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Abstract

In this paper we consider a stochastic directional technology distance function to re-examine the results of

recent research in which the authors estimate a generalized directional distance function using programming

methods, derive technology gaps and, in a second stage, they fit a Markov process to the technology gaps. One

problem is that in the second stage efficiencies and gaps are themselves estimated. Moreover, the authors consider

two groups (Annex I and non-Annex I countries according to the Kyoto protocol). We allow for endogeneity

of good and bad outputs and inputs, endogenously determined groups of countries, endogenous directions for

each country and group, and a distribution of technological gaps (with respect to the meta-technology) which is

based on a Markov process. We use a semi-parametric directional technology distance function and we propose

stochastic envelopment of different frontiers allowing for its own “meta-inefficiency”. All quantities of interest

are estimated jointly using numerical Bayesian techniques.
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1 Introduction

Kounetas & Zervopoulos (2019) proposed the estimation of a Generalized Directional Distance Function (GDDF)

model and examine the convergence-divergence hypothesis for the technology gaps defined for each period. Effi-

ciencies and technology gaps are taken as given from the estimation of the GDDF and, in turn, they assume that

gaps follow a continuous-time Markov chain which can be used to study the convergence-divergence hypothesis.

One potential problem with this approach is that stochastic properties of efficiencies and gaps are not taken into

account in the second stage; see Simar and Wilson (1998, 1999, 2000, 2007).

Our contributions in this paper are as follows:

i) We use a Directional Technology Distance Function (DTDF) (Atkinson, Primont and Tsionas, 2018) where

directions are parameters to be estimated instead of assigning arbitrary values to them.

ii) We show how theoretical constraints can be imposed on the DTDF.

iii) We introduce dynamics for group-specific inefficiency in the form of a log AR(1) processes, and we propose

a novel way to estimate the meta-technology.

iv) The distribution of technological gaps is derived directly from the Markov process of group-specific

technical efficiencies and efficiency of the meta-technology. This process has been used in Kounetas & Zervopoulos

(2019) but it was implemented in a second stage following DEA analysis.

v) Possible endogeneity of good and bad outputs, as well as inputs, is explicitly taken into account.

vi) Directions for inputs are outputs are estimated from the data and they are country- as well as group-

specific.

We propose a stochastic frontier model which accounts explicitly for the continuous-time Markov process for

technology gaps defined with respect to a meta-technology. The Markov process for technology gaps is estimated

inside the model thus taking fully into account uncertainty with respect to parameters and efficiencies. Of course,

we have a completely different methodological approach comparing to Kounetas and Zervopoulos (2019). The two

different approaches echo in two different “worlds” in efficiency and productivity literature (parametric vs non-

parametric). The standard pros and cons apply in this instance. DEA methods do not specify a functional form

the the group frontiers or the meta-frontier while stochastic frontier analysis depends on parametric (yet flexible)

functional forms and distributional assumptions but do account for noise in the data which standard DEA does

not. In this paper, we innovate within the context of stochastic frontier analysis and stochastic meta-frontiers a

la Amsler, O’Donnell, and Schmidt (2017). Relative to previous studies (Huang et al. 2015; Lin et al. 2013) our

formulation allows for stochastic envelopment of the group stochastic frontiers so it more in line with the state-

of-the-art as in Amsler, O’Donnell, and Schmidt (2017). It is also worthy of attention that we assume different

technologies for an unknown number of groups, effectively, relaxes the functional form assumption and makes it a

flexible formulation.

Also worthy of mention is why it is important to consider different directions for inputs and outputs among
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countries/groups. In a sense, directions embody characteristics of production technology that increase/decrease

inputs/outputs to achieve efficiency. Therefore, if the directions are data-driven and different among countries,

it seems they use different technologies. However, we allow for different technologies among countries (classified

endogenously into an unknown number of groups). So, in this sense, directions are not so much aspects of the

technology (although they are, clearly, tied to them) but ways to achieve efficiency for a given group-frontier. These

notions cannot be disentangled in a static model but in the dynamic model we use in this study, this separation is,

at least, more transparent.

2 Directions and efficiency

Suppose we have inputs x ∈ RK
+ , desirable outputs y ∈ RM

+ , and undesirable outputs b ∈ RL
+. The DTDF (Atkinson,

Primont and Tsionas, 2018) is defined as:

−→
D(x, y, b; g) = sup{ϑ|(x+ ϑgx1K , y + ϑgy1M , b+ ϑgb1L) ∈ T (x, y, b)}, (1)

where T (x, y, b) is the set of all feasible inputs, outputs, and bads, g = (gx, gy, gb) ∈ RK+M+L is the set of directions,

and 1J denotes the J × 1 vector of ones.1 We define g = [g1, ..., gK , gK+1, ..., gK+M , gK+M+1, ..., gK+M+L]
′. Cheng

& Zervopoulos (2014) assume gx, gy are positive and gb is a negative scalar. Here, we depart from this assumption

and we allow directions to be different for each netput, decision-making-unit (DMU)-specific, and allowed to vary

in the real line. Therefore, we do not impose an input- or output-oriented formulation; instead, the orientation is

determined by the data.

Cheng and Zervopoulos (2014, p. 901) proposed to measure efficiency as follows:

TE(x, y, b) =
1− 1

K

∑K
k=1 ϑgk/xk

1 + 1
M+L

(∑M
m=1 ϑgm/ym +

∑L
l=1 ϑgl/bl

) , (2)

where i ∈ {1, ..., n} denotes the ith DMU. Suppose there are certain technology groups, defined by Γ = {1, ...,Γ}

so that DMUs belong to one of the Γ groups. Given the meta-technology ratio (MTR) (O’Donnell,Rao & Battese,

2008), defined as:

0 < MTR(x, y, b) =
MTE(x, y, b)

TE(x, y, b)
=

1− 1
K

∑K
k=1 ϑ∗gk/xk

1+
1

M+L

(∑M
m=1 ϑ∗gm/ym+

∑L
l=1 ϑ∗gl/bl

)
1− 1

K
∑K

k=1 ϑγgk/xk

1+
1

M+L

(∑M
m=1 ϑγgm/ym+

∑L
l=1 ϑγgl/bl

)
≤ 1, (3)

where MTE is technical efficiency of a DMU with respect to the meta-technology, and TE represents the technical
1For positive directions, we could write: −→

D(x, y, b; g) = sup{ϑ|(x + ϑgx1K , y + ϑgy1M , b + ϑgb1L) ∈ T (x, y, b)}. This is a way to
explain that the objective for inputs is minimization while that for outputs is maximization (even if the undesirable outputs should be
minimized).
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efficiency of a DMU with respect to the γ group frontier (γ ∈ Γ). Moreover, ϑ∗ is similar to ϑ but refers to the meta-

technology (Cheng & Zervopoulos, 2014). An MTR value close to unity indicates less technology heterogeneity, and

a value close to zero reveals greater technology heterogeneity. The technology gap is defined as:

TG(x, y, b) = TE(x, y, b) · (1−MTR(x, y, b)) = TE(x, y, b)−MTE(x, y, b). (4)

3 Statistical model

3.1 Roadmap

Before proceeding, it is important to outline what our models is about in non-technical terms.

