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Abstract

For a given magnetic potential A one can define the Weyl-Dirac operator o-(—iV—A)
on R®. An L? eigenfunction of o - (—iV — A) corresponding to 0 is called a zero
mode. In this thesis we will be concerned with the zero mode problem for the Weyl-
Dirac operator and some related problems. The main results are (i) upper bounds
for the number of zero modes of the Weyl-Dirac operator in three dimensions when
scaling a given magnetic field. A similar version for the Dirac operator in two
dimensions is also obtained. There are also related results to estimate the number
of zero modes of the massless Dirac operator, and the dimension of the eigenspaces
at threshold energies for the Dirac operator with positive mass. (ii) construction
of Dirac operators on the unit ball S? of R? as well as the determination of their
spectrum in case of “constant” magnetic fields. We also show another proof for
the Aharonov-Casher theorem for S? based on results about spectral properties of
Dirac operators that we have obtained. (iii) a formula giving the number of zero
modes of the Weyl-Dirac operator for a special magnetic field, which is the result
of pullbacks from the “constant” volume form of S2. We also obtain a lower bound
for the number of zero modes for the Weyl-Dirac operator corresponding to certain
scaled magnetic fields; the magnetic fields are parallel to fibres of the Hopf fibration
(pulled-back to R? using inverse stereographic projection).
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Chapter 1

Introduction

In this chapter we will be concerned with the background of the zero mode prob-
lem. We will answer the question of when and in what circumstances this concept
appeared. We will see the concept of zero mode in fact arose for the first time from
a problem in physics. However we will also see some arguments about why this
concept is interesting from a mathematical point of view. Comparison between the
zero mode problems on R? and on R? is discussed. Apart from the first and the
final section to be concerned with operators and notations to be used throughout
the thesis this chapter briefly summaries most known results about the zero mode
problem; that is hopefully about the zero mode problem progress in the last twenty
years. It also helps us to clarify the contribution of results in the thesis, which will
be its core part afterward.

1.1 Magnetic operators

Suppose that we have a vector field A = (A;, As, A3), where here A;, j =1,2,3 are
real-valued functions of x € R3. Here we call A the vector potential of a magnetic
field B, where B := curl A. More specifically, we have B = (B, Bs, B3), where

Bl = 82A3 — 83142, BQ = 83141 — 81143, B3 = 81142 — 82A1. (].].)

We also sometimes call A a magnetic potential. Let V = (01, 05,03) be the usual
gradient operator on R?, we notice that

B =V x A.
Take L?*(R3) and consider the the Laplace operator
A=07+05+0;.

Obviously, we cannot define the operator —A in the whole L?*(R3). However, we may
define —A with the domain as the usual Sobolev space H*(R?). The thus obtained
operator is called the free Schrodinger operator, denoted by Hy. From the physical
point of view the Hilbert space L?(R3) corresponds to one particle in R3, and the
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free Schrodinger operator is the corresponding non relativistic Halmiltonian when
the particle does not interact with anything.

In Physics the Hamiltonian of a quantum mechanical system is usually the sum of
the free Schrodinger operator and a “multiplication” operator V' corresponding to
the potential energy. From the mathematical point of view that means in L?(R?) we
consider the operator —A +V or Hyg + V/; this is known as the Schrodinger operator
in L?(R3).

Denote by p the operator —iV in L*(R?®). Then, p is often called to be the momen-
tum operator. In case we have a vector potential A = (A;, Ay, A3) we may consider
the operator p — A or (—id; — Ay, —i0y — Ay, —i03 — A3) in L*(R3); this is called the
magnetic momentum operator in L*(R3). Observe that p*> = —A. As for the case of
Schrodinger operators we may consider the operator (p — A)? + V; this is called the
magnetic Schrodinger operator.

