right in the triangle, the specializations move closer to one
another.

In Region 1, the specializations are sufficiently different and the buyer awards a positive
prize to both suppliers. In Region 4, the specializations are sufficiently close and the buyer
awards a positive prize to only one supplier — supplier zero in this example — and induces
greater variety. In Regions 2 and 3, the specializations are moderately close. In Region 2, the
buyer awards a positive prize only to supplier one. Different from the single-prize scenario
covered in Proposition 4, this prize is sufficiently small (specifically, v; < s1 — s¢) that it
provides supplier one an incentive to adopt a more conservative approach, and equilibrium
variety decreases relative to the default. Intuitively, in this region, supplier one’s default
innovation is of sufficiently low quality that the buyer’s primary motivation is to encourage
her to adopt a more conservative approach. This can be accomplished by offering her a

sufficiently small positive prize. Ideally, the buyer would also like supplier zero to adopt a
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more radical approach (closer to 0), but such an equilibrium cannot be implemented with
two positive prizes. Instead, the buyer awards a prize of zero to supplier zero. In Region 3,
both prizes are 0, and the intuition is analogous to the case s € [%, 5) in example 2. That is,
the buyer would like to increase diversity, relative to the default, but to do so would require

a prize spread that imposes too large of a quality distortion cost on the buyer.

Ny

0 01 02 03 04 05 06 07 08 09 1

0.5 ‘ ‘

S0

Figure 1: An illustration of how the structure of the prizes in the optimal
FPC changes as the specializations vary in Example 2. In Region 1, vg,vi >
0. In Region 2, v5 =0 < vf < s1 — sg. In Region 3, v = vi =0. And in
Region 4, vi =0 < s1 — s9 < v§.

4.3 Further analysis and welfare implications

We now examine the welfare implications of moral hazard in our model, and we explore fur-
ther properties of the optimal FPC when the buyer awards positive prizes to both suppliers.
In what follows, we let 7} = m,(€*,v*) denote the buyer’s ex ante expected payoff in the
optimal FPC, and let S8 = Spp(¢f'B) denote maximized ex ante total surplus. We say
that the buyer attains the first-best if 7; = S¥5. Our first result shows the circumstances

under which the buyer can attain the first-best.

Proposition 6. The following statements are equivalent:
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(i) The buyer attains the first-best with an FPC.
(i1) CLUEB — s0) = C(s1 — 4'8) > 0.
(iii) There exists vi'B = v’ >0 such that (*P € &(vF'P).

Proposition 6 shows that the buyer attains the first-best if and only if the first-best
approaches can be implemented by equal prizes; equivalently, marginal costs are equal at
the first-best approaches and sy < €58, (1B < s;. Intuitively, when the prizes are equal,
the quality distortion cost is zero. So, if the first-best can be implemented by equal prizes,
the buyer offers such prizes, appropriates the suppliers’ surplus through the entry fees, and
attains the first-best payoff. The structure of the optimal FPC here is similar to the typical
‘franchise contract’ that emerges in moral hazard models with risk neutrality (see, e.g.,
Bolton & Dewatripont, 2004). On the other hand, if /' cannot be implemented with equal
prizes, the buyer must either offer unequal prizes and/or implement different approaches.
Either way, she cannot attain the first-best. We now provide a more economically meaningful

corollary, which shows one set of circumstances under which the first-best is attainable.

Corollary 1. If the specializations are sufficiently different and the suppliers are symmetric,
the buyer attains the first-best with an FPC. That s, if s = 1 —s1 < s* and Cy = C}, then,

7 = StB,

When the suppliers are symmetric, the first-best can be implemented with equal prizes
and, as a result, there is no distortion from the social optimum. Note that symmetry of
the distribution is important for Corollary 1, but is not critical for Proposition 6. That
is, whenever the first-best can be implemented with equal prizes, the optimal FPC will be
socially optimal. But with an asymmetric distribution, this need not correspond to a setting
with symmetric suppliers. In the remainder of this section, we provide further insights into
the design of the optimal FPC when the specializations are sufficiently different but the
first-best cannot be attained.

To begin, we discuss some technical points that will greatly simplify the analysis. By
Proposition 2, if ¢ € ®(v) and ¢; # s; for each i then |v; — vg| < ¢1 — {y. This means
Q,(l,v) = q— k(£,v), where

yo(ﬁ,v) 1
o) = [ M= ulaFw)+ [ 16 =slaF)

yo(¢,v)
In addition, ¢ must satisfy the first-order conditions given in equations (3) and (4). Motivated
by these facts, let
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L(g, U) = Ii(g, U) -+ Co(eo — So) + Cl(go - So),

and consider the following auxiliary problem for the buyer:

0 % éa
maxq — L({,v) s.t. vg,v1 > 0,|v; —vo| < 1 and duill,v)

1o o, =0, 1=0,1. (P

Similar to the first-order approach used to characterize optimal contracts in principal-
agent models, the problem (P’) simplifies (P) by replacing the equilibrium constraint with
the first-order conditions in (3)-(4).%° Our next result shows that the solutions to (P’) and

(P) coincide when sg, 1 — s1 < s*.
Lemma 7. If 59,1 — 51 < s*, then, (£*,v*) solves (P) if and only if (¢*,v*) solves (P’).

Lemma 7 greatly simplifies the analysis, as we can study the buyer’s problem, (P), by
analyzing the simpler problem, (P’). This is not obvious because the feasible sets (and,
in general, the objective functions) in the two problems do not coincide. Nevertheless, we
exploit this fact to characterize the solution to the buyer’s problem in Appendix B.1 (see

equations (17)-(19)). Here, we focus on the key ideas.

Proposition 7. Suppose so,1 — s1 < s* and C} (|tF'P —s;|) < CL (|02 —s;]).  Then

=3 < | =1 Moreover, |0; — 1| < [¢FF —3

(0*,v*) € Ap implies v < v} and 2

while |08 — 1| < |6 — 4.

Proposition 7 describes some key features of the optimal FPC and shows how the
approaches are distorted when the social optimum is unattainable. In particular, when
C! (|€fB — sl‘) < (] (!EfB — sj|), supplier 7 is awarded a smaller prize and adopts a more
conservative approach than supplier j. Moreover, relative to the first-best, ¢ adopts an
approach that is too conservative and too far from her specialization, while 57 adopts an
approach that is too radical and too close to her specialization.

To provide the intuition, first note that under the hypotheses of Proposition 7, the buyer
could implement the first-best approaches by offering unequal prizes, v/’ < UJF B However,
doing so requires a prize spread that results in a high-quality distortion cost. Instead,
relative to the first-best approaches, the buyer induces ¢ to choose an approach further from

her specialization and induces j to choose an approach closer to her specialization. Doing

20The additional constraint that |v; —vg| < 1 is made purely for technical reasons. It is shown in Appendix
B that this constraint never binds.
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so enables the buyer to reduce the prize spread, which limits the distortion cost. Also note
that since one supplier’s approach is more conservative than her first-best approach, while
the other’s is more radical, it is not clear how the equilibrium level of diversity compares
with the first-best. Indeed, the comparison is generally ambiguous, and it is not difficult to
construct examples wherein equilibrium diversity is greater, lower, or equal to the first-best
level.

Following on from Proposition 7, the next corollary provides a more economically mean-
ingful statement revealing the nature of the distortion that arises. In what follows, we say
that supplier ¢ has an advantage over j if she is both more flexible and conservative than j:

C; < ¢ and ‘si — %‘ < }sj — %|, where at least one inequality is strict.

Corollary 2. If the specializations are sufficiently different and supplier i has an advantage
over j then 1 receives a smaller prize and chooses a more conservative approach than j.
Moreover, i’s equilibrium approach is more conservative than her first-best approach, whilst
, and C} < CF,
where at least one of the inequalities is strict, then (£*,v*) € Ap implies, v} < vj and

P8 _ L] < |6 — L] while |0 — 4] < PP — 1],

j’s 1s more radical. Formally, suppose sg, 1 — s < s*. If |s¢ — %‘ < |5j — %

*_ L *_ 1
e 2| < ’Ej 5|- Moreover,

As Corollary 2 suggests, if i has an advantage over j then C/ (MFB — sl‘) < (] (‘EfB — Sj‘)
and the conclusion of Proposition 7 follows.

Corollary 2 is reminiscent of a common theme in contest design, which is ‘leveling the
playing field” — i.e., placing contestants on equal footing to raise the intensity of competition
(see, e.g., Chowdhury et al., 2023). However, the motivation behind awarding a larger prize to
the disadvantaged supplier in our context is driven by very different considerations; namely,
the buyer’s motivations to balance a trade-off between raising individual expected qualities,
maintaining variety, and limiting costs. Suppose, for example, ¢ has a quality advantage
over j. By definition, this means ¢’s default innovation is closer to % — the innovation
that maximizes expected individual quality. Due to diminishing returns, at the default, a
marginally more conservative approach for ¢ yields a lower marginal increase in her expected
quality, as compared to j. Driven by this fact, the buyer wants to motivate j to move further

from her specialization than ¢, and this calls for a greater prize for j.

4.4 Contractible rank-order

As we showed in the last section, when one supplier is advantaged, the buyer is unable to

attain the first-best with an FPC. Driving the inefficiency is not moral hazard per se. Rather,
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it is the buyer’s inability to commit to an ex post socially efficient purchasing rule. In this
section, we formalize this intuition. In the spirit of Lazear & Rosen (1981), we examine a
model in which the rank-order of qualities is contractible, and the buyer can commit to a
purchasing rule. We show that the buyer can achieve the first-best with an FPC for any
specializations such that sp, 1 — s; < s*.

Formally, given the realized qualities, let 2o(Q) = 1(Qo > Q1) be an indicator function
equal to 1 if Qp > @ and equal to 0 otherwise. We assume that zo(:) is contractible. In
stage 1, the buyer chooses the contest parameters, (v,t), and commits to a purchasing rule,
w : {0,1} — {0,1}, which is a mapping from the realizations of z; to the identity of the

supplier from whom the buyer will purchase.?!

Proposition 8. If so,1 — s1 < s* and the rank-order of qualities is contractible, then the
buyer attains the first best with an FPC.

Consider the context of a procurement design competition, as discussed in the Introduc-
tion. Proposition 8 suggests that buyers might benefit from committing to evaluate design
submissions anonymously — that is, without regard to the identities (and therefore the prize

values) attached to the submissions.

5 Optimal contests

In this section, we study the design of optimal contests, where a contest now takes the more
general form considered by Che & Gale and L&S. Specifically, we allow the buyer to offer
each supplier a menu of allowable prices, u; € R, . After the approaches are chosen, the
qualities are realized and observed by both suppliers, who then simultaneously choose prices
from their respective menus. After the prices are chosen, the buyer purchases from the
supplier offering her the greatest surplus.

The game proceeds in four stages: In stage 1, the buyer chooses the menus and entry
fees/subsidies. In stage 2, the suppliers make their entry decisions, and each participating
supplier chooses their approach. In Stage 3, the suppliers observe the realized qualities and
choose a price from their menus. In stage 4, the buyer chooses which innovation to purchase.

We maintain the same tie-breaking rules as in the baseline model, and we will consider

two versions of the model regarding the buyer’s ability to discriminate (i.e., specify different

2INote that the buyer’s purchasing rule does not distinguish between the case where Qp < Q1 and Qy =
@1. Moreover, we have restricted attention to deterministic purchasing rules. Certainly, both of these
simplifications can be relaxed. But for our purposes, restricting attention to these simple rules is sufficient
to show that the buyer can attain the first best.
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contest parameters for the suppliers). First, we allow for identity-dependent subsidies/entry
fees, and we show that, quite generally, an auction is an optimal contest and the buyer
attains the first-best. We then consider a variant in which the buyer faces an anonymity
constraint and is required to set the same contest parameters for the two suppliers. In
that environment, although the auction implements the first-best, it may not be an optimal

contest; in particular, the buyer may be better off using an FPC.

5.1 Discriminatory contests

To begin, we allow the buyer to set different entry-fees for the two suppliers; we will show
that, for any pair of specializations, an auction in which u; = R, is an optimal contest and
the buyer attains the first-best. In fact, as will be seen, this result is quite robust and holds
independently of several earlier assumptions on the distribution of the ideal and suppliers’
costs. In particular, symmetry of the distribution, as well as differentiability, convexity, and
continuity of the cost functions, are not crucial for the result.

So let pu; = Ry for each 7. We begin with the stage-3 and stage-4 subgames, noting that
in these subgames, the suppliers’ costs are sunk and the ideal has been realized. Hence,
the equilibrium in this subgame is independent of the cost functions and distribution of the
ideal. Then, the equilibrium is exactly as characterized by L&S: The stage-3 equilibrium
pricing strategy of supplier i is, 0;(¢,y) = max{Q;(¢;,y) — Q;(¢;,y),0}. And in stage 4, the
buyer purchases from ¢ whenever Q;(-) > Q;(-).

Now consider stage 2. Assuming equilibrium behavior in subsequent stages, supplier
i’s expected payoff is, m;(¢) = E[o;(¢,y)] — C;(¢; — s;). Letting p;(¢) = pr(Q:(-) > Q,(+)),
and, suppressing the arguments of all functions for ease of exposition, we have E[o;] =
piE[Qi|Q: > Q;] — pE[Q;|Q: > @;]. Adding and subtracting p;E[Q;|Q; > Qi], E[o;] can be
written, Elo;] = Elmax{Qo, Q1}] — E[Q,]; hence, i’s payoff can be written,

mi(l) = GFBM) —E [Qj (ﬁj, y)] — Ci(l; — s;) = Spp(l) — E [Qj (£j>y)] :

As Q;(+) is independent of ¢;, it is easy to see that the stage-2 subgame is an exact potential
game with potential, Sgp; that is, m;(¢;,¢;) — m(l;, {;) = Srp(l],¢;) — Spp(l;,{;) for all
04, 0 € 10,1]. Tt follows that if /P € arg max, Spp(f), then, (P is an equilibrium profile
in the stage-2 subgame (see Monderer & Shapley, 1996). By setting t; = m;(¢/'2), the buyer

appropriates each supplier’s surplus, and the next result is immediate:

Proposition 9. An auction is an optimal contest, and the buyer attains the first-best.
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L&S show that an auction implements the socially optimal approaches when all ap-
proaches share the same fixed cost (see their Proposition 2). Here we have shown why the
auction implements the socially optimal approaches, and why this is independent of the spe-
cializations, cost functions, and distribution of the ideal. More intuitively, in the auction —
as in the FPC — each supplier benefits from having a higher-quality innovation, as this raises
her chance of victory. At the same time, the auction incentivizes the suppliers to differentiate
their approaches, as similar approaches lead to small quality differences and more intense
price competition at stage 3. Consequently, each supplier chooses their approach to strike a
balance between raising their individual quality, maintaining diversity, and limiting costs —
precisely the trade-offs resolved by the first-best approaches.

L&S do not allow for entry fees and show that, although the auction implements the
first-best, it tends to leave large, positive rents to the suppliers, rendering it inferior to the
FPC in some circumstances. In the next section, we study a related issue that arises when

the buyer faces an anonymity constraint.

5.2 Auctions vs FPCs under anonymity

As we elaborate upon in Section 6, unequal treatment of the suppliers may not be feasible for
a number of practical and legal reasons. To understand the implications, in this section, we
consider a variant of the model in which the buyer faces an anonymity constraint, requiring
that the prizes/menus/entry-fees are the same for both suppliers. First, we focus on environ-
ments where the specializations are sufficiently different, but one supplier is advantaged. We
discuss how the anonymity constraint affects the buyer in both the auction and FPC, and we
then compare the performance of the two. In order to obtain clear-cut welfare comparisons,
the results in this section are based on the linear/quadratic model, but many of the insights
discussed below hold more generally.

Adding additional constraints clearly cannot help the buyer, regardless of the contest
structure she uses. However, their impact differs in the auction and the FPC. In the auction,
the buyer loses the ability to fully extract rents from the suppliers, but, as the menus are
unaffected by the constraint, total surplus remains at the first-best level. The buyer sets the
entry fee to fully extract the rent from the disadvantaged supplier, leaving a positive rent
for the advantaged supplier, equal to the difference in the suppliers’ payoffs.

In the FPC, the entry fees are set in an analogous manner to the auction, but as the
relinquished rent is an increasing function of the prize, this leads to a distortion from the

social optimum. In particular, the prize is suboptimally small (from a welfare perspective),
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and the suppliers choose approaches that are closer to their specializations than is socially
optimal. In the linear/quadratic model, the magnitudes of these distortions are greater
than the distortions that emerge without an anonymity constraint. As a consequence, total
surplus falls, relative to that scenario.

Comparing the performance of the FPC and the auction under anonymity, the auction
generates a greater total surplus, but it leaves a greater rent to the advantaged supplier than
does the FPC. Intuitively, in the FPC, the buyer limits the relinquished rent by reducing
the size of the prize. On balance, in the linear/quadratic model, the buyer prefers the FPC.

The next result formalizes the points made in the discussion thus far. In what follows,

we say that ¢ has a singular advantage over j if she has either a cost or quality advantage.

