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UNIFORM HYPERFINITENESS

GÁBOR ELEK

Abstract. Almost forty years ago, Connes, Feldman and Weiss proved
that for measurable equivalence relations the notions of amenability and
hyperfiniteness coincide. In this paper we define the uniform version of
amenability and hyperfiniteness for measurable graphed equivalence rela-
tions of bounded vertex degrees and prove that these two notions coincide
as well. Roughly speaking, a measured graph G is uniformly hyperfinite if
for any ε > 0 there exists K ≥ 1 such that not only G, but all of its sub-
graphs of positive measure are (ε,K)-hyperfinite. We also show that this
condition is equivalent to weighted hyperfiniteness and a strong version of
fractional hyperfiniteness, a notion recently introduced by Lovász. As a
corollary, we obtain a characterization of exactness of finitely generated
groups via uniform hyperfiniteness.
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1. Introduction

First, let us recall the notion of amenability and hyperfiniteness in the context
of Borel/measurable/continuous combinatorics.

Let X be a standard Borel space. A Borel graph G ⊂ X ×X is a Borel set
such that

• for any x ∈ X , (x, x) /∈ G,
• if (x, y) ∈ G, then (y, x) ∈ G as well, that is, G is indeed a graph.(see
[6] for details)

In this paper we always assume that the degrees of a Borel graph is countable.
The components of a Borel graph G are called orbits. The shortest path
metric on the orbits will be denoted by dG. Now, let Γ be a countable group
with symmetric generating system Σ and let α : Γ y X be a Borel action.
An associated Borel graph αΓ,Σ

G is defined in the following way. We have

(x, y) ∈ αΓ,Σ
G for x 6= y if and only if there is a generator σ ∈ Σ such that

y ∈ α(σ)(x). By the Kechris-Solecki-Todorcevic Theorem [7], for any Borel

graph G, there exists (Γ,Σ) and an action α : Γ y X such that αΓ,Σ
G = G.

Also, if G is of bounded vertex degrees, then one can assume that Γ is finitely
generated and Σ is a finite generating system.

A Borel equivalence relation E ⊂ X×X is called countable resp. finite, if
the equivalence classes are countable resp. finite. If G is a Borel graph, then
the associated Borel equivalence relation EG is defined in the following way.
We have x ≡EG

y if x and y are vertices of the same orbit.

We call the Borel equivalence relation E hyperfinite if there exist finite Borel
equivalence relations E1 ⊂ E2 ⊂ . . . such that ∪∞

n=1En = E.

We call the Borel equivalence relation E amenable if there exist Borel func-
tions (the Reiter functions) pn : E → [0, 1] such that

• for any x ∈ X and n ≥ 1,
∑

z,z≡Ex pn(x, z) = 1,
• for any pair x ≡E y,

lim
n→∞

∑

z,z≡Ex

|pn(x, z)− pn(y, z)| = 0.

It is not hard to see that hyperfiniteness implies amenability. However, the
converse statement is one of the classical conjectures in Borel combinatorics.

Conjecture 1.1 ([6]). Every countable amenable Borel equivalence relation

is hyperfinite.

Now let us turn to the measurable case (for this part, see also [6] for further
details). Let (G, X) be a Borel graph and µ be a Borel probability measure
on X . We say that µ is an invariant measure on G if there exists a group
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action α : Γ y X , αΓ,Σ
G = G such that α preserves the measure µ. Note that

if β : Γ′
y X , βΓ′,Σ′

G = G is another action, then β preserves the measure as
well. Also, if (H, X) is another Borel graph such that EH = EG , then µ is
invariant measure with respect to H as well.

Similarly, µ is called a quasi-invariant measure on G if the above action α
preserves only the measure-class of µ, that is, if µ(A) = 0 for some Borel set
A ⊂ X , then µ(α(γ)(A)) = 0 for every γ ∈ Γ.

Now, let (G, X, µ) be a measured graph, that is, a Borel graph with a quasi-
invariant measure. Then, we call (G, X, µ) µ-amenable resp. µ-hyperfinite, if
there exists a Borel set Y ⊆ X such that

• Y is a union of equivalence classes of EG (that is, Y is an invariant

subset),
• µ(Y ) = 1 (that is Y has full measure),
• the induced graph on the set Y , GY is amenable resp. hyperfinite.

Then we have the celebrated theorem of Connes, Feldman and Weiss [2].

Theorem 1. A measured graph (G, X, µ) is µ-amenable if and only if it is

µ-hyperfinite.

Finally, let (G, X, µ) be a bounded degree Borel graph with a quasi-invariant
measure. For ε > 0 and K ≥ 1, we call the measured graph (G, X, µ) (ε,K)-
hyperfinite if there exists some Borel subset T ⊂ X , µ(T ) < ε such that all
the components of the induced graph GX\T are of size at most K. Then,
(G, X, µ) is µ-hyperfinite if for all ε > 0 there exists K ≥ 1 such that (G, X, µ)
is (ε,K)-hyperfinite.

Before introducing our new notion, let us recall the definition of the Radon-

Nikodym cocycle. Let (G, X, µ) be a measured graph with a quasi-invariant

measure and α : Γ y X be a Borel action such that αΓ,Σ
G = G. Then, for

any γ ∈ Γ we have a Borel function Rγ : X → (0,∞), the Radon-Nikodym
derivative, which is unique up to zero-measure perturbation, such that for any
Borel set A ⊂ X

• µ(α(γ)(A)) =
∫

A
Rγ(x) dµ(x),

• for any γ, δ ∈ Γ and x ∈ X

Rγδ(x) = Rγ(α(δ))(x)Rδ(x) .

Hence, we have a Borel function R : E → (0,∞), the Radon-Nikodym cocycle.