We denote by o = (01, 09, 03), where

01 0 —2 1 0
01:<10)702:(Z 0)703:<0_1)7

are usual Pauli matrices, and i is the imaginary unit, 2 = —1. Now, for a certain
vector potential A = (A, Ay, A3) in [L*(R?)]> we may consider the Weyl-Dirac
operator, denoted by D4, where

Dy:=0-(p—A). (1.2)

(We follow Balinsky and Evans (see [12]) in using the term Weyl-Dirac operator).
In [L?(R*)]* the Weyl-Dirac operator Dy is formally self-adjoint.

Definition 1.1.1. If we have a nontrivial ) = <$1> € [L*(R?)]? such that Day = 0,
2

then 1 is called the zero mode for D 4.

Suppose that B is a (smooth) magnetic field on R3; that is B is a smooth vector
field satisfying div B = 0. Then we can find a (smooth) magnetic potential A
with B = curl A (see, for instance [33], p.206). Furthermore, although A is not
uniquely determined, if A and A’ are two potentials satisfying curl A = B = curl A’,
then A’ — A = Vo for some smooth function ¢ : R3> — R (see, for instance
[38], p.106). Multiplication by e defines a unitary map on L*(R3 C?) called a
gauge transformation. We have

(p—A) =e¥(p— A (1.3)

Therefore
DA’ = ei@DAeii@, (]_4)
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so the Weyl-Dirac operators D4 and D4 are unitarily equivalent. Thus the spec-
trum of a Weyl-Dirac operator, and in particular the number of corresponding zero
modes, is determined entirely by the magnetic field B = curl A. For this reason we
will sometimes write, for instance, Dggs for D 4.

The square of D, is called the Pauli operator and is denoted by Py; that is
Pai=[o-(p—A)]" (1.5)
Observe that if we have two vector potentials A and A’ in R3 we have
(0d-A)-(c-A)y=A-A+ic-(AxA).
Then, we may see that
Pa=lo-(p—A)) =(p—-A>-0c-B. (1.6)

Here in (1.6) we may put I»-the 2 x 2 identity matrix wherever it is needed.

1.2 Why zero modes?

In [29] Frohlich et al. consider the problem of the stability of the hydrogen atom
in external magnetic fields. Here the stability for a system means the finiteness
of its ground state energy or the finiteness of the bottom eigenvalue for the cor-
responding operator from a mathematical point of view. Specifically, Frohlich et
al. were concerned with the problem of the one-electron atom in a magnetic field
B = (By, By, B3). The Hamiltonian in this case is

H=(p—A?—0c-B— —
|z
with p = —iV as usual and z is a nuclear charge number. They noted that the prob-

lem above is not very interesting if the electron spin is not included (in mathematical
point of view that means removing the o - B term). Truly, in that case we can apply
Kato’s inequality (see [34], Lemma A) and then obtain for any v € [C5°(R?)]?

(0, (0= A7) = (vl p*|vl).

We also notice that

(W, lal™') = (Jel, |=[7Mwl).
Then, the finiteness of the ground state energy follows from the classical results for
the similar problem in case of having no potential A, which was fully solved after

the introduction of the Schrédinger equation during the first years of the twentieth
century.

Denote by Ey(B, z) the ground state energy for the system above. Frohlich et al.
saw that the problem with the electron spin included is more interesting. In [9]
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Avron et al. showed that the ground state Fy(B, z) of H is always finite, but it
depends on the electron spin interacting with the magnetic field B in such a way
that Eo(B, z) — —oo as B — oo. For instance, with constant magnetic field B
which is big enough, Avon et al. proved that Fy(B, z) is approximately —(log B)?.
Therefore, Frohlich et al. want to prevent B from spontaneously growing large
and driving Ey(B, z) towards —oo. So, they raised the question of whether the
stability of the system is independent of B when adding the magnetic field energy
(in their units) € [o, B* dz, where 8rea? = 1 for the fine structure constant «. From
a mathematical point of view the question becomes whether

E(B, 2) = Ey(B, 2)+ 5/ B%dx
R3
is bounded below independent of B. To investigate that question they showed that
there is a critical nuclear charge z. > 0 such that there is stability for one electron
atoms if z < z. and instability if z > z..