Proposition 10. Consider the uniform-quadratic model. Suppose sg, 1—s1 < s* and supplier
1 has a singular advantage over j. Under an anonymity constraint, in both the auction and
FPC, the disadvantaged supplier captures no rent, while the advantaged supplier captures a

positive rent. In addition,

(i) In the auction: Total surplus is equal to the first-best.

(i) In the FPC: Total surplus is less than the first-best and each supplier’s approach is
closer to her specialization than is her first-best approach (i.e., |0 — s;| < ‘EZFB — si|

for each i). Moreover, total surplus decreases, relative to the discriminatory FPC.

(iii) The buyer prefers an FPC to the auction.

Whilst the FPC outperforms the auction in some circumstances, we note that the com-

parison between the two is, in general, ambiguous. Consider, for instance, a setting in which

1
2

greater variety, the buyer awards prizes of zero, and both suppliers produce at their special-

so = s; = 5 and the suppliers are equally flexible. As an anonymous FPC cannot induce

izations. In the auction, the suppliers choose the first-best approaches, and their expected
payoffs are equal. The buyer can therefore attain the first-best by setting a single entry
fee/subsidy, which fully extracts the suppliers’ rent.

6 Conclusion and Discussion

This paper adds to a new literature on the use of contests to encourage product diversity by

exploring an environment in which suppliers are specialized. Our main results show: (1) An
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FPC is an optimal means of eliciting variety when the specializations are sufficiently different
and no supplier is inherently advantaged. (2) If one supplier has an inherent advantage, an
FPC leads to a distortion from the social optimum. In this case, the prizes are chosen
in such a way as to reduce the likelihood that the buyer’s ex post purchasing decision is
socially inefficient. This distortion can be eliminated if the buyer is able to commit to
purchasing the highest-quality innovation ez post. (3) Provided that unequal treatment of
the suppliers is feasible, auctions are an optimal means of eliciting variety. But if the buyer
faces an anonymity constraint, an FPC may be preferable, so long as the specializations are
sufficiently different.

We’ve seen that when the specializations are close, FPCs can be used to induce greater
variety, but their efficacy is limited. In practice, this may not pose a significant hindrance to
their use. This is because buyers often limit participation in the final competition through
an initial screening process (Fullerton & McAfee, 1999). If product variety is a first-order
concern, buyers might use such processes to identify suppliers with different areas of exper-
tise. Indeed, an interesting avenue for future work might be to explore optimal mechanisms
for selecting the ‘right’ set of suppliers in this context.

We now briefly discuss the relevance of some key modeling assumptions:

Unequal treatment of the suppliers: In the baseline model, we allow the prizes/entry-fees
to depend on the identities of the suppliers. This assumption may be more realistic in some
settings than others. Identity-dependent prizes are unlikely to be found in large open-call
contests for a variety of practical reasons. But, as discussed by Lu et al. (2022), in the context
of procurement design competitions, it is entirely reasonable for buyers to offer different prices
to different suppliers.??> Design competitions are also commonly used in the public sector,
and government agencies may face greater scrutiny on the unequal treatment of suppliers.
Nevertheless, it may be legal if based on inherent differences between suppliers. In the UK,
for example, the Procurement Act of 2023 states that, “...a contracting authority must treat
suppliers the same unless a difference between the suppliers justifies different treatment”
(emphasis added).?® Moreover, some countries explicitly grant preferential treatment to
certain firms — namely, small businesses — in the procurement process. In China, for example,
small businesses are granted a price preference between 6-10%, and similar provisions exist
in Mexico and Korea (OECD, 2018). In the U.S., preferential treatment is afforded to small

businesses through the use of targets — which specify a certain fraction of contracts that

228ee also Giirtler & Kriikel (2010) for concrete examples in the context of labor market tournaments.
23Gee, Section 12 https://www.legislation.gov.uk/ukpga/2023/54
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should be awarded to small businesses (currently 23%) — and set-asides — competitions that
are only open to small businesses. However, these practices are country-specific and are
prohibited in some jurisdictions, including the European Union (OECD, 2018).

Entry fees: In our model, the optimal FPC involves entry fees, which are not commonly
observed in practice. Without these entry fees, the buyer cannot extract the suppliers’ rents,
and must then balance the usual trade-off between rent extraction and efficiency.

On the other hand, subsidies are commonly observed, particularly in public procurement
(Lichtenberg, 1990). The fact that entry fees, rather than subsidies, emerge in our model
is driven by our assumption that there are no fixed costs of entry; that is, suppliers can
costlessly produce at their specialization. If we were to introduce positive fixed costs and
allow subsidies (but not entry fees), our results would be unaffected provided that (i) it
is always optimal for the buyer to induce entry from both suppliers; and (ii) the optimal
subsidy is strictly positive for both suppliers.

However, for sufficiently high fixed costs, it may not be optimal for the buyer to subsidize
the entry of both suppliers, and the optimal contest must account for the possibility of
exclusion. Unlike the case with two entrants/one positive prize that emerges in our model,
when one supplier, say j, is excluded entirely from the contest, the buyer loses access to her
default innovation. This eliminates the buyer’s leverage over supplier ¢, and there is no way
for her to induce i to choose an approach different from her specialization. Hence, if it is
optimal for the buyer to exclude a supplier from the contest, then she simply purchases one
supplier’s default innovation at cost.

Symmetry of the distribution: Symmetry of the distribution is important for our finding
that FPCs induce the first-best approaches when suppliers are symmetric (Corollary 1), but
is not critical for Proposition 6. That is, with an asymmetric distribution, the buyer could
attain the first-best payoff whenever the first-best approaches can be implemented with equal
prizes. If the suppliers were symmetric but the distribution was asymmetric, there would be
no reason to think that the first-best approaches could be induced with equal prizes.

Assumption on costs: Assumption 2(ii) is important for establishing the equivalence be-
tween (P) and (P’) in Lemma 7. In particular, Assumption 2(ii) ensures that, at the solution
to (P’), the equilibrium condition (5) is non-binding. Without this assumption, the Buyer’s
optimal FPC (when sy, 1 —s; < s*) could be characterized by solving an alternative problem
in which the problem (P’) is augmented by adding the additional constraint corresponding to
(5). In general, it is challenging to determine if and when this constraint binds. Assumption

2(ii) is not relevant for the circumstances under which the FPC implements the first-best,
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nor is it crucial to our conclusion that the buyer can always elicit variety with an FPC.
Indeed, so long as costs are not identically zero, both of these conclusions hold.

Adverse Selection: In this study, we followed L&S and focused on moral hazard as the
primary contracting friction, abstracting from adverse selection. In particular, in our model,
the suppliers’ specializations are known by the buyer. We believe this assumption is most
reasonable in the context of a long-term business relationship, as one would expect a buyer
to have an understanding of the core competencies of their suppliers. In other contexts —
e.g., that of a new business relationship — it is not difficult to imagine that a supplier’s spe-
cialization may be her private information. In this case, we would expect further distortions
from the first-best as a consequence of the usual rent extraction/efficiency trade-off. But
how this trade-off interacts with the ex ante vs. ex post efficiency trade-off that arises in our

model is not obvious, and is an interesting question for future research.
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A  Proofs

Proof of Lemvma 1. We prove parts (ii)-(iii); part (i) follows from Lemma Al in L&S.
Let d € [0,1]; see that C}(d) = fod C(x)dx > fod 2f (3) dz = 2df (1), where the inequality
holds by Assumption 2(ii). Next, see that, |f'(y)| < 2f(0) < 2f (%) < C7(d), where the
first inequality holds by Assumption 2(i); the second by Assumption 1 and the third by
Assumption 2(ii).

O

Proof of Proposition 1. We first show that there is a unique solution to (FB-P). Note

that this problem can be equivalently written, min, Lrg(¢), where

I4) m(@) 01
Les(t) = / (bo—y) dF(y) + / (v — o) dF(y) + / (6 — ) dF(y)

Lo m(é)

+ / (y — 61) dF(y) + Co(go — So) + Cl(gl — 81).
4y

Let H (/) denote the Hessian of Lpp evaluated at ¢:

H(D) = lgf(éo)—é (m (£)) + Cyl (4o — s0) —L1f (m(0)) ]
—3f (m(0)) 2f (1) — Lf (m () + CL(ty — 51)

By Lemma 1, the terms on the main diagonal of H({) are strictly positive. Lemma 1 also
implies that for each ¢, 2f(¢;) — 1 f (m (€))+C{(d;) > % f (m (£)), which, in turn, implies H ()
is positive definite and, hence, Lpp is strictly convex in (¢y, ¢1). Therefore, there is a unique
solution to (FB-P). It is also straightforward to verify that aLg—Z(Z) ri=0 < 0 < ‘%g—z(@ G=1,

which means that 52 1—¢£'Z € (0,1). Then, the following FOCs are necessary and sufficient

for characterizing ¢'7:

OLpp

T 2F(({P) — F (m (£77)) + Cy(65 7 — s9) =0 (7)
ang _2F((FB) — 1 — F (m ((FP)) + CL((75 — s,) = 0, (8)

Let
I'(xz,z) =2F(x) + 2F(z) — 2F (m(z, 2)) — 1. (9)
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It is useful to note that for all z, z € (0,1), I is strictly increasing in (z, z) and that

sgn(l'(x,z)) =sgn(x + z — 1). (10)

Now suppose sg,1 — s; < s*. We show that so < £5P and ¢f'P < s,. Proceeding
by contradiction, first suppose sq > (P and (!B > s;. Then, we have [P < s* and
(8B > 1—s*. (7) implies, 0 = 2F(¢[B)— F(m(tFB)+Cj(ly—so) < 2F(s*)—F (1) = 0, where
65% is strictly decreasing
in ¢;. The final equality holds by definition of s*. We have a contradiction; therefore, we
cannot have sy > 653 and EfB > 5.

Next, suppose (58 < sy and ¢I'P < s;. Adding (7) and (8), re-arranging, and using the
fact that C'(z) = —C'(—xz) we have, I'({) = C/(s1—FB)+C}(so—L5P) > 0. (10) then implies
m(¢¥B) > 1. (7) then implies, 0 = 2F (¢({?) — F(m(¢*B) + C{(({P — so) < 2F(s*) — 3 =0,

yielding a contradiction. The logic for the case where ¢{? > sy and ¢{® > s; is similar.

the inequality follows by strict convexity of Lgg(+,¢;) and since

This establishes that £57 > sy and ¢X'P < s;. The proof for the case where s9, 1 — 51 > s* is
analogous.
[

Proofs for Section 3.3

Before proving the main results in this section, we provide two auxiliary results. We also

point out that Proposition 2 follows by Proposition A.1.

Proposition A.1. Let vy, v; > 0 and suppose £* € O(v); let df = |0 —s;|. (i) If |y —wvo| > 1,
then, d§ = di = 0. (i) If i > 0 for some i, then, |vy —vo| < |65 —C5|. (iit) If diy, df > 0, then,
lv1 —wo| < 05 — 05, £ € (50,80 + %), €1 € (51— 9,51) and %Z’”) =0 fori=0,1. (iv) If
vo,v1 > 0 and di >0 = d, then, vo = vy and s; = 5 = £} (v) Ifvo,v1 > 0, 50,51 € (0,1)\ {3}
and |vy —vo| > 51 — 8o, then dy = di = 0. (vi) If v; > 0 =wv; and v; > 51 — so, then, (] = s;
and 0} € {s;,8;—v;,sj4v;}. (vit) If dy > 0 [d} > 0], so,1—s1 € (0,3), and |vi —vo| < s1— 50,

then, |vy — vo| < €5 — €5 and a“gé(f*) >0 [augéf*) < O]

Proof. Part (i): Suppose |v; —wvg| > 1; let j denote the identity of the player with the smaller
prize. For all £y, ¢; € [0,1] and y € (0,1), it holds, |¢; — y| + v; < |¢; — y| + v;, which means
p;(¢,v) = 1. It follows that ¢, = sy and ¢; = s; are dominant strategies for suppliers 0 and
1, respectively.

Part (ii): Let ¢* € ®(v) and suppose df > 0. Proceed by contradiction and suppose

|07 — €3] < |vg — vo|. We will consider the case where vy < vy; the case where vy > vy is
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analogous. First see that |[¢] — /(5| < vy —vo implies p; (¢*) = 0. Suppose d; > 0; since supplier
one wins with probability zero, she has a profitable deviation to ¢; = s;, as this will not
reduce her expected earnings, but will strictly lower her cost. Next, suppose df > 0. Then,
there exists ¢, # £} such that |({ —so| < djj and |¢[, — (7| < v1 —vy. A deviation to ¢ does not
affect supplier zero’s earnings but strictly reduces her cost, and therefore strictly increases
her payoff. At least one player has a profitable deviation, which contradicts the hypothesis
that (* € @(v).

Part (iii): Let ¢* € &(v) with do,d; > 0. We'll first show that vy — vo| < €5 — €.
WLOG suppose v; > vg. Proceed by contradiction and suppose vy — vy > |5 — £§|. Part (ii)
implies v, — vy = €5 — (5. Now if ¢7 € {0,1}, then, p;(¢*,v) = 0, and supplier one has a
profitable deviation to ¢] = s, as this does not decrease here expected earnings but strictly
reduces her cost. This contradicts the definition of equilibrium, so it must be that ¢ € (0, 1).
Then, suppose £ < ¢;. Then, po(¢*) < 1. And, mo(*) = uo(€*) = vopo(€*) — Co(Ly — so) <
vg — Co(£5 — s0) = limg, ez mo (Lo, £7), which means supplier zero has a profitable deviation to
some £, > ;, contradicting the definition of equilibrium. A similar contradiction is reached
if ¢ > (7, as supplier zero has a profitable deviation to some ¢, < ¢;. This establishes that
v — ol < [6] — €G-

Next, we show that ¢7 > ¢;. Proceed by contradiction and suppose £ > ¢7. Since sy < s,
we must have either £ > s or {7 < s1. Suppose {] < s;. By the first part of this proof, we
must have |v; —vg| < £5—¢; and so in some neighborhood of £, w1 (€5, €1) = v F (5o (£5, 1, v))—
Cy (01 — s1), where fo((,v) = fthro=n See that 2T — B £(5o(¢*,v)) — C} (£ — 51) > 0,
where the inequality follows since ¢} < s; = (] (6{ — s1) < 0. Hence, supplier one has a
profitable deviation to some ¢} > ¢;, contradicting the definition of equilibrium. If £§ > s,
then a similar line of reasoning reveals that supplier zero has a profitable deviation to some
t < 0. This establishes that 7 > £5.

Finally, we show that (5 € (so,s0 + %), {1 € (s1 — %, 51) and, for each i, W = 0.
Consider supplier zero: We first show that £ € (s¢, 1). Obviously, since ¢ — €5 > |v; —vg| >
0, we have ¢; < ¢; < 1. Then, proceeding by contradiction, suppose £ < sy. Since
05— 05 > vy — vl, for €y in some neighborhood of £§, mo(¢y, (5,v) = ug(lo, ¢;,v). Then,
%ﬁ)”) D f(yo(l*,v)) — Co(€g — s0) > 0, where the inequality holds since {5 < sy implies
Cy(ly — so) < 0. This means supplier zero has a profitable deviation to some ¢ > ¢,
contradicting the definition of equilibrium. Hence, ¢ € (s, 1), which means ¢ € (0,1). Since
mo(Co, £7) = uo(o, £) for £y in some neighborhood of ¢§ and wg(-, ¢}, v) is differentiable, £
must satisfy the FOC, auo E ”) = 0. Finally, see that 0 = M = 2 f(yo(€*))=Cy(l5—s0) <
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W) —2f(3)(l — so) = {5 < sp+ . Similar reasoning reveals that ¢ € (s; — %, s1)
and that /7 must satisfy, %ﬁ:’v) = 0.

Part (iv): Let vg,v; > 0 and suppose £* € ®(v) with df > 0 = dj WLOG, suppose
dy > 0 =d;. We first show that |¢] — (5| = |v1 — vg|. Proceed by contradiction and suppose
|07 — €5] # |vi — vo|. Since df > 0, Part (ii) of this lemma implies |(] — 5| > |v1 — vol.
First suppose ¢; > ¢;. Then, for ¢; in some neighborhood of ¢f, m (€5, 01) = ui (€5, ¢1),
and aﬂalef*) = =% f(y(f*)) < 0. Then, supplier one has a profitable deviation to some
0} < 7, contradicting the definition of equilibrium. Next, suppose ¢§ > ¢;. Then, for
lp in some neighborhood of £, my (¢, 5) = vo(1 — F(go(€*))) — Co(¢5 — so), and a’TgT/(f*) =
=2 f(g0(€*)) — Cy(€5 — so) < 0, where the inequality holds since £5 > s; > so implies

C{ (5 — so) > 0. Then, supplier zero has a profitable deviation to some ¢, < £, contradicting

the definition of equilibrium. We have now established that |¢] — €| = |v; — vo].
Next, we show that /] = s; = % We proceed by contradiction and suppose, WLOG,
s1 > 1. If vy = vy, then, since |¢f — €| = |v1 — vo| = 0, we must have ¢§ = ¢; = s;. Then,

2
some (] < sy, contradicting the definition of equilibrium. Next, suppose vy < v;. Then,

either po(¢*) = F(s1) <1 (if €5 < s1) or po(¢*) =1 — F(s1) < 1 (if £§ > s1). In either case,
To(£*) = wopo (") — Co(lg — s0) < vo — Co(ly — s0) = limsupy,_,s mo(lo, £7); thus supplier

m () = % < viF(s1) = limger 1(€5, £1). So, supplier one has a profitable deviation to

zero has a profitable deviation to some /£ slightly closer to s;. Finally, suppose vy > vy.
Since dfj > 0, it must be that po(¢*) > 0 and so p;(¢*) < 1. Then, m (€*) = vip;(€*) < vy =
lim supy, _,4; 1 (€5, ¢1) and supplier one has a profitable deviation to some ¢} slightly closer
to £5. This establishes that s; = 1.