1. We use a family of stochastic frontiers to describe heterogeneity among countries. Heterogeneity is captured

by classifying endogenously different countries into groups whose membership and number are estimated from

the data.

2. Moreover, the two-sided and one-sided error components are are group and country specific. The assumption

of different technologies for an unknown number of groups, effectively, relaxes the functional form assumption

and makes it a flexible formulation.

3. To account for endogeneity, each DTDF is supplemented with a reduced form for the remaining endogenous

variables.

4. We follow Amsler, O’Donnell & Schmidt (2017) in defining the meta-technology. This involves stochastic envel-

opment of the group-specific frontiers. The Bayesian implementation of the meta-technology and technology

gaps (in point 6 below) appear to be novel to the best of my knowledge.

5. The corresponding estimate of the meta-technology can be implemented easily via simulation and for meta-

technology inefficiency we assume a log AR(1) process for inefficiency.

6. To address the technology gap problem in Kounetas & Zervopoulos (2019) the technology gap is a continuous-

time Markov process which is estimated endogenously or inside the model.

3.2 General

In this paper, we use a family of stochastic frontiers to describe heterogeneity:

−→
D(xit, yit, bit; g

γ , βγ) = vγit − uγit, i = 1, ..., n, t = 1, ..., T, γ ∈ Γ, (5)
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where βγ ∈ B ⊂ Rp is a vector of unknown parameters, vγit is a two-sided error term, and uγit ≥ 0 is another error

component. Efficiency is

ϑγit = e−uγ
it , i = 1, ..., n, t = 1, ..., T, γ ∈ Γ. (6)

Clearly, our stochastic assumption must involve:

uγit ∈ R+, i = 1, ..., n, t = 1, ..., T, γ ∈ Γ. (7)

We delay the specification of stochastic assumptions for later. The probability that unit i belongs to group γ

is piγ (piγ ≥ 0∀i, γ,
∑

γ∈Γ piγ = 1∀i). To account for endogeneity of the variables in (5), each DTDF is supplemented

with a reduced form for the remaining endogenous variables, viz. Ỹit = [xit,2, ..., xit,K , y
′
it, b

′
it]

′. The reduced form

is as follows:

Ỹit =Witπ
γ + Ṽ γ

it , i = 1, ..., n, t = 1, ..., T, γ ∈ Γ, (8)

where πγ is a d×1 parameter vector, Wit =



w′
it

w′
it

. . .

w′
it


is a (K−1+M +L)×d matrix, wit is a d×1

vector of instruments, and d is the number of instruments. Here, we use as instruments xi,t−1,1, Yi,t−1, time trend,

and squares and interactions of all these variables. The functional form for the DTDF is the same as in Atkinson

& Tsionas (2016) and Atkinson, Primont & Tsionas (2018). To ease notation let zit = [x′it, y
′
it, b

′
it]

′. Specifically, we

use a quadratic functional form for each group:

−→
D(zit; g

γ
i , β

γ) =
∑J

j=1 β
γ
j

(
zit,j + gγi,j

)
+ 1

2

∑J
j=1

∑J
j′=1 βjj′

(
zit,j + gγi,j

) (
zit,j + gγi,j′

)′
= vγit − uγit,

i = 1, ..., n, t = 1, ..., T, γ ∈ Γ,
(9)

where J = K +M + L. The restrictions that must be imposed are translation, g-homogeneity of degree minus

one, concavity and monotonicity, stated in equations (3)–(6) of Atkinson, Primont & Tsionas (2018). We wish

to emphasize that the adoption of different technologies for an unknown number of groups, effectively, relaxes the

functional form assumption and makes it a flexible formulation. Moreover, we should notice that βs in (9) do not

have an economic interpretation as they are, merely, coefficients in a second-order Taylor series expansion for the

unknown DTDF. However, as we will see in Section 4, certain functions of them, do have an economic interpretation.

In turn, the theoretical properties imply nonlinear restrictions among β and g, stated in equation (27) of
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Atkinson, Primont & Tsionas (2018). These restrictions can be stated as:

A(gγi )β
γ = 0(K+M+L+1), i = 1, ..., n, γ ∈ Γ, (10)

where A(g) is an r × (K +M + L) matrix. Here, r = K +M + L + 1 is the number of restrictions that must be

imposed to satisfy the theoretical properties of a DTDF. Atkinson, Primont & Tsionas (2018) impose these equality

restrictions using the following device:

A(gγi )β
γ = ξ(r×1), (11)

where ξ ∼ Nr

(
−ε, c2I

)
, where I denotes the identity matrix, c = 10−4, and ε = [1, 0, 0, ..., 0]′. The small variance

practically enforces exactly the equality restrictions.2 The system of equations (9), (8), and (11) can be jointly

estimated using Markov Chain Monte Carlo (MCMC) provided Γ = 1. In the more general case (Γ > 1) we have

a multivariate mixture-of-normals distribution. Effectively, as we will allow Γ to be determined by the data, the

parametric functional form in (9) is relaxed in a flexible way.

3.3 Stochastic assumptions

To develop our stochastic assumption for uγit, we follow Cheng & Zervopoulos (2014) and Kounetas & Zervopoulos

(2019). We use (2) to define:

rγit ≡ TEγ(xit, yit, bit; g
γ
i ) =

1− 1
K

∑K
k=1 ϑ

γ
itgi,k/xit,k

1 + 1
M+L

(∑M
m=1 ϑ

γ
itgi,m/yit,m +

∑L
l=1 ϑ

γ
itgi,l/bit,l

) , (12)

which is “generalized efficiency”. For a given γ ∈ Γ, the stochastic properties of ϑγit are tied to the properties of

TEγ(xit, yit, bit; g
γ
i , β

γ) which, in turn, satisfies the Markov property in (29). We assume

log uγit = δγ1 + δγ2 log uγi,t−1 + w′
itδ

γ + εγit, i = 1, ..., n, t = 1, ..., T, γ ∈ Γ, (13)

where wit is the d× 1 vector of instrumental variables defined in (8), and

εγit ∼ N
(
0, (σγ

ε )
2
)
, i = 1, ..., n, t = 1, ..., T, γ ∈ Γ. (14)

So, in (13) we have a dynamic process of inefficiency which is, in this way, disentangled from directions gγi as

in (9), and (11). As we stated in the introductory, section, these notions cannot be disentangled in a static model

but in the context of the dynamic model we use in this study, this separation is, at least, more transparent.