Definition 1.1. If for any γ ∈ Γ the function Rγ is bounded and G is of
bounded vertex degrees, then we call (G, X, µ) a measured graph of bounded
type.

Note the if µ is an invariant measure, then all the Rγ ’s can be chosen as
constant 1, hence bounded degree graphs with invariant measures are always
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of bounded type. By the inequality in Section 3.2 of [8], for any random walk of
a finitely generated group with finitely supported transition measure induces
a bounded type structure on the Furstenberg boundary. It is important to
note that if −→e = (x, y) is an oriented edge of G, we have a well-defined Radon-
Nikodym derivative R−→e corresponding to the edge. If the measured graph is
of bounded type, then the function R−→∗ is bounded.

Before presenting our main definitions, let us recall the notion of topological
amenability for free continuous actions. Let Γ be a finitely generated group
with symmetric generating set Σ and let α : Γ y K a free continuous action
of Γ on a compact Hausdorff space K. Following [1], we call α topologically

amenable if for any n ≥ 1, there exists Rn ≥ 1 and a continuous function
pn : K → Prob(K) such that

• for any x ∈ K, Supp(pn(x)) ⊂ BRn
(x, αΓ,Σ

G ) (the ball of radius Rn

centered at x),

• for all αΓ,Σ
G -adjacent pairs x, y ∈ K we have

‖pn(x)− pn(y)‖1 ≤
1

n
.

Clearly, the equivalence relation associated to a topologically amenable action
is amenable. Hence, for any quasi-invariant measure µ, the measured graph
(αΓ,Σ

G , K, µ) is µ-hyperfinite. By [1], we have the converse if a the equivalence
relation associated to a free continuous action α of a finitely generated group
is µ-hyperfinite for all quasi-invariant measure µ, then α must be topologically
amenable.

Let (G, X, µ) and (H, Y, ν) be measured graphs of bounded vertex degrees and
let Φ : X → Y be a measure preserving map preserving almost all the orbits.
Also, let us assume that there exists a constant L > 1 such that for µ-almost
all x and every y ≡EG

x

(1)
1

L
dG(x, y) < dH(Φ(x),Φ(y)) < LdG(x, y).

Then, we say that G and H are coarsely equivalent. Note that coarse
equivalence is much stronger than orbit equivalence and G is of bounded type
if and only if H is of bounded type. In our paper we introduce a strengthening
of the notion of µ-hyperfiniteness for measured graphs of bounded type.

Let (G, X, µ) be a measured graph of bounded type. Let A ⊂ X be a Borel
subset of positive measure. Then, one can consider the measured graph
(GA, A, µA) induced on A, where for any Borel set B ⊂ A,

µA(B) =
µ(B)

µ(A)
.

Now we present the key definitions of our paper.
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Definition 1.2. Let (G, X, µ) be a measured graph of bounded vertex degrees,
ε > 0 and K ≥ 1. Then, (G, X, µ) is (ε,K)-uniformly hyperfinite if for all
subset A ⊂ X of positive measure (GA, A, µA) is (ε,K)-hyperfinite.

We call the measured graph (G, X, µ) µ-uniformly hyperfinite if for any
ε > 0 there exists K ≥ 1 such that (G, X, µ) is (ε,K)-uniformly hyperfinite.

Definition 1.3. Let (G, X, µ) be a measured graph of bounded vertex degrees,
ε > 0 and R ≥ 1. Then, (G, X, µ) is (ε, R)-uniformly amenable, if there exists
an invariant set Y ⊂ X of full measure, a Borel function p : Y → Prob(Y )
such that

• for all x ∈ Y
Supp(p(x)) ⊂ BR(x,G) ,

• and
∑

x∼Gy

‖p(x)− p(y)‖1 ≤ ε .

We call the measured graph (G, X, µ) of bounded vertex degrees µ-uniformly

amenable if for any ε > 0 there exists R ≥ 1 such that (G, X, µ) is (ε, R)-
uniformly hyperfinite. The main result of the paper is the following theorem.

Theorem 2. A measured graph (G, X, µ) of bounded type is µ-uniformly

amenable if and only if it is µ-uniformly hyperfinite.

It will be clear from the proof that for a measured graph of bounded degrees
(without the bounded type condition) uniform amenability implies uniform
hyperfiniteness. The proof of the theorem will be given by proving the equiv-
alence of six properties: uniform amenability, uniform local hyperfiniteness,
uniform hyperfiniteness, weighted hyperfiniteness, approximate strong hyper-
finiteness and strong fractional hyperfiniteness.

In Section 2, we give examples of hyperfinite, but not uniformly hyperfinite
measured graphs. Also, we show that there exist measured graphs of un-
bounded type that are uniformly hyperfinite, but not uniformly amenable.

Finally, in the last section we prove a trichotomy in terms of uniform hyper-
finiteness, characterizing exact non-amenable groups.

2. Further motivation and examples

It is not very hard to show that µ-hyperfiniteness implies µ-amenability. The
converse entails some significant work in the Connes-Feldman-Weiss Theo-
rem. In the case of our Theorem 2, the more involved part of the proof is
to show that µ-uniform hyperfiniteness implies µ-uniform amenability. In the
course of the proof we will show that µ-hyperfiniteness is equivalent with a
series of other notions. Let us describe briefly the motivation for this ap-
proach. Instead of measured graphs, let us consider infinite connected graphs



UNIFORM HYPERFINITENESS 7

of bounded vertex degrees. The analogue of µ-uniform amenability is Prop-
erty A. This important notion was introduced by Yu [13] in the context of the
Baum-Connes Conjecture.