Next, we show that ¢ = % and vy = v;. Proceed by contradiction and suppose ¢ # %
Since |(f — 05| = |3 — €5 = |v1 — vo|, we have that vy # v;. Note that if vy < vy, then,
po(*) = 3; it follows that mo(£*) = L —Cy(5—s0) < vo—Co(5—so) = lim SupPg,_px o (Lo, £7),
and supplier zero has a profitable deviation to some ¢, slightly closer to % If v < vy, then,
since d§ > 0, it must be that po(¢*) > 0, which means p;(¢*) < 1. Then, 7 (€*) = v1p1(£*) <
vy = limsup,, _, 1My (€5, ¢1), and supplier one has a profitable deviation to some ¢} slightly
closer to ¢, which contradicts the definition of equilibrium. This establishes that ¢ = %
Since |07 — £§| = |v1 — v, this implies vy = vy, and establishes the lemma.

Part (v): Let vg,v1 > 0, so,51 € (0,1) \ {1} and suppose |v; — vo| > s1 — so. Let
¢* € ¢(v) and suppose, contrary to the statement of the lemma, df > 0 for some i. First
note that since sg,s; # %, Part (iv) implies that we must have dj,d; > 0. Then, by Part

(iii), €5 — €5 > |vr — o, €5 > so and £} < s1. It follows that s; — s > €5 — £ > |v1 — vol,
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contradicting the hypothesis that |v; — vg| > s1 — So.

Part (vi): WLOG, let vy > 0 = vy and vy > s; — s9. Let £* € &(v). Obviously,
since vop = 0, dj = 0. So to establish the lemma it suffices to show that if dj > 0, then
05 € {sy —v1,81 + v1}. So suppose dj > 0; part (iii) implies v; < |[¢] — so|. Suppose
vy < €} —s¢. Since s1—s¢ < vy, we must have 7 > s;. Moreover, for ¢; in some neighborhood
of 03, m(so,41) = ui(so, ¢1) and &r%;ll) = =9 f(yo) — C1({1 — 51) < 0, where the inequality
follows since v; > 0 and ¢; > s;. This means that supplier one has a profitable deviation
to some ¢} < ¢, contradicting the definition of equilibrium. Similar reasoning shows that
if v; < sp — £7, then supplier one has a profitable deviation to some ¢, > ¢;. So, if dj > 0,
then, it must be that v; = |[¢ — s¢|, which means ¢; € {sy — v, 0+ v1}.

Part (vii): If d, d} > 0 the result follows by Part (iii), so suppose, WLOG, dj > 0 = dj.
Since s; # 3, Part (iv) implies that we must have v; = 0. We now show that £ € [0, s1 — o).
First see that for ¢y € (s1—vg, $1+v0), mo(fo, 51) < 0 = mo(S0, 51). Next, note that mo(-, s1) is
strictly decreasing on [s; +vg, 1]; moreover, po(s1+vo, s1) = 1— F(s1+ o). And since s1 > 1,
symmetry of the distribution implies 1 — F'(s; +vg) < F(s1 —vo) = po(s1 — vo, $1). And since
supplier zero’s cost of choosing the point s; — vy is strictly less than the cost of choosing
s1+ vg, we have that mo(s1 — vo, s1) > mo(s1 + vo, s1). Thus, it must be that 5 € [0, s; — vg).
It follows that for any ¢y < €5, mo(lo, s1) = uo(lo, s1). If it were the case that B"O(Z <0,
then, for some ¢, < €5, we have m(¢y, (3) = uo(lh, £5) > uo(¢*), contradicting the deﬁmtlon
of equilibrium. Thus, Buro(f ) > . O

Before proving Lemma 2, we state and prove the following.

Lemma A.1. Let s* satisfy F(s*) = 1. Then s* < 5.
Proof. See thatF(%)—F(s*):%fO%f( x——f f(@)dz > $£(0) — 5 f (5) > 0, where
the inequality holds since f is increasing on [O, 2} and by Lemma 1(i). O]

Proof of Lemma 2. Let sg,s; and vy, v; be as given in the lemma. In particular, we
consider the case where 0 < vy < v < 281 — So — 1; the case where v; < vg is similar.
To begin, we will show that any solution to (3) and (4) is unique. Suppose ¢* and ¢**

satisfy (3) and (4); we will show ¢* = ¢**. To do so, we follow arguments similar to Rosen

(1965). Let
duo
g(t) = [%]

0ty

_ [ 5 f (o (£)) — Ch(lo — s0)
=5 f (v (€)) + Ci(s1 — 1)
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and for ¢ such that yo(¢,v) € (0,1), let Dyg(¢) denote the Jacobian of g(¢) with respect to ¢:

Dug(0) = [%f’(yo (O)=Cilto=s0) 31w (0) ]
W ©) =T ()~ Ol - )

We show that Dyg(f) 4+ (Dyg (£))" is negative definite for all £. See that

v £/ N 1" — 5 ' (yo(€)) vy — Uy
Duglt) + (Deg())" = [2f (o () 2t =50 i o) ]

£0o®) (3 — ) — L (yo (£)) — 2C7 (51 — b1)

Since vy, v; < 251 —so — 1 < 1, Lemma 1(iii) implies that the terms on the main diagonal of
Dyg(€) + (Deg(€))T are strictly negative. Then, see that

Vo U1 !

[Deg(6) + (Dag(0)"| = |3 = 23| [~ 5 F =207 - H( - >}

2
/ v +U 1! 1! ! 1! ! 1!
:_(f)Q[ 04 1] +40001 —|—fv100—f21001

> 3CUCY + fu,Cl — floeCY
> 304CY — CyCy

> 0.

The first inequality holds since vy, v; < 1, together with Lemma 1(iii), imply, —(f’)? [%} 7S
—(f")* > =C{Cy. The second inequality holds since f'v,Cf — f'voCy > —|f'| max{Cy, C}},
and Lemma 1(iii) implies, —|f/'| max{C{,C7} > —min{C{,C}} max{Cy,C/} = —C{CY.
The final inequality holds since CJC} > 0. This establishes that Dyg(¢) + (Deg(¢))" is
negative definite.

For 6 € [0,1], let ¢/ = 6¢* + (1 — §)¢**. As argued in the first part of this proof,
Yo(£*), yo(€**) € (0,1), which means that for all 6, y(¢?) € (0,1). This ensures that g(¢’) is
differentiable in 6. See that %0 — D,g(¢9)4L — D,g(¢%)(* — £**) or

0=g(t") —g(t") = /O Dig(£7)(£" — £7) 6.
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Pre-multiplying both sides of the equation above by (£* — ¢**)T:

0= /1 (6 — )" Dyg (€°) (¢ — ¢*) 0 (11)

:5/0 (¢ = ) [ Dag () + (Dag (€))7 (¢ = %) a0,
Since Dyg(€) + (Dyg(¢))T is negative definite for each 6, (11) implies ¢* = £**. We have now
established that any solution to (3) and (4) is unique.
Next, we show that there exists at most one equilibrium. First, we argue that in any
equilibrium df,d; > 0. Let ¢* € &(v) and, by way of contradiction, suppose df = 0 for
1

some i. Then since 1 — 51,50 < s < 3, Proposition A.1(iv) implies that dj = dj = 0.

Then see that vy < v; < 281 — sg — 1, implies v; — vg < $1 — Sg, which means that for /g
in some neighborhood of sg, (¢, s1) = uo(fo, $1). Moreover, %fo’sl”go:sg = vof(y0) > 0.
So, supplier zero has a profitable deviation to some £, > s, yielding a contradiction. Thus,
ds, d; > 0. Proposition A.1(iii) implies that ¢* solves (3) and (4). As we’ve shown, there is
a unique solution to this system and, therefore, there is at most one equilibrium.

Now let ¢* € &(v); we show that (¢*,v) satisfies (2)-(5). Since dj,d} > 0 Proposi-
tion A.1(iii) implies ¢* satisfies (2)-(4). We now show that (5) must hold. So, suppose
vg < vi. (2) implies m(¢*) = wo(€*). Moreover, letting fo = £ + vy — vy, see that
limg, 7, mo(fo, 1) = vo — Co(ly — s0). If it were the case that ug(f*) < vy — Co (ZO — 30),
then, for some ¢y > ¢, sufficiently close to ¢y, mo(£o, £5) > mo(€*), contradicting the definition
of equilibrium. Thus, we must have ug(¢*) > vy — Cj (ZO — so).

Now let (¢*,v) satisfy (2)-(5); we will show that ¢* € @(v). We prove the case where
vy < v1 < 281 — Sg — 1; the proof for the case where vy = v; is similar. We point out that
, T <0,

We first establish thaic each ¢f is feasible; i.e., £ € [0,1]. In fact, we will show that
5,103 € (0, 3). To begin, note that we must have yo(¢*) € [0, 1]; for otherwise, f(yo(¢*)) =
0 and (3)-(4) imply £f = s;. But vg < v; <251 —s9—1 = v3 —vy < $1 — S —

since v; < 1 for each i

Yo(S0,51) € (0,1), yielding a contradiction. Then, it is straightforward to see from (3)-
(4) that £5 > sp > 0 and ¢} < s; < 1. Next, we show that 5 < sy + %. See that
%Xq)%:sﬁ% < nf (%) — C} (%’) < 2f (%) —29f (%) = 0, where the first inequality
holds since f(z) < f (%) for all = and the second holds by Lemma 1(ii). By strict concavity
of ug(-,¢1), it must be that £ < s+ 2. Then, 5o + % < %80 +5 - % < % (%) + % — i = %,
where the first inequality holds since vy < 251 —so— 1, and the second holds since sy < s* < %
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and s; < 1. This establishes that £ € (0, %), analogous arguments reveal that (] € (%, 1).

Now let B;(¢;) = arg max,c(o,1) mi(¢) denote i’s best reply. We show that 5 € By({7). Let
ly = (i +vy—v1, and see that o < s;+vo—v; < 1 and that (2) implies £y > €. Let £y € [0, £o).
Then, mo(lo, ;) = wo(lo, £}) < uo(€y, 07) = mo(L5, £;), where the inequality follows since
vy < 1, which means ug is strictly concave on [0, 1], so (3) implies ¢ = argmaxy, uo (o, (7).
Next, let £y € (fo, 1]. We have, mo(ly, £;) < vo — Co(lo — s0) < uo(€5, 03) = mo(L5, £3), where
the strict inequality holds since po (£, £1) < 1 and £y > £y implies Co(ly — s0) > Co(€y — 50);
the weak inequality follows by (5). This establishes that £ € By(¢;).

Next, we show that i € By({)). Let ¢, € [0,1] be given. If ¢, € [{§ + vi — vy, 1] then,
(05, 01) = ui (€5, 01) < uy (€5, 05) = m (€5, 07), where the inequality follows since strict con-
cavity of uy (€5, -) together with (4) imply ¢; = arg max, uy (€5, ¢1). If €4 € (€5 + vo — vy, € + v1 — 1)
then, m (65, 01) = —Ci(s1 — €1) < 0 < mi (€5, ¢;). Finally, let 0 = 05 + vo — vy, and suppose

¢, €[0,4]. Then, we have the following string of inequalities:
7T1<€E§, 61) < 7T1<€3,Z1) < 7T1(€8, 68 + v — ’Uo) < 7T1(€87 [{)

The first inequality holds since (€5, -) is strictly increasing on [0,¢;]. The second in-

1
5 f—

greater probability of victory at strictly lower cost than ¢;. The final inequality holds since,

as we've already shown, (€5, (1) < m (€5, 05) for all ¢4 € [§ + vy — vg, 1]. This establishes

that (1 € By(£). Therefore, (* € &(v). O

equality holds since £ < 5 implies that the approach, ¢+ v, —vy, gives supplier one a strictly

Proposition A.2. If1 — s1,50 < s¥, 8“54(5*) = 8ualtgf*) -

20 =05 — 1 or 0 < vy < vy < U — 205, then 0* is the unique equilibrium in stage 2.

0, and either 0 < vy < vy <

ou; (€*) __
ot

vy < v <207 — 45 — 1. We will show that ¢* is the unique equilibrium in stage 2. To do

Proof. Fix sg,1 — s1 < s*, and suppose ¢* satisfies 0 for each 7. Further, suppose
so, we appeal to Lemma 2. The proof for the case, v; < vy < ¢ — 2¢; follows analogous
arguments.

To begin, we show that yo(¢*) € [0,1]. If, to the contrary, yo(¢*) =¢ [0, 1], then,
f(yo(€*)) = 0 and 8“(;—25*) = 0 implies ¢} = s; for each i. However, 0 < vg < wv; <2851 — 59— 1
implies yo(so,51) = BF0ZU=0 ¢ (0,1), yielding a contradiction. Thus, we must have
yo(£7) € [0,1].

Now since v; f(yo) > 0, Zo) — 2 )

7T
20 — 05 — 1 < 251 — sp — 1. By Lemma 2, there is at most one equilibrium in stage 2.

Moreover, Lemma 2 implies that ¢* € @(v) if (¢*,v) satisty (2)-(5). Next, we will show that

= 0 implies £ > so and {7 < s;. So, v; <
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this is the case.

First, since (3) and (4) hold by assumption, it suffices to show (2) and (5). Then see
that, vy —vg < vy < 05 — 0+ 05 — 1 < £} — £, which means (2) holds.

Next, we show that (¢*,v) satisfies (5). To this end, it suffices to show that A > 0, where
A =vF(yg) — Co(lg — s0) — vo + Co(¢} +vg — v1 — sp), where y§ = yo(€*,v). See that

£ +vo—v1 1
A= / Colx — so)dz — Uo/ f(z)dx
¢ y(’;

*
0

0 +vo—v1 1
>/€ 2($—50)f<%)dx—vg/ysf<%>da:

*
0

:f<%> |:(£T+U0—U1—80)2—(68—80)2—’(]0 <1_€0+€1;U1_U0>:| .

The strict inequality holds since C(z) > 2zf (3) and since f(z) < f (3) for z € [0,1]. Now,
for x > 0, let G(x) = (6; +x — vy — 80)% — (05 — 50)* — (1 — M#)? the string of
inequalities above shows that A > f (3) G(vo). We will now show that G'(z) > 0:

G'(z) o< €5 + 507 — 4sg + 22 — 3v; — 2
> 4(0y —so) +1— 07 + 2z

> 0.

Where the first inequality follows since v; < 2¢7 — £§ — 1 and the second since £ > sy and
; < 1. So we have that, A > f (1) G(ve) > [ (3) G(0) = [ (3) [(¢5 — v1 — 50)* — (€5 — s0)?].
Using the fact that vy < 207 — ¢ —1, it is straightforward to verify that {7 —v; — sy > 0. So,
(05 — vy — s0)* > (€5 — s0)? if and only if ¢4 — £ — vy > 0. Since v; < 207 — {5 — 1, we have
that ¢ — 05 — vy > 1 — £; > 0, which means G(0) > 0, and establishes that A > 0, which
completes the proof. O

Proof of Lemma 3. Consider the case where v; = 0 for some i; WLOG, suppose v; = 0.
Since {1 = s, is a dominant strategy for supplier one, it suffices to show arg max,cp,1] 70(€o, 51) #
0. If vo = 0 or vy > 1, then sy = arg maxe,ep,1] 70(fo, 51), so consider the case vy € (0,1).
We will show that 7(-, s1) is upper semicontinuous (usc) on [0, 1].

See that mo(-, s1) is piecewise continuous: For ¢, € [0,s1 — vo], mo (4o, 51) = uo(o, S1);
for £y € (s1 — v, 81 + o), (o, 51) = —Co(lo — so); and for £y € [s1 + v, 1], mo (Lo, 51) =
to(lo, s1) = [1 — F (9o (£,v))]vo — Co(ly — So). Therefore, it suffices to show that mo(-, s1)
is usc at £y = s; £ v9. WLOG, assume s; = vg € (0,1). It holds that wy(s; — vo,s1) =
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voF'(s1—v9) —Co(s1—v9—50) > —Cy(s1—v9—S0). And for e > 0 sufficiently small, continuity
of ug(+, s1) implies that for all £y € (s1—v1—¢€, 51 —vo+€)\{s1—v1}, uo(lo, s1) > —Co(lo—50)-
It follows that limsupy, ,,, _,, mo(fo, 1) = uo(s1 — v1,51) = mo(s1 — v1, 51). Similar reasoning
reveals that limsup,, ., ., T0(fo,51) = @o(s1 + v1,51) = mo(s1 + v1,s1). Hence, mo(-, s1) is
usc on the compact set [0, 1]; therefore, arg maxg,cpo,1 70(lo, 51) # 0.