In turn, we define ϑγit = e−uγ
it , i = 1, ..., n, t = 1, ..., T, γ ∈ Γ. The reason for adopting (13) is that we want

2We have tried smaller values like 10−6 and 10−8 but all results remained the same.
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to derive transition kernels for efficiencies and technological gaps relative to the meta-technology -a construction

that would be incompatible with δγ2 = 0 or δ∗2 = 0 in (16) below.

4 Techniques

4.1 Meta-technology

Kerstens, O’Donnell & Van de Woestyne (2019), in a seminal paper, argue that estimates of efficiency are potentially

unreliable and develop a refined methodology for nonparametric envelopment of non-convex meta-sets. In an

empirical application, they find that convexification assuming a convex meta-set generally leads to erroneous results.

Instead, we follow Amsler, O’Donnell & Schmidt (2017) in defining the meta-technology:

−→
Dmeta(x, y, b; g, β) = E

{
max
γ∈Γ

−→
D(x, y, b; gγ , βγ) + vγ

}
+ v∗it − u∗it, (15)

where the expectation E(·) is taken with respect to vγ . Here, v∗it is an error term in the meta-technology, and

u∗it ≥ 0 is meta-efficiency. The specification in (15) appears to be novel in the sense that the stochastic envelopment

of the different frontiers is allowed to have its own “meta-inefficiency” u∗it . The corresponding estimate of the

meta-technology can be implemented easily via simulation as we will see below. Moreover, for meta-technology

inefficiency we assume a process similar to (13):

log u∗it = δ∗1 + δ∗2 log u
∗
i,t−1 + w′

itδ
∗ + ε∗it, i = 1, ..., n, t = 1, ..., T, (16)

where

ε∗it ∼ N
(
0, σ2

ε∗)
)
, i = 1, ..., n, t = 1, ..., T. (17)

4.2 Compact representation of the system

The system (9), (11), and (8) can be written compactly as follows:


z′it 0

0 Ỹit

[A(gγi ) + ε]⊗ιT 0


 βγ

πγ

 =


vγit − uγit

Ṽ γ
it

ξit

 , i = 1, ...., n, t = 1, ..., T, (18)

7



where αγ =

 βγ

πγ

, and zit denotes all observed data in (9), ε = [1, 0, ..., 0]′, and ιT is a T × 1 vector of ones.

Moreover, we have the meta-technology:

E
{
max
γ∈Γ

−→
D(xit, yit, bit; g

γ
i , β

γ) + vγ
}

= v∗it − u∗it, i = 1, ...., n, t = 1, ..., T. (19)

The expectation is approximated as:

E
{
max
γ∈Γ

[−→
D(xit, yit, bit; g

γ
i , β

γ) + vγit

]}
' N−1

N∑
κ=1

{
max
γ∈Γ

[−→
D(xit, yit, bit; g

γ
i , β

γ) + v
γ,(κ)
it

]}
. (20)

Moreover, vγ,(κ)it ∼ N (0, σγ
11), κ = 1, ..., N , and σγ

11 is the first element of Σγ defined in (23) below. This estimator

is consistent as N → ∞. The equation in (19) is nonlinear in both the parameters and the data.

We write this system as:

Xit(g
γ
i )α

γ = vγ
it − uitι, (21)

where vγ
it =


vγit

ξit

Ṽ γ
it

, ι = [1, 0, 0, ..., 0]′. This is supplemented with the nonlinear equation:

E
{
max
γ∈Γ

−→
D(xit, yit, bit; g

γ
i , β

γ) + vγ
}

≡ M(xit, yit, bit; gi, β) = v∗it − u∗it, i = 1, ...., n, t = 1, ..., T, (22)

where β = (βγ , γ ∈ Γ), gi = (gγi , γ ∈ Γ), i = 1, ..., n.

Our stochastic assumptions are:

V γ
it =

 vγit

Ṽ γ
it

 ∼ NK+M+L (0,Σγ) , ξit ∼ N (0, c2I), c = 10−4, v∗it ∼ N (0, σ2
v∗), u∗it ∼ |N (0, σ2

u∗)|,

i = 1, ..., n, t = 1, ..., T, γ ∈ Γ.

(23)

All error components in (23) are assumed to be independent. The variance of the meta-technology, σ2
v∗ , can

be either treated as an unknown parameter or set to a small value like c2. We believe that the metafrontier could

have its own variability so, we prefer to treat σ2
v∗ as an unknown parameter. The correlation of errors in DTDF

(vit) and the errors in reduced form (Ṽit) is essential in order to model endogeneity.
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4.3 Likelihood and posterior

First, we derive the likelihood / posterior for a given observation conditional on past values of {uγit} , {u∗it}:

Lit(β, g, {Σγ} , {uγit} , {u∗it} , σ2
v∗ , σ2

u∗ , σ2
ε , σ

2
ε∗ , δ, p;xit, yit, bit) ∝∑

γ∈Γ {pγ |Ωγ |−nT/2 exp
{
− 1

2 [Xit(g
γ
i )α

γ + uγitι]
′
(Ωγ)

−1
[Xit(g

γ
i )α

γ + uγitι]
}
·,

σ
−nT/2
εγ exp

{
− 1

2σ2
εγ

(
log uγit − δγ1 − δγ2 log uγi,t−1 − w′

itδ
γ
)}

·

σ
−nT/2
ε∗ exp

{
− 1

2σ2
ε∗

(
log u∗it − δ∗1 − δ∗2 log u

∗
i,t−1 − w′

itδ
∗)}}·

σ
−nT/2
v∗ exp

{
− 1

2σ2
v∗

(M(xit, yit, bit; gi, β) + u∗it)
}
·
∏

γ∈Γ I(u
γ
it ≥ u∗it),

(24)

where Ωγ =

 Σγ O

O c2I

, δ = {δγ1 , δ
γ
2 , δ

γ , δ∗1 , δ
∗
2 , δ

∗} , p = {p1, ..., pΓ}, and O denotes a matrix of zeros. The initial

conditions uγi0, u∗i0 are treated as parameters with a flat prior in R+ but we suppress them in the interest of clarity.