An infinite connected graph G of bounded vertex degrees has Property A,
if for any ε > 0, there exists Rε > 0 and a function p : V (G) → Prob(G) such
that for each x ∈ V (G),

• Supp(p(x)) ⊂ BRε
(x,G) ,

•
∑

y,x∼y ‖p(x)− p(y)‖1 ≤ ε .

For sequences of graphs hyperfiniteness is well-defined and closely related to µ-
hyperfiniteness via the Benjamini-Schramm convergence [3]. However, there
seems to be no sensible way to define hyperfiniteness for infinite connected
graphs. In [5], the author and Timár introduced the notion of weighted hy-
perfiniteness. An infinite connected graph G of bounded vertex degrees is
weighted hyperfinite if for any ε > 0 there exists K ≥ 1 such that for any
probability measure p : V (G) → [0, 1], there exists a subset A ⊂ V (G) such
that

• p(A) ≤ εp(V (G)),
• the induced graph on V (G)\A has components of size at most K.

Sako [10] proved that Property A is, in fact, equivalent to weighted hyper-
finiteness. Although hyperfiniteness cannot be defined on a countably infinite
graph, one can define a related notion (this is strongly motivated by the work
in [9]) strong hyperfiniteness. First, recall that if G is an infinite connected
graph G of bounded vertex degrees, then a subset A ⊂ V (G) is a K-separator
if the induced graph on V (G)\A has components of size at most K.

Definition 2.1. An infinite connected graph G of bounded vertex degrees is
strongly hyperfinite if for any ε > 0 there exists K ≥ 1 such that we have
a probability measure ν on the compact set of K-separators satisfying the
following condition. For any v ∈ V (G), the measure of separators containing
v is not greater than ε.

One can prove [4] that strong hyperfiniteness is also equivalent to Property
A. The main idea of the proof of Theorem 2 is to show that µ-uniform hy-
perfiniteness is equivalent to a measured version of weighted hyperfiniteness,
which, in turn, is equivalent to some measured versions of strong hyperfinite-
ness and finally, they all are equivalent to µ-uniform amenability. The steps
of the proof are motivated by the proofs of their combinatorial counterparts.

Before starting the proof of our main theorem, let us present two examples
that are intended to demonstrate the subtlety of the notion of uniform hyper-
finiteness.

Example 1. There exists a measured ergodic graph (Ĥ, X̂, µ̂) of bounded
degrees which is µ̂-hyperfinite, but not µ̂-uniformly hyperfinite.
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Let α : Z y X the irrational rotation action on the unit circle preserving
the Lebesgue probability measure µ. We consider the standard generating
system Σ = {1,−1} and the corresponding measured graph H = αZ,Σ

G . Now,
let T1, T2, T3, . . . be an expander sequence of finite 3-regular graphs such that
|V (T1)| < |V (T2)| < |V (T3)| < . . . . Let {Yn}

∞
n=1 be a sequence of Borel

subsets of X satisfying the following conditions.

• For any n ≥ 1, there exists an integer Cn > 0 such that for all x ∈ X
there exists y ∈ Yn so that dH(x, y) ≤ Cn,

• µ(Yn) ≤
1

2n|V (Tn)|
.

The existence of such marker sets is well-known (see e.g. [6]). Now, we

construct a new measured graph (Ĥ, X̂, µ̂) in the following way. First we set

X̂ = X ∪ (Y1 × V (T1)) ∪ (Y2 × V (T2)) ∪ . . .

Now we define a Borel measure ν on Ĥ in the following way.

• ν(A) := µ(A), if A ⊂ X is a Borel set.
• ν(B × {p}) := µ(B), if B ⊂ Yn is a Borel set and p ∈ V (Tn) for some
n ≥ 1.

By our assumption, ν(Ĥ) ≤ 2. Now, let µ̂ be the normalized probability

measure associated to ν, that is, for a Borel set C ⊂ X̂ , µ̂(C) := ν(C)

ν(X̂)
.

Finally, we define a Borel graph structure on X̂. For each n ≥ 1, fix a vertex
tn ∈ V (Tn) and for each s ∈ Yn, let us connect s and s×tn by an edge es. Also,
let the induced graph on s×V (Tn) be Tn. We denote the resulting Borel graph

by Ĥ, Clearly, (Ĥ, X̂, µ̂) is a measured graph with an invariant probability
measure and the corresponding orbit equivalence relation is ergodic.

Lemma 2.1. The measured graph (Ĥ, X̂, µ̂) is µ̂-hyperfinite, but it is not

µ̂-uniformly hyperfinite.

Proof. Let ε > 0. Since H is µ-hyperfinite, we have a subset Z ⊂ X and an
integer K ≥ 1 such that µ(Z) < ε

2
and all the components of HX\Z have size

not greater than K.

Now, let q > 0 be an integer such that

Z ′ =

∞
∑

n=q+1

µ̂(Yn × V (Tn)) <
ε

2
.

Then, µ̂(Z∪Z ′) < ε and the size of all the components in the graph ĤX̂\(Z∪Z′)

is not greater than K +K|V (Tq)|. Hence, (Ĥ, X̂, µ̂) is µ̂-hyperfinite. By the
expander condition, for any l ≥ 1, we have nl > 0 such that the graph Tnl

is not (ε, nl)-hyperfinite. Consequently, (Ĥ, X̂, µ̂) is not µ̂-uniformly hyperfi-
nite. So, we have ergodic, invariant hyperfinite, but non-uniformly hyperfinite
measured graphs.
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Example 2. Our second example is a measured graph (Ĥ, X̂, ν̂) which is

• ν̂-uniformly hyperfinite,
• not ν̂-uniformly amenable,
• not of bounded type.