Next, fix 0 < so < 57 < 1. We will show that there exist vy, v; > 0 sufficiently small such
that (v, v1) # 0 and €* € (v, v1) = €F # s;. For each i € {0, 1}, since 0 < C;(s1 — sp),
continuity implies that there exists ¢; > 0 such that 0 < v < ¢; implies v < C; (51 — S0 — E)
Let vy = v; = v*, such that 0 < v* < min{eg, €1, 51 — So}-

For i # j, let ri({;) = argmaxycjo1)uo(f) = argmaxy,cp v F(m(l)) — Co(li — si).
Let r(¢) = (ro(¢1),71(fy)). We now show that r is a continuous function and that 7o :
[50,50 + UI} X [51 — %,31} — (50,50 + UI) X (51 — %,51).

Let (1 € [s1 — %, s1]. Since m({) € (0,1) for all £, € [0,1], uo(-, ¢1) is twice differentiable
and strictly concave on [0, 1]. Therefore, ry(-) is a continuous function. Moreover, see that
)| (o0, ) > 0 and 0], e = o s+ 5, 60)) — G () <
%f (%) — Q%f (%) = 0, where the inequality follows since f(z) < f (%) for all z and
by Lemma 1(ii). Thus, ro(¢1) € (so,50 + % ). Analogous arguments reveal that r;({y) €

(31 -1, 31) for all ¢y € [30, So + UT] . This establishes that r is a continuous function and r :
[50, S0 + DZ} X [51 — %, sl] — (so, S0 + ”z) X (31 — %, 51). By Brouwer’s fixed point theorem,
r has a fixed point in (so,so + UI) X (sl - %,31); i.e., there exists * € (30,30+ UI) X
(s1— %, s1) such that r(¢*) = ¢*.

We now show (* € @(v*). First, * € (50, So + UI) X (51 — %, 31) and v* < s1 — sg imply
05 < 01, which means ;(€*) = u;(¢*). We now show that mo(¢y, £7) < up(£*) for all ¢y € [0, 1].
Let ¢y € [0,1]. If 4y € [0,¢7) then mo(lo, 7)) = uo(lo, €5) < uo(y, ¢7), where the inequality
follows by definition of . If ¢y € [}, 1] then, mo(lo, £;) < v*—Cy (51 — 4 — s9) < 0 < up(€*).
The first inequality holds since p;(-) < 1 and ¢y > 0 > s1 — % > s9. The second inequality
holds by construction of v*. We have now established that mo((5, (;) > mo(4o, ¢;) for all
lo € [0,1]. Analogous reasoning reveals that (€5, ¢5) > w1 (€5, ¢1) for all ¢; € [0,1]. Thus,
r* € o(v*).

To complete the proof, we show that there does not exist /e &(v*) with l; = s;. Pro-
ceeding by contradiction, suppose there is ¢ € & (v) with {; = s;; in particular, and WLOG,
suppose {1 = s;. Following similar reasoning as given in the previous paragraph, it holds
that ro(s1) = argmaxy,cp,1] 7o(fo, 51); so, by definition of equilibrium, ly = ro(s1). Since

vt

ro : [s1— 1 ,81] = (S0, S0 + %), we have, 570 < S0+ % < s1. Then for ¢; in some neighbor-
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hood of sy, w1 (fy, £1) = us(lo, £1); moreover, %ﬁ’mhlzsl = —%m(@o,sl) < 0. This means
that supplier one has a profitable deviation to some ¢} < s;, contradicting the hypothesis
that ¢ € d(v*). O

Proofs for Section 4.2

We first state and prove three preliminary results:
Lemma A.2. If ((*,v*) € Ap, then |vi — vi| < |0 — 5.

Proof. Let (¢,v) € Fp such that |v; —wvg| > |¢; — {o|; we will show that (¢,v) ¢ Ap. Without
loss of generality, let us assume vy < v;. First note that Proposition A.1(ii) implies ¢; = s;.
Moreover, po(¢,v) = 1. It follows that m,(¢,v) = E[Qo(s0,y)]. We now show that there exists
(¢;v") € Fp such that m,(¢,v") > m(¢,v). We examine separately the case where sg = s
and the case where sy < s1.

First suppose sg < s1. Let v = v} = 0 and ¢, = s;. See that ¢/ € &(v') and m,(¢',v") =
E [max {Qo (s0,y) . Q1 (s1,9)}] > E[Qo (50, y)] = m(L, v).

Next, suppose so = s; = s and, WLOG, assume s > % Consider any prize profile,
v" such that vj, > 0 and v{ = 0. Proposition A.2 implies that @(v") # (). Moreover,
Proposition A.1(vi) implies that if ¢/ € @(v'), then, ¢, € {s,s — v}, s + v, } and ¢} = s. Next,
see that there exists € > 0, such that for all v}, € (0,¢), m (s — v}, €1, v, V) = Vo F (s — v}) —
Co(vy) > 0. Moreover, since s > 3, symmetry of the distribution of y about 1 implies that
supplier zero can be no worse off choosing s —v{, than s+vj. It follows that for all v} € (0, €),
(s —vp,s) € D(V').

Now, when the buyer offers prizes v, where 0 = v] < v{, and the suppliers subsequently

choose according to ¢ = (s — vy, s), the buyer’s payoff can be written as

ml) = Gl =a= [ G—d=n)dF)= [ (s=ndFl)= [ (r=5)aF6) =Gl

’
Yo

Note that G(0) = m(¢, v); moreover, G'(0) = F(s) > 0, and hence, there exists ¢ > 0 such
that for v}, € (0,€), G(v;) > G(0), which means m,(¢',v") > m,(¢,v). Now fix a profile of prizes
v" and a pair of approaches ¢’ such that v} € (0, min{e, €'}), v] =0, ¢y = s — v}, and ¢} = s.
As we've just shown, v < ¢ = (' € &(v'); moreover, v < € = m(l',v") > m(l,v).
This establishes that (¢,v) ¢ Ap; hence, (¢*,v*) € Ap implies |5 — (5| > |vf — v§]. O

Lemma A.3. For some v > 0 let H denote the set,
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(0
H= {(m) € [0,1]% x [0, 726y — Lo| > |u —UOI;W =0, :0,1}.

Then H is closed.

Proof. Let ({,,,v,)nen be a sequence in H such that (,,v,)neny — (€F,0%). Clearly, since

(€n,v,) € H for each n, it holds that (¢*,v*) € [0,1]* x [0,7]? and |5 — €| > |v} — v§|. We
will now show that %2’”*) =0.

For each n € N let y;,, = %&’”")
which means (y; »)neny — 0. Additionally, for all (¢,v) € [0, 1]*x[0,9]* with [¢;—{o| > |v1—v0],
yo(¢,v) € [0,1]. This implies that 24 is continuous on H, which means (yi,)nen —

oL,
W % = 0, which establishes that H is closed. O

, i =0,1. For each n, (¢,,v,) € H implies y;,, = 0,

. Hence,

Lemma A.4. Let {; € [0,1] and v € R% be given. Suppose yo(s;,¢j,v) € (0,1) and
8ui(€j,€j,v)

o= =0 for some (7 € [0,1]. Then (] = argmax,e(o,1) ti({, v).

Proof. Consiser supplier zero. Fix ¢; € [0,1] and v € R%. As the result is trivial if vy = 0,
we consider the case vy > 0. Since ¢, and v are fixed throughout this proof, we will suppress
these as arguments from any functions, and will write uy(4o), yo(o), etc.

First, we show that if yo(¢y) € (0,1) and &‘ngf()) = 0 for some ¢, € [0, 1] then
See that 8“80—4(50) = 0 means 2 f(yo(fo)) — Co(fo — s0) = 0. Then,

%o (Lo)

i) < 0.

DPug (¢
% N %f’(yo(fo)) — Gy (lo = 50)

_f,<y0(€0)) ! —s) — " _ s
" 2wl ) Tl

< C(l)(go — 80) — Cg(fo — 80)
<0.

The first inequality holds by Assumption 2(i). The second holds since Cf(x) — Cj(z) <
Ci(x) — zC{(x) for all = € [0, 1] and since C{’" > 0 implies C{(z) — xC{(x) < 0.

Next, let o = min{1,2 + vg — vy — £1}; i.e., fo = min{l, lo|yo(ly) = 1}. We will
show arg maxg,cjo,1) uo(ly) = arg MAaXy, ¢ (s, 7] uo(o). To do so, it suffices to show that ¢y ¢
[s0,00] = o ¢ arg maxyyco] to(lo). First consider some £y < so. Since yo(-) is increasing,
up(lo) = voF (yo(Lo)) — Co(lo — s0) < voF (yo(S0)) = uo(s0), and so y ¢ arg maxy,cpo,1). Next,
consider some ¢y € [0, 1] such that yo(¢y) > 1. There exists ¢, < ¢y with yo(¢,) > 1, and it
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holds, uo(lo) = vo — Co(ly — s0) < vo — Co(€y — o), and hence, €y ¢ arg maxy,cpo,1] to(lo).
This establishes that arg maxg,co,1) uo(lo) = arg MAaXy, ¢ (5, 7] uo(Co)-

d &g—ézg) = 0 for some ¢} € [0,1]. We will show ¢; =

O —_—

arg max, [, 7, Uo(fo). We first establish feasibility: (5 € [so, £y]. See that auo Buo(fp)

yo(£5) € 10,1]. For if yo(€5) ¢ [0,1], then f(yo(¢;)) = 0 and the first-order condltlon implies
05 = so. However, since yo(sg) € (0, 1), this yields a contradiction. Therefore, yo(¢5) € [0, 1],
which implies £ < ¢,. Additionally, since 8“0%) > ( for all ¢y < s¢, it must be that £ > so.

Hence, £} € [so, o).

Now, suppose yo(s9) € (0,1) an

= 0 implies

Finally, we show {5 = argmax, ., 7, o(f). For ly € (s0,40), we have y,(¢) € (0,1),

which means ug is twice differentiable on the interior of the choice set; moreover, if 8“0(60) =0

for some £y € (sg, 1) then 8%2‘”0) < 0. This means that g—;fg crosses the horlzontal axis at
0
most once in the interval [sg, /1], and from above. Thus, for ¢y € [so, (§), 8“0(60) > 0 and if

05 < lo then for £y € (€5, (1], 8“0 ZO) < 0. This means {5 = arg max, ., 7,] uo(fo)

]

Proof of Lemma 5. By Lemma A2, ({,v) € Ap = |l — lo| > |v; — vp|. Moreover, it
is straightforward to show that there is some ¥ > 0 such that (¢,v) € Ap = wp,v1 < 0.

We may then equivalently formulate the buyer’s problem as max, (¢, v), where

E]:—p
Fp=Fpn{(l,v)e0,1]>x [0,7)||t; — €| > |v1 — vo}.

Lemma 3 implies Fp # 0. Then, to establish that Ap # 0, it suffices to show that m(+)
is continuous on ﬁp and F p is compact. We first show 7, is continuous.

For all (¢,v) € Fp, yo(l,v), Jo(£,v) € [min{ly, (1}, max{ly, (1}] C [0,1]. Additionally, if
by < £y then my(¢,v) = g — L(¢,v), where L is as defined in Section 4.3. If ¢; < ¢, then
(0, v) = g — L(¢,v), where

~ go(é’v) 1
L(t,v) = / -yl + / 10 — ] + Colto — 50) + Ca(ts — s1).
0 Ui

0(£4,v)

Since L(-) and L(-) are continuous, and ¢y = ¢, implies L(£,v) = L(¢,v), m(-) is contin-
uous on Fp.

Next, we show Fp is compact. Clearly, Fp is bounded, so it suffices to show that it is
closed. To that end, let (£, v,),en be a sequence in Fp such that (lny Up)nen — (€5, 0%). We
will show (£*,v*) € Fp.

It is straightforward to establish that (¢*,v*) € [0,1]* x [0,v]* and |[¢1 — €] > |vi — v].
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So, in the remainder of the proof, we will show ¢* € ®(v*). For this part of the proof, we
consider the case where sqg < s; and sg,s; # % This helps to limit the number of cases

we need to consider, but the cases where sg = 51 or s; = % could be handled with similar
arguments.

For each n € N, let d;,, = |¢;,, — s;| and note that one of the following must hold:
(a) don,din > 0 infinitely often (i.o.)
(b) 0 =d;, < d;, i.o.
(¢) don =dyn, =0 i.o0.

We will consider each case in turn.

Case (a): dyn,di, >0 i.0.

To limit the length of this proof, we will assume (in this case only) that v # v}; the case
vy = vj can be handled by similar arguments. Without further loss of generality suppose
vy < V7.

Since vy > v, there exists N € N such that for all n > N, v, > vp,. Since, in
addition, dyn,d1, > 0 i.0., there exists a subsequence, (lx(n), Vk(n))nen Of (€n, Un)nen such
that v1 km) > Vokm) and dogm), digm) > 0 for all n € N (here, £ : N — N is a strictly
increasing function). Since any subsequence of a convergent sequence converges to the same
limit as the original sequence, we have that (€x(), Vk(n))nen — (£*,0%).

Moreover, since liny € P(Vkn)), Proposition A.1(iii) implies that for each n € N,
Cokny > S0, Lrm) < 815 Likmn) — Lokn) > Vik(n) — Vok(n) and %W =0,72=0,1.
This means, 5 > so, (] < s1, {1 — {5 > v] — v, which implies m;(¢*,v*) = u;(¢*,v*).

Additionally, Lemma A.3 implies, %ﬂ?m = 0, 7 = 0,1; and since y;(s;, £5,v*) € (0,1)
for each ¢, Lemma A.4 implies, {; = argmaxy,cp, ui(&,f;,v*). We will now show £} €

arg maxy,cjo,1) 7i(¢i, £5,v%), i = 0, 1.

Consider supplier zero. Let ¢, € [0,1]; we will show mo(¢*,v*) > mo(lo, {7, v*). Let
o0 =0 — (v —vd). If by < € then mo(lo, 07, v*) = ug(lo, £}, v*) < up(€*,v*) = mo(L*, v*),
where the inequality holds since ¢ = arg maxy,cjo,1] to(fo, 7, v*).

If ¢y > € then mo(4y, £5,v*) < vog — Co (€ — sg). For each n € N, let z,, = {1 ) —
(ULk(n) - Ung(n)). Note that ¢4 xm) — Cokmn) > Vikm) — Vokm) implies x, € (0,1) for each
n. Now choose any n € N. For all x € (xn,max {51,1@( + V1 k(n) = V0,k(n })

D(Ug(ny) implies uo(li(ny, Vi) = To(@, €1 k(n), Vkn)) = Vokn) — C’o(:c — So0), Wthh 1mphes,
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o (Lr(n), Vi(n)) = limgya, Vokm) — Co(® — S0) = Vorm) — Co(n — So). Thus, for all n € N,
U0 (Cnys Vi) = Vokm) — Co (Tn — 50). Since (Crny, Vk(n))nen — (€5, 0%) and (2,)nen — £,
continuity of uy and Cy implies, ug(€*,v*) > v§ — Cy (€5 — So). And since mo(£p, 05, v*) < v§—
Co (€ — so), and ug(£*,v*) = m(¢*,v*), we have mo(€*, v*) > m (o, £, v*), which establishes
that ¢ € argmaxy,, mo(¢o, (], v*).

Next, consider supplier one. Let ¢; € [0,1]. If ¢; > £§ + (v — vg), then by analogous
arguments as were made for supplier zero, we have m;(¢*,v*) = uy (€*,v*) > uy (€5, ¢1,0*) =
T (05, O, v%). I by € (65 — (vf — ), &5 + (v — vf)) then mi (€5, 61, v*) = =C1({y — s1) <0 <
w1 (0, v%).

If 60 < 0 = 6 — (vf —vg) then m (65, 01,v*) = viF(ly) — Ci(€y — s1) < viF (0) —
Cy (¢} — s1). For each n € N, let x, = max {Eo,k(n) — (Ul,k(n) — Uo,k(n)) ,O}. Since 0 <
¢, < 0}, and (zp)neny — max{¢},0}, we have (z,)neny — ¢;. Additionally, for each n,
T1(Lok(n)s Tns Vk(n)) = V1) F(25) — C1(2, — 51). Now choose any n € N. Ll € P(Vkm))
implies 1 (Ci(n), Vi) = T1(Lokn)s Tny Vk(ny), Which means u; (i), Vem)) > V1) F (2n) —
Ci(xy, — 51). Since (€, Vi(n))nen — (5, 0*) and (z,)nen — ¢}, continuity of vy, F', and C,
implies, u; (€*,v*) > vj F(£}) — C1 (¢} — s1). And since uy (€*,v*) = m (€%, v*) and v F' (¢}) —
Cy (0} — s1) > m (€5, 01, v*), this means m (£*,v*) > 7 (€5, (1, v*).