The overall likelihood function is:

L (β, g, {Σγ}, {uγit} , {u∗it} , σ2
v∗ , σ2

u∗ , σ2
ε , σ

2
ε∗ , δ, p;D) ∝∏n

i=1

∏T
t=1 Lit(β, g, {Σγ}, {uγit} , {u∗it} , σ2

v∗ , σ2
u∗ , σ2

ε , σ
2
ε∗ , δ, p;xit, yit, bit),

(25)

where D = {(xit, yit, bit), i = 1, ..., n, t = 1, ..., T} denotes the data. Given a prior P(β, {gi}ni=1, p, {Σγ}), the

posterior is provided by Bayes’ theorem:

P(β, g, {Σγ}, σ2
v∗ , σ2

u∗ , σ2
ε , σ

2
ε∗ , δ, p|D) ∝

L (β, g, {Σγ}, {uγit} , {u∗it} , σ2
v∗ , σ2

u∗ , σ2
ε , σ

2
ε∗ , δ, p;D)·P(β, {gi}ni=1, {Σγ}, σ2

v∗ , σ2
u∗ , σ2

ε , σ
2
ε∗ , p).

(26)

Our priors are as follows:

P(β, g, {Σγ}, σ2
v∗ , σ2

u∗ , σ2
ε , σ

2
ε∗ , δ, p) ∝

∏
γ∈Γ

|Σγ |−(K+M+L+1)/2 · I(pγ ∈ S )

 ·
n∏

i=1

I(gγi ∈ G ), (27)

where I(·) is the indicator function, G = {g ∈ RK+M+L| g′g = 1}, S = {x ∈ RC
+|

∑C
i=1 xi = 1). This is a diffuse

(flat) prior. For a symmetric positive definite matrix Φ whose dimensionality is N ×N , the Jeffreys’ reference prior

is known to be P(Φ) ∝ |Φ|−(N+1)/2. Moreover, we normalize the directions for each DMU to have unit length.

This avoids fixing (as a normalization) one direction to 1 or −1, which is arbitrary.

9



5 Data and empirical results

5.1 General

We use the same data as in Kounetas & Zervopoulos (2019). The data set is a balanced panel consisting of 103

countries during 1995–2011, and the final panel has 1,751 observations. There is a single output variable, the inputs

are capital, labor and energy, and the bad output is CO2 emissions. In turn, we define ϑ∗it = e−u∗
it , i = 1, ..., n, t =

1, ..., T, γ ∈ Γ. Therefore, the technology gap is estimated using the difference between technologies in Γ and the

meta-technology. This measure depends on the parameters of the model so, it is computed for each MCMC iteration

and, in turn, it is averaged across all MCMC draws to provide a simulation-consistent estimator.

From (12), (13), and (16), given ϑ∗it and {ϑγit, γ ∈ Γ}, we can obtain efficiencies r∗it and rγit, γ ∈ Γ. In turn,

technology gap is:

TGγ
it = rγit − r∗it i = 1, ..., n, t = 1, ..., T, γ ∈ Γ, (28)

subject to rγit ≥ r∗it ∀γ ∈ Γ. Since rγit, r∗it follow nonlinear autoregressive process, the technology gap also follows

a nonlinear autoregressive process. To address the technology gap problem in Kounetas & Zervopoulos (2019) the

technology gap defined in (4), say {Ψ(t), t ≥ 0} is a continuous-time Markov process. Suppose the state space is

E ⊆ R. Then from the Markov property we have: Pr (Ψ(t+ τ) ∈ A |Ψ(j) = ψ, j ≤ t) = Pr(τ) (ψ,A ), A ⊆ E ⊆ R.

Clearly, we have:

ft+τ (ω) =

∫ ∞

−∞
fτ (ω|ψ)ft(ψ)dψ ∀t, τ ≥ 0. (29)

The joint distribution f
(s)
τ (ω|ψ) can be obtained from the bivariate distribution of

(
TG

(s)
i,to
, TG

(s)
i,t1

)
where

to = 1970 and t1 = 2011 for a particular MCMC draw s ∈ {1, ..., S}. The bivariate distribution is approximated

using the technique of Wand (1994) given the MCMC draws. The conditional distribution is computed as:

f (s)τ (ω|ψ) = f (s)(ω, ψ)

f (s)(ψ)
∝ f (s)(ω, ψ), s = 1, ..., S. (30)

In turn, the final estimate of the transition kernel is:

f̂τ (ω|ψ) = S−1
S∑

s=1

f (s)τ (ω|ψ) ∀ω, ψ ∈ E , (31)

which is consistent as S → ∞. We apply MCMC to (26) for all combinations in Γ ∈
{
1, ...,Γ

}
, where Γ = 5. To
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impose the prior notion of parsimony we enhance the model with the following prior3:

P(Γ) ∝ 1

Γ
. (32)

The marginal likelihood is defined as:

Mγ(D) =

∫
p(θγ , λγ ;D)dθγ dλγ ∀γ ∈ Γ. (33)

where λ denotes all latent variables and θ denotes all structural parameters. The integral is not available analytically

but an unbiased estimator can be provided using Particle Filtering (see Appendix A). In turn, posterior model

probabilities for each group can be estimated as:

πγ(D) =
Mγ(D)∑

γ′∈Γ Mγ′(D)
∀γ ∈ Γ. (34)

Based on the marginal or integrated likelihood of each configuration we determine Γ = 4. The posterior

probabilities of Γ are presented in panel (a) of Figure 1. Although posterior model probabilities favor Γ = 4

groups, the other models have a total probability of 36.67%. As it does not seem proper to select only the results

corresponding to Γ = 4, we perform Bayesian Model Averaging (BMA) for all quantities of interest, like efficiencies

and technological gaps.

We also present the marginal posterior densities of δγ2 and δ∗2 , viz. the autoregressive parameters in (13) and

(16) in panel (b) of Figure 1.These marginal posteriors show considerable persistence and they have a (dominant)

mode near 0.90.

3We have examined more general priors of the form P(Γ) ∝ (1 + Γ)−(ν+1) e−qΓ,Γ ∈ {1, 2, ...} , where ν, q ≥ 0 using random values
in the intervals ν ∈ [0, 10] and q ∈ [0, 100] without noticing significant changes in marginal likelihoods and posterior model probabilities.
The reason is that this prior favors relatively low values of Γ as well. A Poisson prior P(Γ) = e−λλΓ/Γ!, Γ ∈ {1, 2, ...} provided the
same results for values of λ less than about 20.
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Figure 1: Marginal posterior probabilities of Γ and marginal posterior densities of δs
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To implement MCMC, we use a Gibbs sampler for parameters and a Particle Filter (Sequential Monte Carlo)

to integrate out latent inefficiencies {{uγit, γ ∈ Γ}, {u∗it}}. We use 150,000 passes the first 50,000 of which are

discarded to mitigate possible start up effects, and 1,000 particles per MCMC draw following the suggestion of

Creal and Tsay (2015). The number of simulations (N) to obtain the expected value in (22) is set to 5,000 for

each MCMC iteration. Technical details are presented in Appendix A. Parameter estimates for the GTDF are

reported in the Electronic Supplement (Table B5). Tables B1 - B4 provide posterior mean estimates for efficiency

and technology gaps.