We start with the measured graph (Ĥ, X̂, µ̂) constructed in Example 1 and
substitute the measure µ̂ with a quasi-invariant probability measure ν̂ in the
same measure class. Let T1, T2, . . . be the graphs in Example 1. and for
n ≥ 1, let tn ∈ V (Tn) be the distinguished vertex. Also, for n ≥ 1, let
tn = sn1 , s

n
2 , . . . , s

n
|V (Tn)|

be an enumeration of the vertices of the graph Tn.

Finally, we define a probability measure wn on each vertex set V (Tn) in the
following way.

• Let wn(s
n
1 ) =

1
2
, wn(s

n
2) =

1
4
, . . .

• Let wn(s
n
|V (Tn)|−1) =

1
2|V (Tn)|−1 , wn(s

n
|V (Tn)|

) = 1
2|V (Tn)|−1 .

The new measure ν̂ will coincide with µ̂ on Borel subsets of X and for n ≥ 1,

ν̂(Yn × V (Tn)) = µ̂(Yn × V (Tn)) .

We redistribute the weights on each of the sets (Yn × V (Tn)) in the following
way.

Let n ≥ 1, 1 ≤ i ≤ |V (Tn)|. Now, for a Borel set Bn ⊂ Yn, we define

ν̂(Bn × {sni }) = wn(s
n
i )µ̂(Bn × {sni }).

Clearly, µ̂ and ν̂ are in the same measure class. So, the measured graph
(Ĥ, X̂, ν̂) is still not ν̂-uniformly amenable, since uniform amenability depends
only on the measure class. Thus, we need to prove the following lemma.

Lemma 2.2. The measured graph (Ĥ, X̂, ν̂) is ν̂-uniformly hyperfinite.

Proof. Let ε > 0 and A ⊂ X̂ be a Borel set. Since, (G, X, µ) is (ε,K)-
uniformly hyperfinite, we have Y ⊆ A ∩ X and an integer K ≥ 1 such that
µ(Z) < εµ(A ∩X), consequently, ν̂(Z) < εν̂(A ∩X) and all the components
of G(A∩X)\Z have size at most K. Now, let j ≥ 1 be an integer such that

(2)

j
∑

i=1

1

2i
> 1− ε .

Let Z ′ be the set of elements in A\X in the form of y × t, where for some
n ≥ 1, y ∈ Yn and t = snk , k > j. Then, by (2), ν̂(Z) < εν̂(A\X). Therefore,

ν̂(Z ∪ Z ′) < εν̂(A) and the size of the components in ĤA\(Z∪Z′) are bounded
by K +Kj.

3. Uniform amenability implies uniform local hyperfiniteness

In the course of our paper we introduce several notions equivalent to uniform
amenability in the realm of measured graphs of bounded type. The first such
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notion is uniform local hyperfiniteness. Let (G, X, µ) be a measured graph of
bounded vertex degrees. Let A ⊂ B ⊂ X be Borel subsets. Then, the outer
boundary set ∂B(A) ⊂ X is defined as the set of vertices x ∈ B\A such that
there exists y ∈ A, x ∼G y.

Definition 3.1. Let (G, X, µ) be a measured graph of bounded vertex degrees,
where µ is a quasi-invariant measure. Let ε > 0, K ≥ 1 be positive constants.
We say that (G, X, µ) is (ε,K)-locally hyperfinite if for any Borel subset B ⊂
X of positive measure, there exists a Borel subset A ⊂ B of positive measure
such that

• µ(∂B(A)) < εµ(A),
• each component of GA has size at most K.

We call the measured graph (G, X, µ) µ-uniformly locally hyperfinite, if for
any ε > 0 there exists K ≥ 1 such that (G, X, µ) is (ε,K)-locally hyperfinite.
The main result of this section is the following proposition.

Proposition 3.1. If the measured graph (G, X, µ) is (ε, R)-uniformly ame-

nable, then it is (ε,N2R)-locally hyperfinite as well, where N2R denotes the

size of the largest ball of radius 2R in the graph G.

Proof. First, we need a lemma.

Lemma 3.1. Let B ⊂ Y be a Borel set, where Y is the invariant set of full

measure in the definition of (ε, R)-uniform amenability. Then, there exists a

Borel function pB : B → Prob(B) such that

• for each x ∈ B, we have

pB(x) ⊂ B2R(x,G) ∩B,

,

• for any x ∈ B,
∑

x∼Gy

‖pB(x)− pB(y)‖1 ≤ ε .

Proof. If y ∈ Y is a point that there exists x ∈ B so that x ≡G y, then
we define τ(y) ∈ B, y ≡G τ(y) such that dG(y, τ(y)) = dG(y, B) clearly, the
function τ can be defined in a Borel fashion.

Now, for x ∈ B and z ∈ B we define the probability measure pB(x) by setting

pB(x)(z) =
∑

t,t∈τ−1(z)

p(x)(t) .

Then Supp(pB(x)) ⊂ B2R(x,G) ∩ B and
∑

x∼y ‖pB(x) − pB(y)‖1 ≤ ε holds,
hence our lemma follows. �

Now we follow the proof of Marks [11]. First, we need a version of Namioka’s
Trick (Lemma 5.1 [11]).
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Lemma 3.2. For a > 0, let Ia,∞ be the characteristic function of the half-line

(a,∞) and let f, g ∈ Prob(X) be finitely supported functions. Then,

(3)

∫ ∞

0

‖Ia,∞(f)− Ia,∞(g)‖1da = ‖f − g‖1 .

Let pB : B → Prob(B) be the function defined in Lemma 3.1. Then, we have
that
∫

B

∑

x∼y

∫ ∞

0

‖Ia,∞(pB(x))−Ia,∞(pB(y))‖1 dadµ(x) ≤ ε

∫

B

‖Ia,∞(pB(x))‖1 dµ(x) .