This establishes that £* € @(v*).

Case (b): 0=4d,, <d,, i.o.

In particular, and WLOG, we will suppose that 0 = d;,, < do,, i.0. Choose any n € N
such that 0 = dy,, < do,,. We must have vy, > 0; and since sg, s1 # % (by Assumption),
Proposition A.1(iv) implies vy ,, = 0. Also see that for ¢y € (s1—v0 5, $1+v0.4), o (Lo, 1, Vp) <
0. Moreover, m(+, s1,vy,) is strictly decreasing on [sy + vgn, 1]. So £, € ®(v,) implies that

either £y, < s1— Vo or £y, € {S1 — Vo n, 1+ von}. Then, one of the following must be true:
b(i) 0 =di, < don, 0 =101, < Vo, and {y, < s1 — Vg, 1.0.

b(ii) 0 =dy, < don, 0 =v1, < Vop, and £y, = $1 — Vg, 1.0.

b(iil) 0 =dy,, < don, 0 =v1,, < Vo, and ly,, = 51 + vy 1.0

We consider each case in turn and we will show ¢* € @(v*). Before proceeding, we point out
that ¢,, = s; and v, = 0 i.0. implies ¢ = s; and vj = 0. Since, {] = s; is a dominant
strategy for supplier 1 when v; = v} = 0, to establish that ¢* € @(v*) it suffices to show

(5 € arg maxg,cpo,1] 7o (Lo, 51, v").
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Subcase b(i): ¢, < 51 — vo, i.0.

There is a subsequence, (li(n) vk(n))neN of (€5, Vn)nen such that for each n € N, £y ) = 51,

0 = Vi) < Vokm), Lokmn) < S1— Vokn), and Lo pm) 7 So-

Take any n € N; since £y ) < S1 — Vo n), for all £y in some neighborhood of £y,

70 (os U1 oy V) = Uo(Los O e(n) s Vi(n))- Slnce Uo(+, 01,k(n)> Vk(ny) is differentiable in thls
neighborhood, £k, must satisfy the first-order condition, %W = 0. Thus, for
all n € N, %}W")) = 0; by Lemma A.3 %;0’”*) = 0. From this point, the proof that

(5 € argmaxy,co,1) mo(lo, /1, v*) follows identical arguments as were made in case (a).

Subcase b(ii): fy,, = s1 — v, i.0.

There is a subsequence, ({i(n), Vi(n))nen Of (€n, Un)nen such that for each n € N, €y yn) = 51,
0 = Vi k) < Vokm)s Lokm) = 51— Vok(n)» and Lo ) 7 so. Then for each n, m(Cyn), Vin)) =
o (Cry(ny s Vi(n))- Moreover, see that, (o km))nen — S1 — v, which means (5 = s; — v; and
o (0, v*) = ug (L, v*).

We will now show that mo(¢*,v*) > m(lo, s1,v*) for all £y € [0, 1]. Since (£, $1,v*) <0
for ¢y € (s1 — v§, s1 + v5) and mo(+, s1,v*) is strictly decreasing on [s1 + v, 1], it suffices to
restrict attention to ¢y € [0, 51 — v§) U {s1 + v}

Let £y € [0,51 — v5). Since (Vorm))nen — 05, there exists N € N such that for all
n > N, ly € [0,51 — Vo), and hence mo(lo, 51, Vkwn)) = uo(Lo, $1,Vk@m)). Then for all n >
N, by € P(vg(ny) implies ug(Crny, Vi) > to(lo, S1,Vk(m)). Since (Cymy, Ukmy) — (€, 0%),
continuity of wy implies, ug(¢*,v*) > ug(£p, s1,v*). And since, mo(€*,v*) = uo(¢*,v*) and
uo(o, s1,v*) = mo(lo, s1,v*), we have mo(¢*, v*) > m (Lo, 51, 0%).

Next, let €y = s1 + v. Then, mo(lo, s1,v*) = vi(1 — F(ly)) — Co(ly — so). For each
n € Nlet x, = min{s; + vorm), 1}. Since s; + v < 1, (Tp)nen — 51+ v = Lo; moreover,
T0(Tn, 1, Vk(n)) = Vo) (1 — F(xy)) — Co(x, — 50). Choose any n € N. Since ly,) € P(Vi(n)),
70 (C(n)s Vi) = To(Tn, S1, Vi(n)), Which means uo(Crny, Vi) = Vorm) (1 — F(2n)) — Co(@, —
s0). Since (L), Vin))Jnen — (€5, v*) and (2, )neny — £o, continuity of ug, F', and Cj implies,
uo(0*,v*) > vi(1—F(ly))—Co(lo—sp), which means mo(¢*, v*) > my(lo, s1,v*). This completes
the proof for subcase b(ii).

Subcase b(iii): {y, = s1 + vo, i.0.

There is a subsequence, ({i(n), Vi(n))nen Of (€n, Un)nen such that for each n € N, €y yn) = 51,

0 = Vigm) < Vokm), lokmn) = 81 + Vorm)- For each n € N, we have mo({ya), Vkn)) =
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Vo) (1 = F(lokm))) — Collokm) — So). Moreover, see that, (lopm))nen — s1 + v, which
means ( = s; + vy and mo(0*, v*) = v§(1 — F(€5)) — Co(€§ — so).

We will now show that 7o (€%, v*) > mo(lp, s1,v*) for all ¢y € [0,1]. First note that since
7o (Lo, s1,v*) < 0 for £y € (s1—vg, s1+v5) and mo(+, s1,v*) is strictly decreasing on [s; +vg, 1],
it suffices to show mo(¢*, v*) > mo(lo, s1,v*) for all £y € [0, 51 — v§]. As the result is trivial if
s1 — vy < 0, consider the case s; —vg > 0.

Let ¢y € [0, s1 —vg], and note that 7 (g, 1, v*) = ug(£p, s1,v*). Define a sequence (x,,)nen
as follows: For each n € N, let x, = o if o < 51 — vop(n) and x, = max{s; — Vo n),0}
otherwise. By construction, (z,)nen — fo. Moreover, since s; — v > 0, there exists N € N
such that for all n > N, s; — vk > 0. Fix n > N. It holds that z, < s1 — vg k),
which means 7o(2n, 51, Vk(n)) = Uo(Zn, 1, Vkn)); and since L) € P(Vk(n)), we must have,
70 (Li(n), Vk(n)) = To(Zn, 81, Vk(n)). Thus, for alln > N, vg k) (1= F (Lo k) —Co(lo kn)—So) >
U (T, 51, V(ny)- Since (Lien), Vkm))nen — (€5, 0*), (Tn)nen — Lo, continuity of F, Cy, and g
implies, vi(1 — F(£)) — Co(€5 — s0) > uo(fo, s1,v*), which means mo(¢*, v*) > mo(lo, 5, v*).
This establishes that ¢* € @(v*), which completes the proof of case (b).

Case (c): dy, =dy,, =0 i.o.

First note that since ¢y, = so and {1 ,, = s; i.0. and (¢,,),en — £*, it must be that £ = s; for
each i. If v§ = v} = 0 then clearly ¢* € ®(v*). So in the remainder of this proof we consider
the case where v; > 0 for some ¢. In particular, and WLOG, we suppose v; > 0.

Since vy > 0, there exists N € N such that for all n > N, v;,, > 0. Since, in addition,
lon = 59 and ly, = 51 i.0., there is a subsequence, (€x(n), Vi(n))nen Of (€n, Un)nen such that
for each n € N, o k) = S0, l1,k(n) = 51, and vy g,y > 0. Before we show that £* € @(v*), we
first derive some useful properties of the sequence (€j (), Vk(n))nen and its limit, (£*,v*). To
begin, we show that we must have vg ) = 0 for each n.

By way of contradiction, suppose vg ) > 0 for some n € N. Since ({ypn), Vkm)) €
fp, we have s; — 5o > |[U1km) — Vorm)|- If S1 — S0 > |[Vikm) — Vokm)|, then for £y in

some neighborhood of s, 70(€o, 41 k(n)s Vkn)) = o(Lo, l1,k(n)> Vk(n))- Since 8u0(80,fglg((]n)yvk(n)) _

V0,16(n) f (Yo (Cnys Vin))) > 0, there is some £ > sq sufficiently close to s that m(¢f, s1, Vg@m)) >
7o (Lr(n), Vk(n)), Which contradicts the hypothesis that fx,) € @(vkwy). So it must be that
51— 80 = |VLk(n) — Vok(n)|- Since so # s1 (by assumption), we have that vorm) 7 V1km);
in particular, suppose WLOG, 0 < vgkm) < Vigm)- Then mo(lkm), Vimn)) = Voem)F(s1) <
Vo, k(n) = limgg s T0(Co, €1,k(n), Vk(n)), and so supplier zero has a profitable deviation to some

ly > so sufficiently close to so. Again, this contradicts the hypothesis that {5,y € @(vim)).
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Thus, it must be that v ;) = 0 for each n € N, and so, vy = 0.

We now show that s; — sy = vy for all n € N. To see this, choose any n € N
and, by way of contradiction, suppose s1 — sg # V1 k(). Since (Ci(n), Vem)) € Fp it must
be that s; — sy > v1 ). Then for ¢ in some neighborhood of s1, 71 (4o k), 1, Vim)) =

Ouy (zO,k(n) »S1 7vk(n))

u1(€07k(n),€1, Uk(n))- Since a0 = _Ul,k(n)f(y()(ék(n)a Uk(n)) < 0, there is some 5/1 <

s1 sufficiently close to sy that w1 (€okem), €1, Vem)) > T1(Ckn), Vkny), Which contradicts the
hypothesis that {;,) € @(Vg)). Therefore, we must have s; — sg = vy () for all n € N.
This means 71 (Crny, V) = U1 (Crn), Vk(n) for all n € N; moreover, s; — so = v{, and so
T (05, v*) = up (05, 0*) = vf (1 — F(s1)).

We now show that ¢* € ®(v*). Since v§ = 0, the approach sy is a dominant strategy
for supplier zero and so, £ = arg max, mo(fo, {;,v*). Then, to establish that ¢* € &(v*), it
suffices to show s; € argmaxy, m (€5, {1,v%).

Let ¢; € [0,1]. We will show my(¢*,v*) > m (€5, ¢1,v*). First suppose ¢; > s;. Then,
71 (8, 01,0%) = v} (1= F (4o (65,01, 0"))) — Ca(ts — 1) < 0j(1 — F(s1)) = m(¢*,v"). Next,
suppose {1 € (sg — v}, so + v7). Then (€5, (1, v*) = —=C1 ({1 — s51) < 0 < m (€5, 0%).

Last, suppose ¢; < 0} = sy — v}. Since m (€5, v*) is strictly increasing on [0, ¢;], we
have (65, 01, v*) < m (65, 0,v") = viF({}) — Ci(¢] — s1). For each n € N, let z,, =
max{sy) — V1 k(m),0}. Since 0 < 5o — vf, we have (zn)nen — so — vf = ¢}. Moreover,
for each n € N, 71 (o k), Tn, Vkn)) = Vigm)F (2n) — Ci(xn — 51). Then lypy € P(vkm))
implies, 71 (Cr(n), Vin)) = 71 (o k(n)> Tns Vk(n)), Which means for all n € N, uy(in), Vi) >
V) F (2n) — Cr(@n — 51). Since (Lrgy, Vk(n) Jneny — (£5,v*) and (2,)nen — £, continuity of
uy, F'; and Cy, implies uy (€*,v*) > v F(¢}) — C1(¢] — s1). And since uy (*,0*) = m (€, v*)
and 7y (65, 01,v*) < vfF(0)) — Cy(0) — s1), we have 7y (€*,v*) > m (€5, 1, v").

This completes the proof of case (c) and establishes the lemma.

]

Proof of Lemma 6. Let (*,v*) € Ap; we show that vf > 0 if and only if df > 0. The
fact that di > 0 implies v; > 0 trivially follows from feasibility. So we show that v} > 0
implies d; > 0. Consider the case, v; > 0; the case v; > 0 follows analogous arguments.

Proceeding by contradiction, suppose that df = 0.

Case 1: dj = df = 0. It must be that |[vi — vf| > s1 — so; otherwise, for ¢, in
some neighborhood of sg, 7 (o, $1) = uo(fo, s1) and %fo’sl) = %f(yg (s0,51)) > 0, which

means supplier zero has a profitable deviation to some £, > so. Then, Lemma A.2 implies,
vy — ug| = 51— so.

Consider the case, sy < s;. Let vj; = v; = 0 and note that (sg,s;) € ®(v'). Moreover,
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(0, v*) = q— L(0*,v*) < ¢ — Lpp(*) = my(£*,v"), where the inequality holds since v§ # v}
implies Lpp(¢*) < L(¢*,v*). The final equality holds since v = v} implies Lpgp(*) =
L(¢*,v"). This contradicts the hypothesis that (¢*,v*) € Ap.

Next, suppose so = s; = s. Following similar arguments as were made in the proof
of Lemma A.2, there exists vj, > 0 = v} and ¢ € ®(v') such that m,(¢',v") > m(¢*,v"),
contradicting the hypothesis that (¢*,v*) € Ap.

Case 2: dj > 0 = d. Proposition A.1(iv) implies so = 1 = ¢} and vj = v]. Let
vy = v} = 0 and ¢ = (sg,s1). Then, ' € &(v) and m,(¢*,v*) = E [Qo (3,y)] — Ci(d}) <
E [max {Qo (3,9) , Q1(s1,9)}] = m(¢,v'), contradicting the hypothesis that (£*,v*) € Ap.
This establishes the lemma. ]

Lemma A.5. If 59,1 — 51 < s%, then |v] — v§| < s1 — So.

Proof. Let so,1 — 51 < s*, (¢*,0*) € Ap and let df = |¢f —s;|. Proceed by contradiction
and suppose |v] — v > s1 — so. If v§, v7 > 0, then Proposition A.1(v) implies, df = dj = 0,
contradicting Lemma 6. So, we must have v > 0 = v;. WLOG, suppose v > 0 = vg.
Lemma 6 implies df > 0 = dj, and so £§ = so. Then, using Proposition A.1(vi), and the
fact that sp < % < s, it is easy to show that we must have (] = sy + v] > s1, which means
m(05,v*) = q — L(*,v%).

Now let ¢ = (sg,s1) and v/ = (0,0), and see that m,(¢,v") = ¢ — kpp(¢’) and £/ € O(v').
We will show that m,(¢',v") > m(¢*,v*); equivalently, kpp(¢) < L(¢*,v*). First, since
vg # vi and 0 # sy, L(0*,v*) > kpp(¢*). Next, since s; > 1 — s*, for all {; € [s1,1],
a"%go’gl) =2F(l) — F (2£%) —1 > 2F(1 — s*) — F (£4=") — 1 = 0, where the inequality
follows since and %Zo’m
that krp(so,s1) < krp(so,?}), and thus, kpp(¢’) < L(¢*,v*). Since (¢',v') € Fp, this
contradicts the optimality of (£*,v*). O

is strictly increasing in ¢; and strictly decreasing in sq. It follows

Proof of Proposition 3: Let so, 1 — sy < s* be given and let (¢*,v*) € Ap. We first show
that v§, v > 0. Proceed by contradiction and suppose v = 0 for some ¢; in particular and
WLOG, suppose vi = 0. Obviously, this means ¢ = so. Lemmas 6 and A.5 together with
Proposition A.1(vii) imply, £f > so+ v} and %fl’m
(AUX 2); moreover, m,(€*,v*) = ¢ — L(¢*,v*).

We now show that ¢; > so + vj and vj > 0. Proceeding by contradiction, suppose
that either ¢§ = so + v or vj = 0. Let ({f,0¢) solve (AUX 2), and let ¢* = (sg,¢{) and
v® = (0,v¢). By Lemma B.6, ¢* € @&(v*); so ({*,v*) € Fp; moreover, {{ > so + v{, which
means 7, (0%, v*) = ¢— L({*,v®). Since (¢*,v*) € Ap, we have L(¢*,v*) < L(¢*,v®). However,

< 0, which means (¢*,v*) is feasible in
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since (€*,v*) is feasible in (AUX 2) and ¢ = v{ — 59 or v{ = 0, Lemma B.6 implies (¢*,v*)
cannot solve (AUX 2); so, L(¢*,v*) < L(¢*,v*). We have a contradiction, and therefore,
vi > 0 and €7 > sg + vy.

Now since ¢; > so + v}, in some neighborhood of ¢;, 71 (¢*,v*) = uy (£*,v*). Optimality
of ¢} implies % = 0. This means, (¢*,v*) € Fp. Now let (¢',v") € Ap. Since
vy = 0, Lemma B.12 implies (¢*,v*) ¢ Ap/, which means L(¢',v") < L(¢*,v*). However, by
Proposition B.1, ¢ € ®(v') and m,(¢',v") = g — L(¢',v"). By definition of (¢*,v*), we must
have L(¢*,v*) < L(¢,v"). This yields a contradiction; therefore, we must have vg, vj > 0.
By Lemma 6, dj, d; > 0. And by Proposition A.1(iii), sg < €5 < €} < s1.