5.2 Efficiency, directions and meta-technology

The results for technical efficiency are reported in Figure 2 for the years 1995, 2000, 2005 and 2011. These densities

are estimated based on BMA, using the posterior model probabilities which are given in panel (b) of Figure 1.

Evidently, the densities are multimodal and show certain variation over time. Notice that these densities are far

from normal, showing that asymptotic-based inferences are not valid in this instance.
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Figure 2: Posterior densities of technical efficiency (BMA)
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Bivariate posteriors4 of technology gaps are shown in Figure 3 (along with the 45◦ line and its reflection in the

left panel). The densities show four distinct modes. The modes along the 45◦ line indicate individual convergence

clubs for all 103 countries. More specifically, there are two local maxima in the low and the high technological gaps,

but not a third in the middle of relative gaps as in Kounetas & Zervopoulos (2019).5 There are two modes on and

below the 45◦ line and another two minor modes, located along the reflected 45◦ line (left panel of Figure 3); the

first one is located, approximately at (0.08, 0.20) and the second near (0.2, 0.13) indicating a decrease and increase,

respectively, of technology gaps between 1970 and 2010. The dominant modes are located near (0.08, 0.12) and

(0.17, 0.19) respectively. Compared to Figures 5 and 6 in Kounetas and Zervopoulos (2019) technology gaps are

much smaller, owing to the presence of noise in the meta-technology (19).

4All bivariate posteriors are normalized to one in the dominant mode.
5Of course, some differences may be attributed to the fact that these authors used a GGDF whereas we use a DTDF, although

our inefficiency measures are in the spirit of Kounetas & Zervopoulos (2019). An anonymous referee rightly argues that the direction
selected in a stochastic directional distance function will affect the functional estimates because deviations from the estimated function
are minimized in the specified direction (Layer et al. 2020; Kuosmanen and Johnson, 2017). Moreover, it changes the technical efficiency
scores (Layer et al. 2020). In this paper the selected direction corresponds to an interpretation of the inefficiency measure, based on the
distance to the economically efficient point. Of course this is correct but on the positive side, directions are estimated from the data
and, in this sense, efficiency estimation and direction estimation are disentangled.
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Figure 3: Bivariate posteriors of technology gaps (BMA)
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In panel (a) of Figure 4, we report marginal posterior densities of directions for output, capital, and labor

across countries for the particular group γ ∈ Γ to which they belong. The output directions are positive, while

the directions for capital and labor take negative values for the most part. The marginal posterior of the capital

directions is also negative, for the most part, although its spread is much smaller compared to other directions,

showing that adjustments for this input are rather small (as it is quite expensive to decrease capital in the short-run).

The notable feature of these posteriors is that the data are quite informative about input- and output-orientation

and, therefore, fixing the directions in advance is not necessary, even when precise prior information about them is

not imposed.
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Figure 4: Marginal posterior densities of directions (BMA)
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In panels (b) and (c) of Figure 4, we report posterior contours and the (normalized) posterior density of

energy and CO2 directions. The joint distribution is bimodal with the two modes located in negative values. The

minor mode is located also at negative values but shows more flexibility in changing energy and emissions. This

result shows that, in the posterior, energy and CO2 directions are positively correlated, there are two different

groups in the data in terms of directions in the energy-CO2 emissions space and the two modes are, practically,

totally separated. Two important questions are: If each country is allowed to choose inputs/outputs directions,

do they tend to choose “easy” ways to achieve short-term efficiency and avoid employing optimal technology for

long-term perspectives? How we can consider or differentiate such directional differences in efficiency evaluation?

As our directions are normalized to have unit norm, we can back out directions in inputs and good / bad outputs

in original units, as a percentage of corresponding inputs / outputs. Posterior means and standard deviations are

reported in Table 1.
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Table 1: Directions
capital labor energy CO2 output

Annex I countries
1995-2005 -0.51%

(0.022)
-3.14%
(0.014)

-2.57%
(0.013)

-0.32%
(0.010)

0.32%
(0.021)

2006-2011 -0.48%
(0.018)

-3.10%
(0.013)

-5.34%
(0.013)

-1.32%
(0.032)

0.45%
(0.019)

Non-Annex I countries
1995-2005 -0.44%

(0.013)
-3.32%
(0.019)

-2.33%
(0.012)

-0.21%
(0.013)

0.43%
(0.031)

2006-2011 -0.52%
(0.016)

-3.20%
(0.011)

-2.44%
(0.012)

-0.19%
(0.017)

0.49%
(0.029)

Notes: Directions are in percentage terms relative to inputs / (good and bad) outputs. Posterior standard deviations appear in parentheses and
are also percentages.

From Table 1, it appears that Annex I and non-Annex I countries are quite similar in terms of output, labor,

capital and energy. One important difference is that between the two periods (1995-2005 and 2006-2011) there has

been more reduction of energy (from 2.57% to 5.34%, relative to the levels of this input) as well as CO2 (from

0.32% to 1.32%, relative to the levels of this input. Labor is an input that can be adjusted downwards more easily

compared to capital; relative to energy we notice no difference between Annex I and non-Annex I countries except

for the period 2006-2011 for Annex I countries. From these results it turns out that: i) Annex I countries have been

reducing CO2 at the rate of 1.32% per year in the period 2006-2011 (although, clearly, they did not have to based on

the obligations of Kyoto protocol), ii) both groups (Annex I and non-Annex I countries) tend to choose “easy” ways

to achieve short-term efficiency in the sense that labor and energy are more easily adjusted compared to other inputs

and outputs. Another way of examining the same question is the following evidence. First, the sample densities

of (posterior mean) meta-efficiencies are rather similar across periods (see Figure 2). Second, marginal posterior

densities of the autoregressive parameters of the AR(1) for meta-inefficiency (equation (16)) indicate considerable

persistence. Therefore, on the one hand efficiency is rather “sticky” but so are capital, CO2 (for the most part

except Annex-I countries after 2005 or 2006) and output and, additionally, meta-inefficiency is rather persistent. In

this sense, it is clear that efficiency relative to the meta-technology is, at best, something that countries leave for

the long-run.