That is, there exists a ∈ (0,∞) such that

(4)

∫

B

∑

x∼y

‖Ia,∞(pB(x))− Ia,∞(pB(y))‖1 dµ(x) ≤ ε

∫

B

‖Ia,∞(pB(x))‖1 dµ(x) .

For x ∈ B, let Λx = {z | pB(x)(z) > a}. Then, by (4),

(5)

∫

B

∑

x∼y

|Λx△Λy|dµ(x) ≤ ǫ

∫

B

|Λx|dµ(x).

By the classical result of Kechris, Solecki and Todorcevic [7], there exists a
Borel coloring ϕ : X → Q such that

• Q is a finite set,
• ϕ(x) 6= ϕ(y), provided that dG(x, y) ≤ 10R.

So, for every x ∈ B and q ∈ Q there exists at most one z ∈ B so that

• ϕ(z) = q and
• either z ∈ Λx or z ∈ Λy for some y, x ∼ y.

Consequently by (5), there exists an r ∈ Q such that
(6)

∫

B

∑

x∼y

|{z ∈ Λx△Λy, ϕ(z) = r}| dµ(x) ≤ ε

∫

B

|{z ∈ Λx, ϕ(z) = r}| dµ(x).

Let A be the set of the elements x ∈ B for which there exists z ∈ B such that
z ∈ Λx and ϕ(z) = r. Observe that the right hand side of (6) equals to εµ(A).
On the other hand, the left hand side of (6) is not greater than µ(∂B(A)).
Hence, µ(∂B(A)) ≤ εµ(A). Also, all the components of GA has size at most
N2R. Thus, our proposition follows. �

Corollary 3.1. If the measured graph (G, X, µ) of bounded vertex degrees is

µ-uniformly amenable, then it is µ-uniformly locally hyperfinite, as well.

4. Uniform local hyperfiniteness implies uniform

hyperfiniteness

The goal of this section is to prove the following proposition.



12 GÁBOR ELEK

Proposition 4.1. (ε,K)-local hyperfinite measured graphs (G, X, µ) of boun-
ded vertex degrees are (ε,K)- uniformly hyperfinite.

Proof. Let X1 = X . By definition, there exists a Borel set A1 ⊂ X1 such that

• µ(∂X1(A1)) ≤ εµ(A1),
• all the components of GA1 have size at most K.

Now, let X2 = X\(A1 ∪ ∂X1(A1)) and if let A2 ⊂ X2 be a Borel set such that

• µ(∂X(A2)) ≤ εµ(A2),
• all the components of GA2 have size at most K,
• µ(A2) > 0, provided that µ(X2) > 0.

By transfinite induction, for each ordinal we can construct Borel sets Aα ⊂ Xα,
such that

• if α1 < α2 then Xα1 ⊃ Xα1 ,
• if α = β + 1, then

Xα = Xβ\(Aβ ∪ ∂Xβ
(Aβ)) ,

• if α = limβ<α, then Xα = ∩β<αXβ .
• µ(∂X(Aα)) ≤ εµ(Aα),
• all the components of GAα

have size at most K,
• µ(Aα) > 0, provided that µ(Xα) > 0.

By our positivity assumption, there exists a countable ordinal α for which
µ(Xα) = 0. Now, let

T := ∪β≤α∂Xβ
(Aβ) ∪Xα

and let A = ∪β≤αAβ. Then,

• X\T = A,
• µ(T ) ≤ εµ(X)
• all the components of GA have size at most K.

Hence, our proposition follows. �

Corollary 4.1. If the measured graph (G, X, µ) of bounded vertex degrees is

µ-uniformly locally hyperfinite, then it is µ-uniformly hyperfinite, as well.

5. Uniform hyperfiniteness implies weighted hyperfiniteness

In Section 2, we recalled the notion of weighted hyperfiniteness for countably
infinite graphs of bounded vertex degrees. Now, we introduce a related notion
for measured graphs.

Definition 5.1. Let (G, X, µ) be a measured graph of bounded vertex degrees,
ε > 0 and K ≥ 1. We say that (G, X, µ) is (ε,K)-weighted hyperfinite, if for
any µ-integrable function W : X → [0,∞), there exists a Borel subset A ⊂ X
such that
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•
∫

A
W (x)dµ(x) ≤ ε

∫

X
W (x)dµ(x),

• all the components of GX\A have size at most K.

We call (G, X, µ) µ-weighted hyperfinite if for any ε > 0, there exists
K ≥ 1 such that (G, X, µ) is (ε,K)-weighted hyperfinite. Clearly, weighted
hyperfiniteness implies uniform hyperfiniteness. The goal of this section is
to prove the converse statement. Note that the bounded type condition is
crucial.

Proposition 5.1. Let (G, X, µ) be an (ε′, K)-uniformly hyperfinite measured

graph of bounded type, where d is the degree bound of G, M = supx,y,x∼y Rx,y.

L = ⌈3
ε
⌉, and ε′ = ε

3

(

3Md
ε

)−L
. Then, (G, X, µ) is (ε,K)-weighted hyperfinite.

Proof. We follow the combinatorial approach (used in the context of finite
graphs) by Romero, Wrochna and Živný [9] up to the point, where the Radon-
Nikodym cocycle enters the picture.

So, let (G, X, µ) be an (ε′, K)-uniformly hyperfinite measured graph of bounded
type and W : X → [0,∞) be an integrable Borel function. Set

Bi = {x ∈ X |
( ε

3Md

)i+1

≤ W (x) <
( ε

3Md

)i

},

and for j ∈ {0, 1, . . . , L− 1} we define

B′
j = ∪i∈ZBj+iL.