Next, let s* < s9,1 — s1 and (£*,v*) € Ap. We will show that v} = 0 for some i.

To begin, we show that if sy < s; then for all £ such that sqg < €y < €1 < s1, kpp(l) >
krp(So,s1). To see this, suppose sy < s; and let ¢ be given such that sy < {y < {1 < s1.

Convexity of kpp implies, krp(f) — krp(so, s1) > (bo — so)w + (¢ — sl)w.

B 0ty
Then, see that %ﬁwl) = 2F(ly) — F (2E2) > 2F(s*) — F (£==) = 0. A similar
argument reveals that %jz’o’sl) < 0. Since £y > so and {1 < s1, ({y — SO)%?“) + (6 —
51)%/‘?”51) > 0. Thus, kpp(l) > krp(so, S1).

We now show v = 0 for some 7. Proceeding by contradiction, suppose v, v; > 0. Lemma

6 implies dfj, d; > 0. And by Proposition A.1(iii), so < €5 < 7 < sy and £ — 5 > |v] — v]].

Now let ¢/ = (sg,s1) and vy = v} = 0. Then, m,(¢*,v*) = ¢ — L({*,v*) < q — kpp(l*),

mp(,v') = g — kpp(¢'). By the argument provided in the previous paragraph, kpp(¢*) >

krp(l'). Hence, m,(0*,v*) < my(¢',0"). But since ¢/ € @(v'), this contradicts the definition of
(0, v%).

O

Proof of Proposition 4: We divide the proof into 3 parts. In Part 0, we provide several
bounds that will be used in the main part of the proof. In Part I, we show that if sq is
sufficiently close to s; then (£*,v*) € Ap implies v = 0 < v;. In Part II, we show that
s1— So < | — si| = v}

For the remainder of the proof, fix s; € (0,1), and WLOG, suppose s; > %
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Part O

For z € [0, 2], let ¥;(z) be defined, ¥;(z) = kpp(s1 — x,51) — Kk(s1 — 2z, s1,22,0) — Co(z);

ie.,

s1—2 1 s1-22 1
B = [ smaylaP @ [ sylabe)- [ m2enaP )= [ laildPu)-Goa).
s1-2 s1-2z

Note that ¥;(0) = 0 and ¥{(0) = F(s;) > 0. By continuity, there exists ¢; > 0 such
x € (0, €) implies ¥ (z) > 0.

Next, for z € [0, %], let ¥y(z) = A(z) — max{0,2z(1 — F(s; 4+ 2z)) — Co(3z)}, where
A(x) = 2zF(s1 — 2x) — Cp(x). We show that Wy(z) > 0 for x sufficiently small. To begin,
s1 > 3 implies F(s; — 2z) > 1 — F(s; 4+ 2z). And since Co(z) < Cy(3z), holding strictly
for > 0, we have A(z) > 2z(1 — F(s; + 2x)) — Co(3x) for all z > 0. Moreover, see that
A(0) = 0 and A’'(0) = 2F(s1) > 0. Thus, there exists €2 > 0 such that x € (0,€;) implies
A(z) > 0. Hence, ¥y(z) > 0 for all = € (0, €3).

Next, we show that there exists e3 > 0 such that if z € (0,e3), £,0 € [s1 — x,51]%,
by <ty < 0} < {y, and ¢y < ¢y then kpp(f) < kpp(l'). First, since 2F(s;) > F(s1) by
continuity of F, there exists € > 0 such that 2F(s; — €¢') > F(s;). Similarly, there exists
¢’ > 0 such that 2F(s1) < 1+ F(s1 — €”). Now let €3 = min{¢’, ¢"}. And let z € (0, €3).

We now show that for all £ € [s; — x,s1]2 with £y < ¢, 22228~ ¢ > 5280 e

ato BT
(€ [sy —x,s1]. Then %gfiw = 2F(ly) — F(m(f)) > 2F(s; —x) — F(s1) > 0, where the
final inequality holds since < ¢/. A similar argument shows that 656(15) < 0. Finally, since
a”ng)(Z) >0 > ”%LZI(Z) for all £ € [s;—z, s1]%, this implies kpp(f) < k(') for all £, € [s;—x, s1]*

with £y < £y < ¢} </{; and {y < (5.

Next, let Ws(z) = F(s1 —2z) —x f(s1 — 2z) — C{(2z) — 1+ F(s; — z), and suppose s1 > 1.
We have ¥(0) = 2F(s;) — 1 > 0. Continuity implies that there exists ¢, > 0 such that
U(x) >0 for all z € [0, ¢4).

For the remainder of the proof, let 0 < € < min {61, €9, €3, €4, %1}, fix s9 € (s1 —¢€,51), and
let (0*,v*) € Ap(sg,s1). We also let § = s; — 5. The case where sy = s; follows similar, but

distinct, arguments and is omitted for brevity; it is available upon request.

Part I

In this section, we show that show that v; > 0 = v}.

To begin, we establish that v > 0 for some 7. To do so, it suffcices to show that for some
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(00" € Fp, mp(¢',v") > et where ¢l is the buyer’s payoff at the default.

Now let v = 24, v} = 0, £y = 51 — 26, and ¢} = s;. First we show m,(¢',v') > milel. See
that 7" = ¢—krp(so, $1) = ¢—krp(s1—0,s1) and T, (¢, v') = g— k(51— 26, $1,26,0) — Cp(6).
Hence, m,(¢',v') — 70 = w,(8), where ¥, is as defined in Part 0. And since § € (0, ), we
have ¥, (6) > 0. Hence, m(¢',v') > mi/.

Next, we show that ¢ € Fp. First, since § < ¢ < 3, clearly ¢’ € (0, 1)2. Tt remains
to show that ¢/ € @(v'). Since v] = 0, clearly s, € argmaxy, m (€), (1,v"). Next, we show
ty, € Bo(l)) = argmaxy, mo (o, £}, 0").

Since v; = 0 and v} > 0, Proposition A.1(vi) implies By(¢}) C {so, 1 — vo, 51 + vo} =
{s0, ly, s1+20}; thus, we need only show that mo(¢',v") > max{mo(so, £}, v"), mo(s14+26, ¢}, v") }.
See that, mo(¢',v") = 20F (s1 — 28) — Cy(0); mo(s0, £4,v") = 0; and mo(sy + 26, 64,0") = 26(1 —
F(s1425)) — Cy(36). Hence, mo(¢',v") — max{mo(so, l},v"), mo(s1 + 26, 1,0 ) } = Ws(d), where
Wy is as defined in Part 0. Since 0 € (0, €2), ¥5(d) > 0. This establishes that (¢',v') € Fp.

We have now established that v > 0 for some . Next, we show that v; = 0 for some j.

By way of contradiction, suppose vj,v; > 0. Lemma 6 implies dj,d; > 0. Then, by
Proposition A.1(iii), |v] — v| < € — €5 and so < €5 < {1 < s1, which means 7, (¢*,v*) =
q — L(¢*,v*). See that L(¢*,v*) > kpp(l*), so < £ <} < s1 and sg, 51,45, 05 € [s1 — €, 81].
Since € < €3, as shown in Part 0, kpp(€*) > kpp(se,s1). It follows that m,(£*,v*) < i,
which contradicts the optimality of (£*,v*). This establishes that v; = 0 for some j.

We have now established that v; > 0 = v;. This concludes the proof of Part I.

Part 11

In this part of the proof, we show that s; — so < |[€f — s;| = vf. To begin, we will show that
vy > 9. We proceed by contradiction and suppose v} < 4.

First consider the case, vi = 0 < v§ < 6. Note that m(+, s1) is strictly increasing on [0, so),
so optimality for supplier zero implies 3 ¢ [0, so). Following similar arguments to those used
in the final paragraph of the proof of Part I, it can be shown that optimality for the buyer
implies 0§ & (so, s1); moreover, by Lemma 6, £ # so. And for any ¢y € (s1, 51+ vg), supplier
zero wins with probability 0; thus, €5 & (s1,s1 + v§). So we must have, £ € [s; + v§, 1]. On
this interval, mo(-, s1) is strictly decreasing; therefore, £ = s; + v§. However, since s; > %,
the approach, s; — v§ gives supplier zero a (weakly) greater likelihood of victory at strictly
lower cost than the approach s; + v§; thus, mo(s1 — vg, s1) > mo(s1 + v, s1). This yields a
contradiction and, therefore, we cannot have 0 = vi < vj < 0.

Next, consider the case, v; = 0 < v} < 4. Following analogous arguments to those in the
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preceding paragraph, we must have ¢ € [0, sy — v{]; but on this interval, m;(so, -) is strictly
increasing, and therefore, {7 = so—v;. Note that this also implies that we must have sy > %,
for if 5o < % then the approach sg + v} gives supplier one a (weakly) greater likelihood of
victory at strictly lower cost than the approach sy — vj. In the remainder of this proof, we
show that there is (¢',v") € Fp with v] > v} such that m,(¢',v") > m,(¢*, v*).

As a first step, we show that there is some A; € (0,1 — so — v}) such that for all
A€ (0,A)), m(sg, 50 — vi — A,0,vF + A) > max {O,manle[sOJrUHA’l] u1 (8o, 01,0, v7 + A)}
That is, if A € (0, 4;) and supplier one’s prize is v; = vi + A, then the approach ¢; = sy — vy
gives supplier one a strictly positive payoff that is strictly higher than any approach in
[so + vy, 1].

For A € [0, 1—so—v}), Let r1(A) = arg maxy, ¢fsg+v: +,1 t1(S0, £1, 0, v7 +A); strict concav-
ity of uy implies r is a continuous single-valued function. Let uj(A) = wuq(so,71(4),0,v{+A4),
and let G(A) = m1(sg, 50 — v] — A,0,v] + A) — max{0, uj(A)}:

G(A) = (vi+ A)F(s1 — 0 —vf — A) = C1(0 + vf + A)
ri(A)+s1—d4+vi+ A

—max{o,(vHA) [1—F( > )] +Cl(31—r1(A))}.

Note that ¢* € @¢(v*) implies G(0) > 0. We next show that G'(0) > 0.

First, note that since s; € [so + v}, 1), uj(0) > ui(so, $1,v*) > 0. By continuity of wuy,
there is some neighbhoord above zero such that for all A in this neighborhood, u*(A) > 0.
Next, we bound u*'(0). Consider the case, r,(0) € (so + v}, 1). By the Envelope Theorem:

u*’(o):1_F<r1(0)+31—5+vik> _v_ff (T1(0)+81—5+v{)

2 2 2
<1_F(r1(0)+31—5+1ﬁ>

2
<1—F(81—5),

Next, consider the case, r1(0) = so + vf. It must be that r(A) = s + vf + A for all
A€ (0,1 — sy —vy), for if it is optimal for supplier one to choose the lower bound of the

choice set when the prize is v] then it is also optimal to do so when the prize is v} + A > v7.
Then,

Wi(A) = (0] + A)[1 = F(sy — 6+ v} + A)] — C1(6 — v} — A),
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and,

’

u(0)=1—F(sg —d+v)) —vjf(sg —d+0v]) + C1(6 —vF)

v*
§l—F(Sl—(S—i-U’f)—Elf(sl—(;#—v’f)
<1—F(81—6),

where the first inequality holds since 71 (0) = sp+v} implies %éfo’”*)ul:soﬂ; = —%f (s1—0+v))+

C1 (5 —v*) < 0. We have now established that u*'(0) < 1 — F(s; — ¢). We then have,

G'(0) = F(s1 — 0 — v}) — v f(s1 — 6 — v}) — C}(6 +v}) — u” (0)

>F(s;—0—vf) —vif(s1—0 —v}) —C1(d +v]) — 1+ F(s; —9)
> F(sy —20) —0f(s1 —28) — C1(28) — 1+ F(sy — 0)
:Ep3((5>>0

The first inequality holds since u* (0) < 1 — F(s; — §). The second inequality holds since
v} < d and the expression F(s; —d —x) —xf(sy —0 —x) — C}(d + ) is strictly decreasing in
2. The function Y5 on the last line is as defined in Part 0; ¥5(8) > 0 since s; > 3 and § < €.
Then since G(0) > 0 and G’(0) > 0, there exists A; € (0,1 — so — v}) such that G(A) >0
for all A € (0,4,).

Next, we show that there exists Ay € (0, 5o —v}) such that for all A € (0, Ay), m,(s0, S0 —
vi — A,0,vF + A) > m(¢*,v*). That is, for A € (0, 4,), the buyer is strictly better off
choosing ¢ = (sg, so — v — Q) and v = (0,v] + A) than choosing (£*, v*).

For A € [0, 59— vi], let 7,(A) = mp(s0, S0 — v — A,0,vf + A). See that 71,(A) = g—v(A4),

where

so—vi—A 1
v(A) :/ (SO—UT—A—y)dF(y)+/ |so — y|dF(y) + C1(0 + v] + A).
0 S

0—vi—A4
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We now show 7;(0) > 0; equivalently, v/(0) < 0. See that

V(0)=—F(s; — 0 —vf) + 0] f(s1 —d — o)) + C(0 + v})
< —F(s1—28) 4+ d0f(s1 —20) + C(20)

<0

The first inequality holds since the expression, —F (s —0 —z)+v; f(s1—0 —x) + C] (d +x)
is increasing in = and v < §. The final inequality holds since ¥3(d) > 0. This establishes
that 2/(0) < 0. Then since 7,(0) = m,(¢*,v*) and 7'(0) > 0, there exists Ay € (0, so—v}) such
that for all A € (0, Ay), 7(A) > (€%, v*); that is, m(s0, 5o — vF — A, 0,vF + A) > 1, (€%, v*).

Now let A € (0, min{A;, Ay}), and let £} = so —v§ — A and v] = v] + A. Let ¢/ = (s0,0})
and v" = (0,v}). We first show ¢’ € &(v'). Clearly, £, € argmaxy,co,1) mo(lo, ¢},v") so
consider supplier one; we will show ¢} € arg maxy, cjo1) 71 (£y, £1,7"). Let ¢; € [0,1] be given. If
0y < so—wj then since 7 (€f, -, v') is strictly increasing on [0, so — v}], m1 (€y, €1,v") < m (€', 0").
If {1 € (s1 — v}, so + v}) then supplier one wins with probabilty zero and so, m (£, (1,v") <
0 < m(¢,v"), where the final inequality holds since A < A;. Finally, if {; € (s + v}, 1]
then (€5, (1,v") = uy (€5, €1,v") < u*(A) < m(¢',v"), where the first inequality follows by
definition of u*(A) and the second since A < A;. This establishes that ¢ € ¢(v') and, thus,
(¢,v") € Fp. And since A < A,, we have m,(£*,v*) < m(',v'), and this contradicts the
definition of (£*,v*). Therefore, we must have 0 = v; < 0 < v{. Lemma 6 implies £; # s;
and Proposition A.1(vi) implies |¢; — s;| = v}. This completes the proof.

[

Proof of Proposition 5: We first prove part (i). Let sg = %‘S and s; = 1%5; WLOG,
suppose C, < (. By Proposition 4 there is € > 0 such that for all § € (0,¢), (£*,v*) € Ap,
then, vi =0 < v; and 0 < [(] — s;| = v}.

Fix 0 € (0,¢) and let (¢*,v*) € Ap. Proceed by contradiction and suppose 0 < vj;
Proposition 4 implies 0 = v§ < 0 < v§ = [{; — so|. This means ¢} € {so — v}, so + v{}. And
since sg < % < s1, the approach, sy + v} gives supplier one a strictly greater probability of
victory at strictly lower cost than the approach sy — v}; thus, we must have (] = so + vj.

Now let ¢ = sy — v}, ¢} = s1, vj, = v} and v| = 0. See that, m,(¢*,v*) = g — L({*,v%),
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mp(0,v') =q— L(¢',v") and

so+vy 1
L(e*, ") = / 1y — solf (y)dy + / (y — 50 — v})f(2)dz + Culso + vf — 1)
0 s

"
0+vy

_ /slvl (s1 — v — 2)f(2)dz +/ |s1 — 2| f(2)dz + C1(s1 — s — v])
O S

*
1=V

51—v]

O R L P Y Ao
>/O (s1 — vy —2)f(2) z+/ |s1 — 2| f(2)dz + Co(s1 — so — v7)
= L(¢'0").

The second equality follows since C'(z) = C'(—z) and through a change of variables in which
we let z = 1 —y, dz = —dy and then use the facts that s = 1 — s and f(z) = f(1 — z2).
The strict inequality holds since Cj, < C{ implies Cy(d) < C1(d) for all d > 0. The string of
inequalities shows that, m,(€*, v*) < m (¢, v’).