Regressions (17)–(24) in Kounetas & Zervopoulos (2019) could be, potentially, a source of problems as

efficiencies are themselves estimated. The purpose of their regressions is to examine whether the improvement of

environmental efficiency of Annex I countries from 2006 until 2011 reflects the positive effect of the adoption of

the Kyoto Protocol (signed in 2006 by Annex I countries). To examine the possible improvement of environmental

efficiency, for each MCMC draw, we average environmental efficiencies for 2007–2011 and 2001–2005, that is five

years prior to and after 2006. The averaging is performed over all Annex I countries and 2001–2005, 2007–2011.

Effectively, we have S = 100, 000 MCMC draws for these two quantities.6

6An anonymous reviewer correctly points out that this study separates periods between 2001-2005 and 2007-2011 due to the adoption
of the Kyoto Protocol (signed in 2006 by Annex I countries) (page 13), but the Kyoto Protocol was adopted in 1997 and entered into
force in 2005 for the first commitment period (2008-2012). The choice for 2005 is motivated by Kounetas and Zervopoulos (2019), and
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Figure 5: Posterior kernels of environmental efficiencies (BMA)
(a)
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Contours of the bivariate posteriors of environmental efficiencies for 2001–2005 versus 2007–2011, are pre-

sented in panel (a) of Figure 5. The mode of the distribution indicates an improvement from nearly 0.72 to 0.82,

and the contours lie above the 45◦ line, indicating that the Kyoto protocol had a significant positive effect in en-

vironmental efficiencies averaging, approximately, ten percentage points. In panel (b) we report the corresponding

(normalized) density. In panel (c) we report the contours of average efficiencies of 2000–2002 versus 2003–2005, viz.

prior to the Kyoto protocol. In panel (d) we present the bivariate posterior density for 2000–2002 versus 2003–2005.

The density is clearly bimodal and the two modes lie along the 45◦ line, showing no convergence of environmental

efficiencies prior to the Kyoto protocol. The dominant mode is located at nearly 0.70 and the other mode at 0.80,

showing the persistence of environmental efficiency at relatively low levels. From panel (b) it is evident that the

distribution is unimodal so convergence has taken place after the Kyoto protocol in Annex I countries.

particularly their definition of dummy variable D, preceding their equations (20) and (21). Although 2008 or 2009 could have been
adopted for the second period instead of 2005, we use 2005 as in Kounetas and Zervopoulos (2019), equations (21) – (24). Moreover,
Kounetas and Zervopoulos (2019, p. 1143) write: “The improvement of the environmental efficiency of Annex I countries from 2006
until 2011 reflects the positive effect of the adoption of the Kyoto Protocol. For instance, Annex I countries presented a reduction in
CO2 emissions by 0.61% on average for the period 2006–2011.” Of course, 2006 could have been the “critical” year per their equation
(24).
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5.3 Instrument validity

We address another important issue, viz. the validity of instruments in (8).7 We proceed in the standard fashion of

developing a Sargan-Hansen J-statistic for the validity of over-identifying restrictions (related to the instruments

in wit) resulting from (8) in the context of Generalized Method of Moments (GMM). We present the details

of formulating this statistic in the Technical Appendix. The J-statistic follows, asymptotically, the chi-square

distribution, χ2
d , where d is the number of over-identifying restrictions. In turn J/d ∼ χ2

1. The J-statistic is

computed for each MCMC draw so, finally, we can recover its (finite sample) distribution and compare it to the

asymptotic distribution or simply to its critical value at the 5% level of significance (which is, approximately, 3.84).

The distributions are presented in panel (a) of Figure 6. In panel (b) we deal with another important issue, viz.

that the instruments should be correlated with the endogenous variables. This reduces to the question of finding

an R2-like measure for the reduced form. This measure, which we denote by R2
∗, is derived as the system-R2 (Buse,

1973) of the reduced form (for each MCMC replication) and its density is presented in panel (b) of Figure 6.

Figure 6: Diagnostic measures for the reduced form
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Interestingly, the finite sample distribution of J/d-statistic is bimodal with the dominant mode near 0.5 and

another mode near 2.5. In comparison to the asymptotic χ2
1 distribution, it is clear that the the finite sample

distribution is well within the bounds specified by the asymptotic distribution. In this sense, the reduced form is

valid in the sense that we do not have evidence against the use of suggested instruments. In panel (b) of Figure

6, we present the (finite sample) density of R2
∗. This measure is between 0.7 and 0.9 so we do not have evidence

against the hypothesis that the fit of the reduced form is satisfactory.

5.4 Policy implications

As we have seen, countries have a low probability of changing their relative position within a year in terms of

technological gaps. So, mobility is rather limited during the seventeen year period we examine here. This is
7The author is grateful to an anonymous reviewer for pointing this out.
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consistent with the findings of Kounetas and Zervopoulos (2019, p. 1145–1146). It is, of course, quite possible that

this persistence as well as country-specific and meta-technology efficiency or directions are influenced by industrial

compositions, and institutional or regulatory differences on undesirable outputs for each country. The vast amount

of heterogeneity across countries evidenced here, besides even club formation and meta-technology, is a strong

indication that this may be true. Moreover, as argued in Kounetas and Zervopoulos (2019, p. 1145–1146) “[t]his

could be explained in terms of factor accumulation deformations, factor price changes that induce the introduction

of new technologies [...] and localized technological change [...] Factor accumulation distortions [...] of the examined

countries in both physical and human capital terms could be important to facilitate the objective of creating the three

clubs. For instance, physical capital investment may embody new energy-saving technologies to help in catching up

with the frontier, but this is not the case for all countries”. Mainly due to data limitations, incorporation of these

variables into our instrumental variables is, presently, impossible. However, it is clear that this is the background

into which the results should be interpreted in broad terms.

The important difference of clusters, in terms of technological gaps and other things (efficiency, etc.), could

depend on differences in country-specific technologies and / or on spillovers from the meta-frontier production

function (Kounetas and Zervopoulos, 2019, p. 1146) so the investigation of differences among country-specific tech-

nologies and the meta-technology deserve further attention, especially in the lack of data regarding the “background”

variables in this study.

The fact that, in this study, we find different cluster allocations is not surprising in its own right, as cluster

identification is very much dependent on the model. There are cluster techniques that can be applied “universally”

without reference to a given model, and there are model-specific cluster techniques, as the one in this paper. Both

approaches have their advantages and disadvantages. A universal technique does not depend on any particularly

model, which is good, but on the other hand it can miss important features of the data. For example, if the data

satisfy a linear regression model like yi = α + βxi + ui any universal clustering technique will find several clusters

in the data (xi, yi). A model-specific technique will find just one cluster but the model itself is open to criticism.