Hence, we must have 1 ≤ j∗ ≤ L− 1 such that

W (B′
j∗) ≤

1

L
W (X) ≤

ε

3
W (X).

Now, set
Ci = Bi+j∗+1 ∪Bi+j∗+2 ∪ · · · ∪ Bi+j∗+L−1 .

Observe that

(7) inf
x∈Ci

W (x) ≥
( ε

3Md

)L

sup
x∈Ci

W (x).

Also, if x ∈ Cj, y ∈ Ci and i < j, then

(8) W (x) ≤
( ε

3Md

)

W (y).

Now, let Fi ⊂ X be defined as the set of points x in X such that x ∈ Cj, j > i
and x ∼ y for some y ∈ Ci.

Then, for any i ∈ Z, µ(Fi) ≤ Mdµ(Ci) and by (8),

sup
x∈Fi

W (x) ≤
ε

3Md
inf
y∈Ci

W (y) .

That is,

W (Fi) =

∫

Fi

W (x)dµ(x) ≤
ε

3

∫

Ci

W (x)dµ(x) =
ε

3
W (Ci).
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Let F = ∪∞
i=1Fi. Then, W (F ) ≤ ε

3
W (X). Now, let Z = F ∪ B′

j∗ , so W (Z) ≤
2ε
3
W (X) and consider the graph GX\Z . By (7), if x and y are in the same

component of GX\Z , then we have
( ε

3Md

)L

W (y) ≤ W (x) .

Since the measured graph (G, X, µ) is (ε′, K)-uniform hyperfinite, we have a
set Z ′ ⊂ X\Z, such that

• µ(Z ′) ≤ ε′ and
• all the components of GX\(Z∪Z′) have size at most K.

Therefore, we have that

W (Z ′) ≤ ε′
(

3Md

ε

)L

W (X) =
ε

3
W (X).

Hence, W (Z ∪ Z ′) ≤ εW (X). Therefore, the measured graph (G, X, µ) is
(ε,K)-weighted hyperfinite. �

Corollary 5.1. If the measured graph (G, X, µ) of bounded type is µ-uniformly

hyperfinite, then it is µ-weighted hyperfinite, as well.

6. Weighted hyperfiniteness implies approximate strong

hyperfiniteness

Let (G, X, µ) be a measured graph of bounded vertex degrees and K ≥ 1 be
an integer. We say that Y ⊂ X is a K-separator if all the components of
GX\Y have components of size at most K. By the Banach-Alaoglu Theorem
the unit ball B of L2(X, µ) is a compact, convex metrizable space with respect
to the weak topology. If Y ⊂ X , then the characteristic function of Y , cY is an
element of B. In Section 2, we recalled the notion of strong hyperfiniteness for
infinite graphs of bounded vertex degrees, now we define the obvious analogue
of this notion for measured graphs of bounded vertex degrees.

Definition 6.1. The measured graph (G, X, µ) of bounded vertex degrees is
strongly hyperfinite if there exists a probability measure ν on the unit ball B
such that

• ν is supported on the characteristic functions on K-separators.
• The barycenter bν :=

∫

B
v dν(v) satisfies the inequality b ≤ ε almost

everywhere, where ε is the constant function taking the value ε.

We call (G, X, µ) strongly hyperfinite if for any ε > 0 there exists K ≥
1 such that (G, X, µ) is (ε,K)-strongly hyperfinite. Unfortunately, we are
not able to prove that strong hyperfiniteness is equivalent to µ-uniform hy-
perfiniteness, due to the fact that the set of characteristic functions of K-
separators is not closed (the statement might not even be true). In order to
circumvent this difficulty, we introduce two very similar notions which are, in
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fact, equivalent to µ-uniform hyperfiniteness: approximate strong hyperfinite-
ness and strong fractional hyperfiniteness.

Definition 6.2. Let (G, X, µ) be a measured graph of bounded vertex degrees
ε > 0 and K ≥ 1. We say that (G, X, µ) is (ε,K)-approximately strongly hy-
perfinite, if there exists a sequence of finitely supported probability measures

{νi =

tn
∑

i=1

xn
i δcY n

i

}∞n=1

non-negative bounded measurable functions {zn}∞n=1 such that

wlimn→∞

tn
∑

i=1

(xn
i cY n

i
+ zn) = ε ,

where wlim stands for the weak limit.

Again, (G, X, µ) is called µ-approximately strongly hyperfinite if for any
ε > 0 there exists K ≥ 1 such that (G, X, µ) is approximately (ε,K)-strongly
hyperfinite. So, finally we can state the main result of this section.

Proposition 6.1. A measured graph (G, X, µ) of bounded vertex degrees is

(ε,K)-approximately strongly hyperfinite if it is (ε,K)-weighted hyperfinite.

Proof. We closely follow the combinatorial proof of Lemma 4.1 in [4]. Let C
be the set of elements y ∈ L2(X, µ) which can be written in the form

y =

n
∑

i=1

ticYi
+ z ,

where for all i ≥ 1 ti ≥ 0,
∑n

i=1 ti = 1 and z is a non-negative function.

The closure of C, C is a closed, convex set in L2(X, µ). We have two cases.

Case 1. ε ∈ C. Then, there exists a sequence of finitely supported measures

{νi =
tn
∑

i=1

xn
i δcY n

i

}∞n=1

together with non-negative bounded measurable functions {zn}
∞
n=1 such that

wlimn→∞

tn
∑

i=1

xn
i cY n

i
+ zn = ε .

that is, (G, X, µ) is (ε,K)-approximately strongly hyperfinite.