We now show that ¢ € ¢(v"). We focus on supplier zero. Let By = arg maxg, mo({, ¢}, v")
denote supplier zero’s best-reply when the prizes are v' and supplier one chooses | = s;.
Since § = s1 — 59 < vf, Proposition A.1 implies By € {sg,s1 — v}, s1 + vi}. Now since
* € &(v*), it must be that 7 (¢*,v*) > 0. But using symmetry of the distribution/cost
function and the facts that so = 1 —s; and Cy(d) < Ci(d), it is easily shown that mo (¢, v") >
T (05, v*) > 0 = m(so, l},v"), which means By # sg. Moreover, since sy < % < s1, the
approach s; — v} gives supplier zero a strictly greater probability of victory as strictly lower
cost than the approach s; + v}; hence my(s; — v, €4,v") > mo(s1 + v}, £, v"). This establishes
that By = s; — v} = £}, and hence, ¢' € ¢(v'), so (¢',v") € Fp. But since L(¢',v") < L(¢*,v*),
this contradicts the hypothesis that (£*,v*) € Ap.

We now prove Part (ii) for the case % < s1; the case s; < 5 is symmetric. So let
51 € (%, 1). By Proposition 4 there exists ¢, > 0 such that sy € (s; — €, s;) implies
0=vj <s3—sp<v;. Then let e € (O,min {51 — %, 61}) and let sg € (s1 —€,81). See that
so > 3 and 59 — 3 < s1 — 3. We will show that (¢*,v*) € Ap implies v] =0 < v,

Let (¢*,v*) € Ap. Since s;— sy < €1, Proposition 4 implies that either, v} =0 < s1—s9 <
vy and 0§ € {s1 —vi,s1 +ui}t or vy =0 < sy —sp < vj and £} € {syg — v}, s0 + v}}. Since
51 > %, in the case where v§ > 0, it is straightforward to show that we must have ¢ = s; —v7,
as this approach gives supplier zero a strictly greater probability of victory at strictly lower
cost than the approach s; +vj. So, it suffices to compare three scenarios. Below we provide

a sketch of the comparison between the three scenarios. More explicit details are available

upon request.
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Scenario 1: v; =0 < vy and ¢y = s; — vg: For all (¢,v) such that v; = 0 < vy, ¢ = sy,
and o = s; — vp, the buyer purchases from supplier zero whenever y < ¢;, and purchases

from supplier one when y > ;. Consider the problem

‘0 51 1
min o=y + [y [ sy it = s
subject to the constraints that ¢y = s; — vy and ug (¢, v) = voF'(€y) — Co(ly — so) > 0. Taking
FOCs and solving, it may be verified that the constraint ug > 0 is non-binding and that
0y = 4L < sp.

Scenario 2: vy = 0 < v; and sg+wv; = £1: In this case, the buyer purchases from supplier

one only when y > ¢;. Consider the problem

S0 41 1
: c
mm/ (so —y)dy + / (y — so)dy + / (y — )y + 5 (6 — s1)°
3l 0 s0 /1 2

subject to the constraints that ¢; = so+ vy and uy (¢, v) > max {0, u; (S0, So — v1,0,v1)}. For
our purposes, it is sufficient to consider a relaxed problem in which we assume the constraint

u1(¢,v) > max {0, u; (s, So — v1,0,v1)} is non-binding. Solving this problem, we find that

Y- 1+so+cs1
1= 24+c

Scenario 3: vy = 0 < vy and ¢; = so—w;: In this case, the buyer purchases from supplier

one only when y < ¢;. Consider the problem

0 50 1
min [ 6=y + [ o=y [ = soddy + 5o 0
subject to the constraints that ¢; = sg — vy and w; (¢, v) > max{0, ui(so, So + v1,0,v1)}. As
in scenario 2, for our purposes, it is sufficient to consider a relaxed problem in which we
assume the constraint u;(¢,v) > max {0, u; (S0, So + v1,0,v1)} is non-binding. Solving this
problem, we find that ¢} = *tes.

Plugging in the solutions characterized above and comparing value functions, it is straight-
forward to verify that the buyer is best off in scenario 1.

]
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Proofs for sections 4.3 — 4.4

Proof of Lemma 7: Let Fp = {(E,v) |vg, v1 > 0, Jug — v1| < 1 and M =0, 1=0,1
denote the feasible set in the problem (P’) and let Ap = arg min,,)er,, L(/,v) denote the
solution set. We wish to show that Ap = Ap:.

We first show that Ap C Fp and Ap. C Fp. Let (£*,0*) € Ap. Since 1 — 51,59 <
s*, Proposition 3 implies v > 0 for each 7. Then, Lemma 6 implies, d§,d; > 0. And
%&’”*) = 0 and |v} — v| < 1, which means (¢*,v*) € Fpr.
Next, let (¢,v") € Ap,. By proposition B.1, ¢/ € &(v'), which means (¢',v") € Fp. This
establishes that Ap C Fp and Apr C Fp.

We now show that Ap = Apr. Let (¢*,v*) € Ap and let (¢',v") € Ap/. Proposition A.1(iii)
then implies ¢5 — £ > |vf —v§|, which means m,(€*, v*) = ¢— L(¢*,v*). Moreover, Proposition
B.1 implies ¢} —¢f, > |v; —v}|, which means m,(¢',v") = ¢—L(¢',v"). Then, since (¢*,v*) € Fpr,
by definition of (¢',v"), L(¢',v") < L(¢*,v*). And since (¢,v") € Fp, we must have L(¢',v") >
L(¢*,v*). Thus, L(¢*,v*) = L(¢',v"), which implies (¢*,v*) € Ap and (¢',v") € Ap. O

Proposition A.1(iii) implies

Proof of Proposition 6. We first show (i) <= (iii). Suppose there exists vi? =

B such that (FB € @(vF'B). Since vf'? = vI'B Q,(-,vFP) = Qpp(+); it follows that,
(07 vFB) = Spp(¢FB). Next, let (¢*,v*) € Ap and suppose m,(¢*, v*) = Spp(¢f?). Since
L(¢,v) < Lpp(?) if vy # vy, it must be that v5 = vi. Moreover, by uniqueness of /5 we
must have ¢* = (¥B. Then (¢1'B v*) € Fp implies 78 € &(v*).

We now show (ii) = (iii). Suppose C{((5P — so) = Cj(s1 — €1'P) > 0; the case where
CH(LEB — 59) = C)(s1 — F'P) = 0 is straightforward and left to the reader. We will show that
there exists v ? = vI"8 such that (£'8 € &(v!'P). We first show that sy, 1 — s; < s*. Adding
(7) and (8) yields, I'(¢¥P) = 0, so (10) implies, ¢f# =1 —¢{'. (7) then implies F(¢§?) < 1,

058 — s0) = C1(s1 — EB) > 0, we have
206(555—80)
£(3)

which means ¢['? < s*. Moreover, note that since C}(¢5

EgB > 59 and (£ < ;. It follows that sg,1 — s; < s*. Next, let vgB =of'B =

o u(FBaTE)
By construction, , — 5 — = 0.

We now show vf® < 2018 — (5B —1. First note that since (18 = 1—¢['B 20F8 —¢FP -1 =
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1 — 3058, (7) implies, C{(657 — so) = 3 — 2F(¢57), Thus,

FB
ZO

2 [2 1
i P = r)dr — —~ 2f(x)dx
710y o Fovte =5 [ 25

= 2048 —¢fP 1,

where the inequality holds since f(z) < f (%) for all z € [¢§5, 1] and since 2f(z) > [ (3)
for all z € [0, ¢{”]. The final equality holds since 1 — ¢4 = ¢{Z. Then by Proposition A.2,
(FB € @(vI'B).

Finally, we show (iii) = (ii). Suppose there exists v[? = vI'® > 0 such that ¢*'F €
@ (vFB). Proposition 2 implies %&%5) = 0. Since v§ = v} > 0, these first-order conditions

imply C{((5B — s9) = Cj(s1 — t1'B) > 0. O

Proof of Corollary 1. By Proposition 6, it suffices to show that C}(¢58 — s¢) = C}(s; —
(fB) > 0. First, the fact that (5% > sy and ¢f® < s; follows by Proposition 1. Now
proceeding by contradiction, suppose C(¢5B —sq) # C} (s —£FP); in particular, and WLOG,
suppose C)(l5B — s9) > Cj(s; — £B). Since Cy = (4, this implies £58 + ('8 > 55+ 51 = 1.
Then, by (10), I'(¢¥B) > 0. Adding (7) and (8), we have 0 = I'(¢¥B) 4+ C}(ly — s¢) — C1 (51 —
¢f'P), which yields a contradiction since I'(¢fF) > 0 and, by assumption, C}{(£5? — s¢) >
Ci(sy — 1P). O

Proof of Proposition 7. By Lemmas B.3 and B.4, it suffices to show that C/ (|€ZFB — sz‘) <
O’ (|t — s5]) = v <wj. By way of contradiction, suppose Co(¢§" — so) < Cf(s1 — £17),

but vy > vi. Lemma B.4 implies ¢; < ¢F'B. Then, we have the following string of inequalities:

Ci(s1—67) > Ci(s1 — 57) > Cy(lg” — s0) > Co(l — s0)-

Ou, (£ v~ . . y .
d % = 0 for each 4, this means C{ ({5 — so) > Ci(s1 — £7),
which yields a contradiction. Thus, we must have v; < vj. The proof for the case where

Ci(sy — 1B) < CL(IEB — s0) is analogous. O

But since v; > v an

Proof of Corollary 2. WLOG, suppose supplier zero is more flexible and conservative.
That is, suppose 1 —s1 < sg and Cj < C], where at least one of the two inequalities is strict.
We will show that C)(¢58 — sy) < Ci(s; — ¢f'B). Proceed by contradiction and suppose
CHlEB — s9) > Ci(sy — €FP). Since C)(d) < C4(d) for all d > 0, convexity of the cost
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functions implies, (5B + 18 > sy + s; > 1, where either the first (if C}, < C}) or second
(if 1 < sg + s1) inequality is strict. Then, (10) implies I'(¢¥®) > 0. Adding (7) and (8),
0=I(FB) + CLtEP — s0) — O (s — £1B) > 0, yielding a contradiction. O

Proof of Proposition 8. Suppose the buyer commits to purchase the highest quality in-
novation. Now, using the first-order conditions in Proposition 1, it is straightforward to show

that when sq, 1—s; < s*, then, ¢;'Z > sy and ¢{® < s;. Then, suppose the buyer offers the fol-

204 (¢5B —s0) rB _ 2Ci(s1—¢fP)
Ty and oy = =gy

for all £y < ¢y, the expected payoff to supplier zero is 7 (¢, vF8) = F (m (£)) vfB — Co (Lo — o)
and the expected payoff to supplier one is m (¢, v'B) = [1 — F (m (€))]vf'? — C) (51 — £1).

Using arguments similar to those given in the proof of Lemma 2, it is straightforward to

lowing prizes: vl ? = Given the buyer’s purchasing rule,

confirm that there is a unique equilibrium in the stage-2 game between the suppliers, which
is characterized by the following first-order conditions: 27 = ik (m (€))—Cf(ly —s9) =0

oty 2
and g% = #f (m (0)) + Ci(s; — £1) = 0. By construction, ¢£'8 is the unique solution to
this system. Then, if the buyer sets entry fees such that t'? = (EF B of B), the buyer’s
stage-1 expected payoff is equal to equal to the first-best expected surplus. O
Proofs for Section 5
Proof of Proposition 9. Immediate from the text. O

Proof of Proposition 10. WLOG, suppose it is supplier zero who has a singular ad-
vantage. In particular, let us suppose she is more conservative so that ¢y = ¢;, and
1 — 51 < sg < s*; the steps for the case of a cost advantage are similar. Moreover, the
statements in parts (i) and (ii) of the proposition follow almost immediately if there is a
corner solution (i.e., the optimal prize is zero) in the anonymous FPC, so we initially assume
the solution is interior, but we revisit this issue in the proof of part (iii).

We begin with part (i). Consider the anonymous auction (AAUC). Obviously, since the
menus are unaffected by the constraint, equilibrium behavior in stages 2-4 is as characterized
in Section 5.1: The suppliers choose the first-best approaches, and total surplus is equal to

the first-best. In stage 1, the buyer’s payoft is,

AV = Qup((FB) — Eloy (678 y) 4+ 00 ((F B, y)] + 2t

AAUC AAUC __
b =

The buyer chooses t to maximize 7 subject to individual rationality constraints, 7;
Qpp(t"P)—E [Q; (€8, y)]—Ci(¢FP—s;) > t. Optimality dictates, ¢ = min {7g 4V 74U}

62



And since 7

AVC 7T3»4AUC if 7 has a singular advantage, part (i) follows.

Now, for use later in this proof, we compute the buyer’s value function and the total
surplus. First, we compute the buyer’s value function. Note that when supplier zero has a
singular advantage, 754V¢ > m4UC g0, t = 7M4UC And using the fact that E [o; (¢,y)] =
Qrp(0) —E[Q; (¢;,9)], as shown in the main body, we may write the buyer’s stage-1 payoff
as

RUC = Q)+ E (@1 (7, 0)] ~ E Q0 (€77, )] —201(1 — ).

Using Proposition 1, we can solve for the first-best approaches in the linear/quadratic

model:

oFB _ 2¢%s0 + 3esg + es1 + 1
0 2(c+1)(c+2)

FB _ 2¢?s1 + csg + 3csy + 2¢ + 3
L 2(c+1)(c+2)

Plugging in these first-best approaches, we find the buyer’s value function:

WAAUC:c(c[4q+s(2)+2so(sl—2)+31(8—731)—2]+12q—430—83%+831—2)+8q—1.
b 4(c+1)(c+2)

Total surplus is equal to the first-best and is given by

GAAUC _ gFB _ ¢? [4g — 33 +2(so +2) 51 — 357 — 2] 4+ 2¢ [6g — 252 + so + 51 (3 — 251) — 2] —|—8q—1‘
dc+1)(c+2)

Next, we show part (ii). Consider the anonymous FPC (AFPC). Abusing our earlier
notation, and now letting v and ¢ be scalars (rather than prize and entry-fee profiles), The
buyer’s problem is,

r(na§<§FB(€) —v+2tst L e P(v,v),v>0.
v,t

Following similar logic as in the proof of Lemma 7, we may solve the buyer’s problem by

considering an auxiliary problem in which we replace the equilibrium constraint with the

ou; —

’ oL
sets t = min{ug, u; }, and when ¢ has a singular advantage

first-order conditions

0,7 =0,1. Moreover, as with the auction, the buyer optimally

ou; —

T
strictly whenever v > 0. Assuming it is supplier zero who has a singular advantage, the

0 = wu; > ujy, holding

Lagrangian associated with AFPC is

Jug (L, v) n )\lﬁul(ﬁ, v) N

L= @FB(g) —v(2F(m(f)) —1) = 2C1(fy — 51) + Ao o0, 3—61 V.
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In the uniform/quadratic model, we can solve explicitly for the solution to this problem

by taking the FOC. First, note that interiority requires that,

_ 281—280—1
c<C= —F—77"7"7—.
2(80+81—1)

Then, at an interior solution,

LAFPC _ c[2s1 —2s90— 1 —2¢(so+ s1 — 1)]
B 2+c

)

and (4FPC = 5y + ”z—ag and ({MPC = 5, — UQ—(Z Computing each ¢4FPC and comparing it with
(FB we find that so < (4F¢ < ¢I'P and (P < (1F'PC < 5,24 Total surplus in the AFPC is

GAFPC _ —4c*(so+s1— 1) +c [4q — 383 + 25051 + 81 (4 — 351) — 2} +8q —2(sg + 51)% + 4sg +4s1 — 3
B 4(c+2)

and the buyer’s value function is

LAFPC _ GAFPC _ (1 —s9—s1)[2¢(so+s1 — 1) + 259 — 251 + 1]
b c+2 '
We now compare the total surplus in the AFPC with the total surplus in the discrimina-
tory FPC (DFPC). Using the first-order conditions for (P’) found in Appendix B.1 we solve
explicitly for the solution to the DFPC:

oPFPC _ € [1 —4sg 4 c(s1 — 3sg + 8¢sy — 8esg — 4c)]
0 (24 c)dc2+c+1) ’

prpe  Cls1(443c+8¢%) — (2 + 5o + 8csg + 4c) — 3]

“ B (24 c¢)(4c?+c+1) ’
and (PFPC = 55 + v(?ZFCPC and 0} = s — UIDJCPC. Then, computing total surplus in the DFPC

and comparing it with total surplus in the AFPC, we find:

GDFCP _ gAFPC _ (c(4c+1) (4c* + 1) +2) (so + 51 — 1)°

> 0.
dc+2)(4ct+c+1)

This establishes part (ii).
Finally, we compare the buyer’s payoff in the AFPC with the AAUC. Assuming ¢ < ¢,

24Throughout this proof, we omit the (messy) algebra pertaining to the comparisons herein, but this can
be provided upon request.
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we have that,

TAFPC _ L AAUC _ (so+ 81— 1) (c(4c*(sg+ 81 — 1) + 8csg + 3sg — Hsy +7) — 2(sg + 51 — 1))

et 1)(et2) = 0.