This criticism is healthy in the sense that it only through this criticism that models can be improved to account

for other features of the data that were not originally intended to be accounted for. Choosing between the model

in this study and the model proposed by Kounetas and Zervopoulos (2019) is not easy and we leave the matter

to be decided in future research. In fact, choosing more broadly between a DEA model and a stochastic frontier

model is an important issue that is not addressed in the literature, although many comparisons have been made.

As usual, both approaches have their strong and weak aspects and, one could argue that combining the two should

yield better inferences about efficiency, productivity, etc. How to combine remains, of course, an open question

that we do not address in this paper as it is beyond its scope. In a similar vein, it is currently ambiguous whether

we can formally compare and contrast cluster allocations delivered by different techniques, which is why we did

not go along this path in this study. Since we have an econometric model, we account for noise which is not
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captured by DEA-like techniques. On the other hand, we have parametric (although flexible) assumptions about

the data generating mechanism of the data. Any (formal) comparison between cluster allocations should credit

each procedure according to its own merits and discount it based on its weaknesses. Currently, we simply do not

know how to do this in a satisfactory way but we do suggest that it is an important avenue for future research.

In terms of policy, capital investment that embodies energy-saving and cleaner technologies may help in

faster convergence to the meta-technology and, at the same time, increase environmental efficiency. However, this

depends, again, on the country-specific background which is unobserved but evidenced in heterogeneity across clubs

and countries. The policy implications of this study, conditionally on the technologies we observe (which may

not be neither energy-saving or cleaner) energy-saving and CO2 reductions by other means, appears to be the

only practical way. This is especially so in view of the fact that what is documented in this study, as well as in

Kounetas and Zervopoulos (2019) is that there are differences of technology, directions, technology gaps, etc. These

differences can be explained by the background for each country and club, but in the absence of data regarding this

background, there is not much more we can say except that changes in this background should be implemented via

institutional means in the absence of wide access to markets for CO2 emissions. Of course, factor accumulation

deformations, factor price changes that induce the introduction of new technologies etc., have a role to play but

such variables or explanations are endogenous to the problem as they depend on markets for factors which, again, is

background in terms of estimating production frontiers. One feature of such markets could be their price instability,

and dependence on political decisions or negotiations among suppliers (Grubb, 2003). An important insight is that

“much as the oil markets involve a high degree of government-industry interaction (though now somewhat less than

formerly), the Kyoto system is likely to involve the same. Some governments at least wish to protect and support

emergent industries that can deliver, and profit from, lower carbon futures” (Grubb, 2003, p. 174).

Clearly, technical change and therefore technology gaps can be affected by the Kyoto protocol bundle of

measures, in the sense that the Kyoto targets are costly , and moreover subject to a “re-configuration” of emissions

if some industries migrate to countries without emission caps (Barrett, 2001). As there is vast heterogeneity in terms

of industrial composition among countries, one does not expect a uniform reduction in CO2 emissions due to the

Kyoto protocol. For example, in Germany and Japan, emissions were reduced even before the Kyoto protocol mostly

based on government policies, regulations, and changes in public opinion (Wang et al., 2019). On the other hand, the

CO2 emission patterns in Italy show that emissions tend to be high in economies dominated by heavy industry. On

the other hand, in Taiwan, which is neither an Annex I or non-Annex I country, the predominance of export-oriented

manufacturing industries caused a sharp increase in CO2 emissions following economic development (op. cit). India,

is an economy whose industrial composition is, mainly, agriculture and software design, thus associated with low

emissions, confirms that the structure—rather than the development stage and income—may be responsible for its

carbon emissions. Therefore, “[p]rudent reduction policies and low-carbon development can effectively reduce CO2

emissions. Thus, the Kyoto Protocol can promote reduction of CO2 emissions in Annex I countries” (op cit., p.
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17).

From this corroborating evidence, it seems certain that industrial composition is an essential determinant of

emissions when heavy industry is predominant and requires high-emissions technology. As a result, enforcement of

reductions is likely to decrease income until cleaner technologies become available so, in the short-run there is an

important trade-off between emissions and output (per capita or otherwise). In this perspective, the rising trend of

emissions in Italy, for example, would partially at, least, revert if the Italian nuclear program had been implemented.

This program stopped right after the global financial crisis of 2018-19. This indicates that global economic conditions

are an important element of the “background” becomes, except institutional changes, legislation, etc., mainly

industrial composition and the need for each country to maintain standard of living and GDP growth. As a general,

but certainly not universal conclusion one can say that the Kyoto protocol and, especially, the Paris Agreement

(2015), can promote reduction of CO2 emissions at least in Annex I countries but given slowly changing industrial

composition, based on comparative advantage in international trade, for most countries, whether Annex I or non-

Annex I.

Concluding remarks

In this paper, we resolve a technical issue in Kounetas & Zervopoulos (2019) where a Markov chain for technological

gaps is estimated in a second stage, following preliminary estimation of a generalized directional distance function.

We embed a Markov process in a new model (based on a flexible directional technology distance function) to avoid

two–stage estimations. We provide several methodological innovations: We estimate a data-based group-specific

directional technology distance function. We provide a novel way of modeling and estimating the meta-technology.

We allow for endogeneity of all inputs and good and bad outputs. Directions are estimated from the data and they are

allowed to be a priori different for each country and each group, which allows us to adopt a broader view regarding

the notion of directions in a distance function. The proposed approach relies on Bayesian modeling organized around

Markov Chain Monte Carlo methods, and especially the Sequential Monte Carlo – Gibbs algorithm. Relative

to Kounetas & Zervopoulos (2019) we find that the 1970–2011 transition kernel for technological gaps has four

(instead of three) modes, Annex I countries converge in terms of environmental efficiency after the Kyoto protocol

but not before, and that the transition kernel before the Kyoto agreement (2009–2005 and 2007–2011) is bimodal

indicating club-convergence around sub-optimal environmental performance levels. Instead, relative to prior the

Kyoto agreement, post-Kyoto environmental performance is enhanced.

Appendix A.

Our MCMC is based on particle filtering to integrate out latent inefficiencies from the joint posterior and a
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Gibbs sampler to integrate the other parameters. Specifically, we use a recent advance in Sequential Monte Carlo

methods known as the particle Gibbs (PG) sampler, see Andrieu et al. (2010). The algorithm allows us to draw

paths of the state variables in large blocks. Particle filtering is a simulation based algorithm that sequentially

approximates continuous, marginal distributions using discrete distributions. This is performed by using a set of

support points called “particles” and probability masses; see Creal (2012) for a review.