Case 2. ε /∈ C. Then, by the Hahn-Banach Separation Theorem there exists
a non-negative W ∈ L2(X, µ) such that

(9) 〈W, ε〉 < 〈W, cY + z〉
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holds for all K-separators Y and bounded non-negative functions z. We can
also assume that W is non-negative, otherwise choosing an appropriate z (9)
would not hold. Thus,

∫

cY
W (x)dµ(x) > ε holds for all K-separators Y ,

therefore (G, X, µ) is not (ε,K)-weighted hyperfinite. �

Corollary 6.1. If the measured graph (G, X, µ) of bounded type is µ-weighted
hyperfinite, then it is µ-approximately strongly hyperfinite, as well.

7. Fractional partitions

Fractional partitions were recently introduced by Lovász [12]. The notion will
be crucial in our proof of Theorem 2, since it will provide the right analogue
for strong hyperfinitess of infinite graphs of bounded vertex degrees.

Let (G, X, µ) be a measured graph of bounded vertex degrees. For an integer
K ≥ 1, we call a subset L ⊂ X a K-subset if |L| ≤ K and the induced
graph GL is connected. Following Lovász let us consider the Borel space RK

of all K-subsets. Note that we have a natural Borel measure µK on RK . Let
A ⊂ RK be a Borel set, then the Borel function ΛA : X → Z is defined in the
following way.

ΛA(x) := |{A ∈ A | x ∈ A| .

Then,

µK(A) :=

∫

X

ΛA(x) dµ(x) .

For a measurable function Φ : RK → R let Φ∗ : X → R be defined by setting

Φ∗(x) :=
∑

A∈RK ,x∈A

Φ(A) .

Clearly, Φ∗ is a measurable function as well. A measurable function Φ : RK →
{0, 1} is called a K-partition if for all x ∈ X , Φ∗(x) = 1.

Definition 7.1. A non-negative measurable function Φ : X → R is a frac-

tional K-partition if for almost all x ∈ X , Φ∗(x) = 1.

Let Y ⊂ X be a K-separator as in the previous section. Then, the associated
K-partition ΦY is defined in the following way.

• If y ∈ Y , then ΦY (y) = 1, where y ∈ RK is the singleton containing y,
• ΦY (A) = 1, if A is a component of GX\Y ,
• otherwise, ΦY (A) = 0.

Let t =
∑n

i=1 tiδYi
be a finitely supported probability distribution on the set

of K-separators. Then, Φt :=
∑n

i=1 tiΦYi
is a fractional partition of X . Now,

the measurable function ∂Φ : X → R is defined by setting

∂Φ(x) =
∑

A∈RK , x∈∂A

Φ(A) .
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Note that ∂A (the inner boundary of A) denotes the set of vertices x ∈ A
such that there exists y /∈ A, x ∼ y.

For a probability distribution t as above an ε > 0, the set St,ε is defined as
the set of points x ∈ X such that

ε ≤
∑

i, x∈Yi

ti .

Also, if Φ : RK → R is a fractional K-partition, then QΦ,ε is defined as the
set of points x ∈ X such that

ε ≤ ∂Φ(x) .

We end this section with two useful technical lemmas.

Lemma 7.1. Let (G, X, µ) be a measured graph of bounded vertex degrees, let

t is a probability distribution as above and ε > 0. Then

µ(QΦt,ε) ≤ (d+ 1)Mµ(St, ε
d+1

) ,

where d is the degree bound of G and M = supx∼y∈X Rx,y.

Proof. If Y is a K-separator, then x ∈ ∂ΦY implies that either x or at least
one of its neighbours is the element of Y . Hence, if ε ≤ ∂Φt, then there exists
y, dG(x, y) ≤ 1 such that

∑

i,y∈Yi
ti ≥ ε

d+1
. So, we have a measurable map

Z : QΦt,ε → St, ε
d+1

such that if x ∈ QΦt,ε
, then dG(x, Z(x)) ≤ 1. Therefore, we

have
µ(QΦt,ε) ≤ (d+ 1)Mµ(St, ε

d+1
) ,

so our lemma follows. �

Lemma 7.2. Suppose that {Φn}
∞
n=1 are fractional K-partitions such that

wlimn→∞Φn = Ψ in the Hilbert space L2(Rk, µk). Then, Ψ is a fractional

K-partition as well. Also,

(10) wlimn→∞ ∂Φn = ∂Ψ.

Proof. The correspondence Φ → Φ∗ defines a bounded linear map from
L2(Rk, µk) onto L2(X, µ). Hence, wlimn→∞Φn = Ψ implies that

1 = wlimn→∞Φ∗
n = Ψ∗.

Thus, Ψ is a fractional K-partition. Similarly, the correspondence Ψ → ∂Ψ
defines a bounded linear map from L2(Rk, µk) onto L2(X, µ), therefore (10)
holds as well. �

8. Approximate strong hyperfiniteness implies strong

fractional hyperfiniteness

Definition 8.1. Let (G, X, µ) be a measured graph of bounded type ε > 0,
K ≥ 1. Then, (G, X, µ) is (ε,K)-strongly fractionally hyperfinite if there
exists a fractional K-partition Φ such that for almost all x ∈ X , ε ≤ ∂Φ(x).
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We call (G, X, µ) strongly fractional µ-hyperfinite if for every ε > 0 there
exists K ≥ 1 such that (G, X, µ) is (ε,K)-strongly fractional hyperfinite. The
goal of this section is to prove the following proposition.

Proposition 8.1. Let (G, X, µ) be a measured graph of bounded vertex de-

grees. If (G, X, µ) is (ε,K)-approximately strongly hyperfinite, then (G, X, µ)
is (3(d+ 1)ε,K)-strongly fractional hyperfinite.