When ¢ > ¢, the optimal prizes in the AFPC are zero, and the buyer’s payoff is the
default:

1
7TéqFPC _ 7Tlc7lef _ Z (4q _ 33(2) + 25¢S1 + 81(4 - 331) - 2) :

And for ¢ > , it holds that 7{*AVC < 7%/ = gAFPC,

B Auxiliary problems used in proofs

As equilibrium outcomes in the stage-2 subgame need not vary continuously in the prize
values, our proofs characterizing the optimal contest require making some discrete compar-
isons between the payoffs attained by the buyer in different equilibrium configurations. To
facilitate such comparisons, it is useful to derive properties of the solutions to a few auxiliary

problems.

B.1 Analysis of (P’)

In this section, we assume that so,1 — s; < s*, and we analyze the problem (P’). We let

Fpr and Ap: be as defined in the proof of Lemma 7. Let £ = L(¢,v) — Ao ag%((f) — )\18;256) —

Hovo — p1v1 + o(vg — v — 1) + 1 (v — vg — 1) denote the Lagrangian associated with (P7).

The FOCs and complementary slackness conditions are:

e = 2P () =Fl) 5 (0 =000 o0+ la=s0) = [22'(on) = G (s = s0) |+ 35 () = 0
(12)
oL

S = 2P (0)=Flg0) =15 (0r= 1) (o) CL (0 —51) Do 2 ()01 [ (w0) + CE (6 - sl)> =0
(13
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oL 1
For = 50 = ) f(0) = o [gﬂyo) - %f’(zm] — M (o) — po+do— 1 =0 (14)
oL
S = 3001 = W) = o[ )] + A [gf@o) + %f’(yo)] — = Yo+ =0 (15)
e = 0,02 Oy~ ) = 05—y < L 2 0. 29 i —01 (16)

Lemma B.1. If ((,v) € Ap/, then, yo(¢,v) € [0,1].

Proof. Let (¢,v) € Fpr such that yo(¢,v) ¢ [0, 1]; we will show that (¢,v) ¢ Ap.. To begin,
see that f(yo(¢,v)) = 0 and 9uiltv) — () imply ¢; = s;. This necessarily means vy # 0.

ol
Now let v" = (0,0) and note that (¢,v") € Fp and L({,v) < Lrg(¢) = L({,v"), where the
inequality holds since vy # vy. Thus, (¢,v) ¢ Ap:. O

Lemma B.2. If (¢,v) € Ap/, then, vo,v1 € (0,1), by > so, and 1 < s7.
Proof. Tt will first be convenient to establish the following claim:

Claim 1. For all lo, 0, € [0,1], 2F({y) — F(m(()) + 1 f(m(0)) > 0 > 2F(¢,) — F(m(()) —
1 — 1 f(m(()), holding with strict inequalities if £y, {1 € (0,1).

Proof of Claim 1: We prove that 2F({y) — F(m(()) + 3 f(m(¢)) > 0. The fact that
2F(01) — F(m(0)) —1—1 f(m(¢)) < 0 follows by symmetry of the distribution. First suppose
m(l) < §. Then, 2F(l) — F(m(0)) + Lf(m(0)) = 2F(l) + [;" [5f(m) — f(z)] dv >
2F(€0) + f(m) (3 —=m(¢)) > 0, where the first inequality follows since f(m) > f(z) for

€ [0,m]. Note that the final inequality is strict if £, > 0. Next, suppose m(f) > %. This
means (o > 1 — {;. Note, moreover, that 2F((y) — F(m(()) + 3 f(m(()) is strictly increasing
in ¢o. It follows that 2F(y) — F(m(0)) + 1 f(m(¢)) > 2F(1 — ;) — 3+ 17 (3) > 0, where
the final inequality holds since f (%) > 1. This establishes the claim. O]

We now show that 1y = 11 = 0. Proceeding by contradiction, let us suppose ¥; > 0.
Then, v; — vg = 1, which implies v; > 0, u; = 0, and ¥y = 0. First, suppose vy = 0.
Then, we have v; = 1. (15) yields: 1 f(yo) + M1 [5/(v0) + 3/ (v0)] + ¢4 = 0, which implies
A1 < 0. Subtracting (15) from (13) reveals that 0 < 2F (¢;) — F(yo) — 1 — 5 f(v0). And since
F(yo) + 3f(y0) > F(m) + 3 f(m), we have 0 < 2F(¢;) — F(m) — 1 — $f(m), contradicting
Claim 1. Thus, if ¢y > 0 we must have vy > 0 and so, pg = 0.
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Next, adding (14) and (15) reveals that Ao = A; = X. Equation (14) then yields: 3 f(yo)+
A2 f(yo) + 2/ (yo)] + 1 = 0, which implies A < 0. Adding (12) and (13) reveals that
0 < 2F(by) + 2F(¢1) — 2F(yo) — 1 < I'(¢), where I' is as defined in (9). Then, by (10),
Uy + ¢, > 1. But since v; — vy = 1, this implies yo(¢,v) = w > 1, contradicting
Lemma B.1. This establishes that 1); = 0; analogous arguments reveal ¥y = 0.

We now show that vg,v; > 0. First, suppose v; > 0 = vo. Then, ug > 0 = py. (15)
implies A\; < 0. Adding (14) and (15) reveals that Ay > Ag. (12) and (15) then imply
2F (lo) — F(yo) = M2f(yo) — 2Ci (o — 50) > Xo (3f(y0) — C§ (o — s0)) > 0, where the
first inequality holds since A; > Ag; the strict inequality holds since Ay < 0 and C{ > % f.
Thus, we have that 2F({y) — F'(yo) > 0. But see that vy = 0 and ‘g—%’ = 0 implies 4y = so.

ouy

Moreover, o = 0 implies ¢; > s; — 7; this means {; +v; > s; > 1 — s*. It follows

that, 2F(sg) — F (2¢t2+21) < 2F(s*) — F (1) = 0, where the first inequality holds since
2F(sg) — F (SOJJQ&) is strictly increasing in sy and decreasing in ¢;. The final equality
holds by definition of s*. We have a contradiction, and therefore, it cannot be the case
that v; > 0 = vy. Following analogous arguments, it can be shown that we cannot have
vg > 0 =wv1.

Then, suppose vg = v; = 0. (14) implies Ag 0. And noting that we must have
l; = s; for each i, (12) implies 2F(so) — F (2421)
2F (s9) — F (223%) < 2F(s*) — F () = 0, which yields a contradiction. This establishes that

Vo, v1 > 0.

<
> 0. However, since sg,1 — 51 < s%,

Next, we show that vy, v; < 1. WLOG, let us suppose v; > vp; we show that v; < 1.
Adding (14) and (15) reveals that Ay = A;; we drop the subscript and denote A\; by A. (14)
then yields, %(vo —v1) = A [%f(yo) + Bt f’(yo)}. Since v; —vy < 1, Assumption 2(i) implies

2
that the term in square brackets is positive, which means A < 0. Adding (13) and (14) reveals

Note that v; > vg implies F(yo) + 5 (yo0) > F(m) + % f(m); together with Claim 1 we have,
2F(01) — F(yo) — 1 — 3 f(yo) < 2F(¢y) — F(m) — 1 — 1 f(m) < 0. Thus, v; < 1.

We now show that ¢y > so and ¢; < s;. Since v; > 0 and, by Claim B.1, yo(¢,v) € [0, 1],
% f(yo) > 0. Then, %Z’”) = 0 implies C{(€; — 51) = =% f(yo) <0 < 2 f(yo) = Cy(4o — s0),
which means ¢; < s; and ¢y > sg. This establishes the result. O

Now, by Lemma B.2 and its proof, if (¢,v) € Ap/, then, vy, v; € (0,1), p; = ¢»; = 0, and
Ao = A1 = A. After some manipulation, Equations (12)-(15) yield

2 (lo) ~ F(yw) + Chllo — 50) = A | 3 (0) — Ci(lo — s0) a7)
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2F(£1) - F(yo) -1+ Ci(fl - 51) =A Bf(yo) - Cf(fl - 51)} (18)

U1 — Yo

3 ) = 00) = A 30 + 72 o) (19

We next establish the following lemma:
Lemma B.3. Let ({,v) € Apr. Then, sgn(vy — vg) = sgn(ly + €1 — 1).

Proof. Adding (17) and (18) and using the fact that %ﬁ’v) = 0, we have that,

V1 — Vg

2

2F(lo) +2F (&) — 2F (yo) — 1 = f(yo) + ALf (yo) — Co (Lo — s0) — CY (6 — 51)]
By (19), sgn(vy — v1) = sgn(A). Since, f(yo) — Cy(lo — so) — C7 (€1 — s1) < 0, it follows
that sgn(2F(ly) + 2F(¢1) — 2F (yo) — 1) = sgn(v; — vg). If vy > [=]vg, then, 0 < [=
]2F(£0) + 2F(€1) — 2F(y0> —-1< [:]F(g), and by (10), EO + gl —-1> [:]0 If Vo > V1, then,
0>2F(ly) +2F(¢;) —2F(yo) — 1 > I'(¢) and (10) implies ¢y + ¢; — 1 < 0. O

Proposition B.1. If (¢,v) € Ap/, then, { € ®(v) and {1 — ly > |v1 — vgl.

Proof. Let (¢,v) € Ap:; WLOG, suppose vy < v;.

We first show that ¢ € @(v). By Proposition A.2, it suffices to show that v; < 26, —
lo — 1. (19) implies A < 0. Then, using the fact that C7(¢f; — s1) = =% f(yo), (18) implies,
2F(l1) — F(yo) — 1 =5 f(yo) = 0; then,

01 2 1
" )y T ) | e

2 2f(1)
Ty (1~ v w0 = 505

<200y —yo) — (1= £y)
<2 —ly—1.

<

(1 — €1>

The second inequality holds since f(1) < f(z) for each x € [0,1] and since f(yo) > f(z)
for x € [yo,¢1]. To see this second point, recall that f is decreasing on [%, 1]. And since
v9 < vy, Lemma B.3 implies g + ¢; > 1, which means yo > % The third inequality holds
since 2f(1) > f(yo), and the final inequality follows since v; > wy. This establishes that
e P(v).
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Finally, see that vy — vy < vy < 20, — g — 1 < {1 — £y, where the strict inequalities holds
since Lemma B.2 implies vy > 0 and ¢; < 1.
O

Lemma B.4. Let ({,v) € Apr. If vy < vy, then, (FP < 4;, i = 0,1. If vg = vy, then,
b =10FB i =0,1. If v, <o, then, {; < (¥B i=0,1.

Proof. Let (¢,v) € Apr. First note that if vy = vy, then, A = 0 and (17)-(18) correspond to
the FOCs in (7)-(8), meaning that £ = (P, We now show that vy < v; = (F'B < ;. The
proof for the case where v; < vy is analogous.

Proceeding by contradiction, first suppose that ¢; < ("B and (58 < £,. Since vy <
vy = A < 0and m < gy, (18) implies, 0 < 2F(¢;) — F(m) — 1 4+ C'({; — s1) <
2F((fB) — F (m(¢FP)) — 1 + C'(6fP — s1) = 0, where the second inequality holds since
01 < 0B and €['P < {y; the final equality holds by (8). This yields a contradiction.

Next, suppose £; < (1B and ¢y < (5B, Adding (17) and (18) and using the fact that
A < 0and m <y, we have, 0 < I'(€) + C}(by — s0) + C1 ({1 — s1) < T'(0FB) + CH(L5P — s0) +
C1(0fB — 1) = 0, where the second inequality holds since I'(-) and C; are strictly increasing
and 1 < ¢F'B and ¢y < ¢P. The final equality holds by adding (7) and (8). We have a
contradiction and, this establishes that ¢; > ¢I'B.

Finally, suppose ({2 < ¢, and {, < ¢[P. Since A < 0 and m < yp, (17) implies,
0 < 2F(ly) — F(m) + C)(ly — s9) < 2F(LLP) — F(m((FB) + C)(¢5P — s0) = 0, where the
second inequality holds since £J? < {5 and (1P < ¢; and the final equality holds by (7). We
have a contradiction, and this establishes that ¢; > (1'% and ¢, > (5P. []

Proposition B.2. Suppose 1 — s1 < so < s* and Cy = C; = C. If ({,v) € Ap, then,
vy > v, b >1— 101, by > EOFB, and 1 > é{?B

Proof. We first show that v; > vy. Proceed by contradiction and suppose vy > v;. By Lemma

B.3, {p+¥¢; < 1. But since g}“ = 8“0 =0and Cy = C; = C, we have C"(ly—s0) > C'(s1—11),

which means o — sg > s1 — {1; equlvalently, ly+ 01 > sg+ s1 > 1. We have a contradiction,
and therefore, we must have vy > vy; and by Lemma B.3, fo + ¢; > 1.
O

B.2 Auxiliary Problem 2

Fix ¢y = sg, vg = 0, and consider the following problem:
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. Ouq (£
ﬁb?L(so,Kl,O,vl) s.t. 82(1>

Before characterizing the solution to this problem, we state and prove the following

§0,0§U1§€1—80 (AUXZ)

lemma:

Dui (L] s;)
oL;

Lemma B.5. If 59,1 — 51 < s, v; = 0 < v,
(£, 55) € P(v).

= 0 and v; < |lf — sj|, then,

Proof. Suppose WLOG, v; = 0 < vy. Since supplier one has a dominant strategy to play sq,
Ouo (£5,51)

we focus on supplier zero. Let ¢ satisty, oA

= 0 and suppose vy < |[€§ — s1]. We will

show that £} € arg maxy, mo(lo, s1).
Buo (€5,51)
alo

Then, since ¢ < s; we have that vy < s; — €. It follows that for all ¢y € [0,s1 — v,

It is straightforward to verify that vy < | — s1| and = 0 imply £ € (so,51)-

7o (Lo, 51) = uo(lo, 51). By concavity of ug in €y, uo(£5, $1) = maxy,e(o,s,—vo] To(lo, 51). Next,
note that for ¢y € (s1 — vg, $1 + vg), mo(lo, 51) = —Co(ly — o) < 0 < uo(€f, s1). Finally, for
ly € [s1+ v, 1],

lo+ 51+
WQ(KO, 31) = Vo (1 - F (%)) - C[)(éo - SQ)

< voF (51 — UQ) — 00(81 — Vg — So)
= up(s1 — Vo, 51)
< U0<€8,81)

= mo(£p, 51)

The first inequality holds since £y > s; + vy and s; > % implies 1 — F (ZO“’%) =

F(1- EO“%) < F(s1 — vg) and Cy(s; — vg — sg) < Co(ly — sg). The strict inequality
holds by definition of £5. We have now established that ¢ € arg maxy, 7o ({o, $1); therefore,
(ES, 81) € @(U) ]

The next result characterizes the solution to (AUX 2).

Lemma B.6. Suppose sg,1 — s1 < s*. If (£1,v]) solves (AUX 2), then, 0 < v{ < {§ — s

Guilso i) — 0: moreover, (so, €3) € (0, v%).

and oA

Proof. The Lagrangian associated with (AUX 2) is, £ = L(,v) = X [2 f(yo) + C1 (61 — s)] +
w[so + v1 — l1] — pyv1. The first-order conditions yield,
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O o0 () + Gl =) + 2P ()~ Fluo) ~ 1= A [ () + O — )]~ = 0 (20)

ol 2
oc 1 1 v, _
28— Jot() = 30w+ 2 )] +1— g = 0 1)
)\aul(@ =0,A>0;puso+vr — ] =0, > 0510 = 0,0 > 0 (22)

0ty
We will show that at the optimum A > 0 = u = p,. Let us first suppose A = 0 and
vy > 0. Then, by (22), p, = 0. But then, (21) implies % f(yo) + 1 = 0; but since vy > 0
and pu; > 0, we have an immediate contradiction. So, if A = 0, we must have v; = 0.
(21) then implies u = p,. Then, note that v; = 0 and g—;fll < 0 implies C7(¢; — s1) > 0,
which means ¢; > s; > sp = so + v1. By (22), we must have g = 0. (20) then yields,
0<Ci(ly —s1) =1+ F(yo) — 2F(¢1). But see that,
s*+1—s"

) —2F(l)) <1+ F (T) —2F(1—s%) =0.

So—i—él

1+ F(yo) — 2F(,) = 1+F<

The inequality follows since sg < s* and ¢; > s; > 1 — s* and since F (%) — 2F(4y) is
strictly increasing in so and strictly decreasing in ¢;. The final equality holds by definition
of s*. We have a contradiction; therefore, we must have A > 0, which means % f(yo) =
C{(t—s1). Then, (20) yields, F(¢1)—F(yo)—[1—F(61)] = X [% f'(yo) + CY (€1 — s1)]+p > 0,
where the inequality holds since A [2 f(yo) + C{(¢1 — s1)] > 0 and p > 0. Since F/(¢;) < 1,
we must have F'(¢1) > F(yo), which means ¢; > so+vy; by (22), p = 0. Finally, (21) implies
Lf(yo) = A [%f(yo) - %f’(yo)] + ity > 0, which means v; > 0 and p, = 0. The fact that

(s0,¢7) € ©(0,v) now follows by Lemma B.5. O
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