The PG sampler draws a single path of the latent or state variables from this discrete approximation. As

the number of particles 8 M goes to infinity, the PG sampler draws from the exact full conditional distribution.

As mentioned in Creal and Tsay (2015, p. 339): “The PG sampler is a standard Gibbs sampler but defined

on an extended probability space that includes all the random variables that are generated by a particle filter.

Implementation of the PG sampler is different than a standard particle filter due to the “conditional” resampling

algorithm used in the last step. Specifically, in order for draws from the particle filter to be a valid Markov transition

kernel on the extended probability space, Andrieu et al. (2010) note that there must be positive probability of

sampling the existing path of the state variables that were drawn at the previous iteration. The pre-existing path

must survive the resampling steps of the particle filter. The conditional resampling step within the algorithm forces

this path to be resampled at least once. We use the conditional multinomial resampling algorithm from Andrieu et

al. (2010), although other resampling algorithms exist, see Chopin and Singh (2013).”

We follow Creal and Tsay (2015). Suppose the posterior is p(θ, λ1:T |y1:T ) where

λ1:T =
[
{uγi,1:T , γ ∈ Γ, i = 1, ..., n}, {u∗i,1:T , i = 1, ..., n}

]
,

denotes the latent variables whose prior can be described by p(λt|λt−1, θ) given by (13) and (16). We maintain

throughout the constraint

u∗it ≤ min
γ∈Γ

uγit, (1)

by rejection sampling. In the PG sampler we can draw the structural parameters θ|λ1:T ,y1:T as usual, from their

posterior conditional distributions. This is important because, in this way, we can avoid mixture approximations

or other Monte Carlo procedures that need considerable tuning and may not have good convergence properties. As

such posterior conditional distributions we omit the details and focus on drawing the latent variables.

Suppose we have λ(1)1:T from the previous iteration. The particle filtering procedure consists of two phases.

Phase I: Forward filtering (Andrieu et al., 2010).

• Draw a proposal λ(m)
it from an importance density q(λit|λ(m)

i,t−1, θ),m = 2, ...,M .
8M is not to be confused with number of outputs (which is one) in main text.
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• Compute the importance weights:

ω
(m)
it =

p(yit;λ
(m)
it , θ)p(λ

(m)
it |λ(m)

i,t−1, θ)

q(λit|λ(m)
i,t−1, θ)

,m = 1, ...,M. (2)

• Normalize the weights: ω̃(m)
it =

ω
(m)
it∑M

m′=1
ω

(m′)
it

,m = 1, ...,M .

• Resample the particles {λ(m)
it ,m = 1, ...,M} with probabilities {ω̃(m)

it ,m = 1, ...,M}.

In the original PG sampler, the particles are stored for t = 1, ..., T and a single trajectory is sampled using the

probabilities from the last iteration. An improvement upon the original PG sampler was proposed by Whiteley

(2010), who suggested drawing the path of the latent variables from the particle approximation using the backwards

sampling algorithm of Godsill et al. (2004). In the forwards pass, we store the normalized weights and particles

and we draw a path of the latent variables as we detail below (the draws are from a discrete distribution).

Phase II: Backward filtering (Chopin and Singh, 2013, Godsill et al., 2004).

• At time t = T draw a particle λ∗iT = λ
(m)
iT .

• Compute the backward weights: ω(m)
t|T ∝ w̃

(m)
t p(λ∗i,t+1|λ

(m)
it , θ).

• Normalize the weights: ω̃(m)
t|T =

ω
(m)

t|T∑M
m′=1

w
(m′)
t|T

,m = 1, ...,M .

• Draw a particle λ∗it = λ
(m)
it with probability ω̃(m)

t|T .

Therefore, λ∗i,1:T = {λ∗i1, ..., λ∗iT } is a draw from the full conditional distribution. The backwards step often results

in dramatic improvements in computational efficiency. For example, Creal and Tsay (2015) find that M = 100

particles is enough. There remains the problem of selecting an importance density q(λit|λi,t−1, θ). We use an

importance density implicitly defined by λit = ait +
∑P

p=1 bitλ
p
i,t−1 + hitξit where ξit follows a standard (zero

location and unit scale) Student-t distribution with ν = 5 degrees of freedom. That is, we use polynomials in λi,t−1

of order P . We select the parameters ait, bit and hit during the burn-in phase (using P = 1 and P = 2) so that the

weights {w̃(m)
it ,m = 1, ...,M} and {ω̃(m)

t|T ,m = 1, ...,M} are approximately not too far from a uniform distribution.

Chopin and Singh (2013) have analyzed the theoretical properties of the PG sampler, and proved that the

sampler is uniformly ergodic. They also prove that the PG sampler with backwards sampling strictly dominates

the original PG sampler in terms of asymptotic efficiency.

Alternatively, when the dimension of the state vector is large, we can draw λi,1:T , conditional on all other paths

λ−i,1:T that are not path i. Therefore, we can draw from the full conditional distribution p(λi,1:T |λ−i,1:T ,y1:T , θ).
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Finally, for purposes of identification we follow Geweke (2007) and set

p1 < p2 < ... < pΓ. (3)

The performance of MCMC can be assessed using relative numerical efficiency (RNE) and Geweke’s (1992)

convergence diagnostic (CD). RNE is also proposed by Geweke (1992) and shows how close to i.i.d is MCMC from

the posterior. Values closer to one indicate that MCMC performs like i.i.d sampling. The CD is asymptotically

normal and values less than two in absolute value, indicate successful convergence. Our results are reported in

Table A1. From the results, it turns out that RNE is acceptably large and CD indicates convergence of MCMC.

Table 1: MCMC diagnostics
RNE |CD|

θ 0.414 1.17
{u∗it} 0.382 1.26
{u∗i0} 0.615 1.33

{uγit, γ ∈ Γ} 0.402 1.36
{uγi0, γ ∈ Γ} 0.617 1.44

technology gaps 0.515 1.23
Notes: Structural parameters are denoted by θ, {u∗

it} is meta-technology inefficiency,
{
uγ
it, γ ∈ Γ

}
is group-specific inefficiencies, and tech-

nology gaps are defined in (28). Moreover, {u∗
i0} and

{
uγ
i0, γ ∈ Γ

}
are initial conditions for meta-technology and group-specific inefficiencies,

respectively, see (13) and (16). For all quantities, RNE and |CD| are maxima across DMUs, time periods, groups (where appropriate) and
parameters indicated in the Table.
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