Proof. Let {tn}∞n=1 be finitely supported distributions on the space of K-
separators such that

wlimn→∞

sn
∑

i=1

tni cY n
i
≤ ε .

By definition,

lim
n→∞

µ(Stn,2ε) = 0 .

Hence, by Lemma 7.1,

(11) lim
n→∞

µ(QΦtn,2(d+1)ε
) = 0.

Let Ψ be the weak limit of a subsequence {Φtnk}∞k=1. By Lemma 7.2,

wlimk→∞ ∂Φtnk = ∂Ψ

and Ψ is a fractional K-partition. Now, let

A := {x | ∂Ψ(x) ≥ 3(d+ 1)ε}.

Then by weak convergence,

2(d+ 1)εµ(A) ≥ lim
k→∞

∫

A

∂Ψtnk (x) dµ(x) =

∫

A

∂Ψ(x) dµ(x) ≥ 3(d+ 1)εµ(A) .

Therefore, µ(A) = 0 and thus (G, X, µ) is (3(d+ 1)ε,K)-strongly fractionally
hyperfinite. �

Corollary 8.1. If the measured graph (G, X, µ) of bounded vertex degrees is µ-
approximately strongly hyperfinite, then it is µ-strongly fractionally hyperfinite

as well.

9. Strong fractional hyperfiniteness implies uniform

amenability

In this section we finish to proof of Theorem 2.

Proposition 9.1. Let (G, X, µ) be a measured graph of bounded vertex degrees,

ε > 0, K ≥ 1. If (G, X, µ) is (ε,K)-strongly fractionally hyperfinite, then

(G, X, µ) is (2εd,K)-uniformly amenable, as well.

Proof. Let Φ be a fractional K-partition such that for an invariant subset
Y ⊂ X of full measure ε ≤ ∂Φ(x) holds provided that x ∈ Y . For an element
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x ∈ Y let Θ(x) denote the set of all K-subsets containing x. If A ∈ Θ(x), let
ϕA(x) :=

1
|A|

cA, that is,
∑

y∈A ϕA(y) = 1. Define p(x) ∈ Prob(Y ) by setting

p(x) :=
∑

A∈Θ(x)

Φ(A)ϕA(x) .

Clearly, Supp(p(x)) ⊂ BK(x,G).

Lemma 9.1. If x ∼G y, then ‖p(x)− p(y)‖1 ≤ 2ε.

Proof. Observe that

‖p(x)− p(y)‖1 ≤
∑

A,x∈A,y/∈A

Φ(A) +
∑

A,x/∈A,y∈A

Φ(A) ≤

≤
∑

A,x∈∂A

Φ(A) +
∑

A,y∈∂A

Φ(A) ≤ 2ε.

Therefore,
∑

x∼Gy

‖p(x)− p(y)‖1 ≤ 2εd.

Hence our Proposition follows. �

Corollary 9.1. If the measured graph (G, X, µ) of bounded vertex degrees is

µ-strongly fractionally hyperfinite, then it is µ-uniformly amenable, as well.

Now Theorem 2 follows from Corollaries 3.1, 4.1, 5.1, 6.1, 8.1 and 9.1. �

10. Free actions

In this section we consider measure class preserving actions of finitely gen-
erated groups such that the Radon-Nikodym derivative of any element is
bounded. We call these actions ”actions of bounded type”. Also, we call a
measure class preserving action uniformly hyperfinite, if the associated mea-
sured graph is uniformly hyperfinite. The following proposition provides a
trichotomy for finitely generated groups.

Proposition 10.1. Let Γ be a finitely generated group.

• If Γ is amenable, then all free Γ-actions of bounded type are µ-uniformly

hyperfinite,

• if Γ is non-exact then none of the free Γ-actions of bounded type are

µ-uniformly hyperfinite,

• if Γ is an exact non-amenable group, then some of the free Γ-actions
of bounded type are µ-uniformly hyperfinite, some of them are not.

Proof. If Γ is amenable, then all free actions of Γ are µ-uniformly amenable,
hence by our Theorem all free Γ-actions of bounded type are µ-uniformly
hyperfinite. If Γ is non-exact, then none of the free actions of Γ are µ-uniformly
amenable, hence none of the free Γ-actions of bounded type are µ-uniformly
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hyperfinite. If Γ is a non-amenable exact group, then some of its measure-
preserving actions are non-hyperfinite. So, we need to prove that each such Γ
has at least one µ-uniformly amenable actions of bounded type.

Lemma 10.1. Let Σ be symmetric generating system for Γ, then there exists

a non-negative function ρ : Γ → R and a positive integer M such that

(12)
∑

γ∈Γ

ρ(γ) = 1.

for any σ ∈ Σ,

(13)
ρ(γσ)

ρ(γ)
< M .

Proof. Let Cay(Γ,Σ) be the right Cayley graph of Γ with the usual length
function l(γ) := dCay(e, γ), For r ≥ 0, let Sr = {γ | l(γ) = r}. Pick a
constant λ such that |Sr| ≤ eλr. Let

ρ(γ) =
e−2λl(γ)

∑∞
r=0 |Sr|e−2λl(γ)

.

Then, for large enough M both (12)and (13) hold. �

Let α : Γ y C be a free continuous topologically amenable action of Γ on the
Cantor set (such action exists by definition). Let ν be the standard Cantor
measure. The quasi-invariant measure µ is defined in the usual way. For a
measurable set A ⊂ C

µ(A) :=
∑

γ∈Γ

ρ(γ)ν(α(γ)(A)) .

Then, for any σ ∈ Σ we have

µ(α(σ)(A))

µ(A)
< M.

Therefore the action is of bounded type. Consequently, α : Γ y (X, µ) is a
µ-uniformly hyperfinite action. �
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