The next question for Frohlich et al. is whether or not z. is finite. It turns out that
the finiteness of z. depends on the existence of a nontrivial two-component spinor
¥ € [HY(R?)]? (the usual Sobolev space) such that

a-(p—A(r) =0 (1.7)

with potential A € L°(R?) satisfying divA = 0 and B =V x A € L*(R3). Thus, it
turns out that they have to study the problem of existence of zero modes for the
Weyl-Dirac operator (1.2)

Dya=0c-(p—A).

Loss (one of authours for [39]) and his collaborator Yau were the first to find ex-
amples of such spinors. They called them the zero energy bound states. They also
sketched two general methods of constructing such specific zero modes, as has be-
come the popular name nowadays. By extension we also use “zero mode” for the
squared-integrable elements in the kernel of some other operators. We will later
mention the two methods proposed by Loss and Yau and we will discuss the first
zero mode of Loss and Yau as well.

To conclude this section we would like to discuss more details about one of estimates
in [39] which was again mentioned in [30]. In general for a given vector potential
A we do not know exactly whether we obtain any zero modes. However we may
show a upper bound for the number of zero modes for an arbitrary potential A. The
concern here is the details of the proof about the upper bound for the number of
zero modes we would expect for magnetic potentials A. In our view we can argue as
follows: first, it follows from (1.6) that

(p—AP—0c-B=lo-(p—A)

The operator on right-hand side is the Pauli operator P4. Now if v is a zero mode,
then we also have [0+ (p— A)]*¥(x) = 0. So, 9 is the ground bound state for the Pauli
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operator P4 (since the Pauli operator is positive). Then, we get [(p—A)*—0o- By = 0.
We notice that ¢ - B < |B|, and it implies that

(p—A?—|B|<(p—A)?—-0-B

as an operator inequality. It follows from the min-max principle (or the result of
Problem 1 in Reed & Simon, IV) that the number of non-positive bound states for
the operator (p — A)> — | B| is greater than or equal to the number of non-positive
bound states for the Pauli operator (in this case that is the number of zero modes
we are interested in). Now, we can apply the theorem of CLR (CLR inequality)
for the magnetic Schrodinger operators (p — A)? + V (see [8], Theorem 2.15), where
V is a real-valued function for z € R3. Finally, we obtain an upper bound for the
number of zero modes for the magnetic potential A as C' [g4 |B \% dz, where C' is a
constant, independent of A.

Here, CLR stands for Cwikel, Lieb and Rosenbljum, who initiated the Cwikel-Lieb-
Rosenbljum theorem for Schrédinger operators —A+V (see [45], Theorem XIII.12).
We recall here that p? is exactly the usual Laplacian —A. The best constant C
known up to now is 0.116, which was obtained by Lieb for CLR inequality in case of
Schrodinger operators. It is not clear whether or not this C'is also the best constant
for the CLR theorem for the magnetic Schrédinger operator (see [37]), and then for
our upper bound here. In section 4.4 of [30] there is another justification for the
upper bound we are discussing, which is based on the variational principle and is
suggested by Loss and Yau in [29].

1.3 Some mathematical problems related to zero
modes

As discussed in the previous section, the zero mode problem first arose from a
problem in physics. Now we will see why we need to consider the existence of
zero modes from a purely mathematical point of view. Let us consider the Pauli
operator as the square of the Weyl-Dirac operator above. This operator looks like
the Laplacian —A at least in the way that it is the square of the another (—A = p?).
So, a natural question is whether we have a similar version of CLR inequality for
the Pauli operator. That means whether the inequality

#{eigenvalues A of P4 + V such that A <0} < C|V[7 (1.8)

holds for some p with 1 < p < oo and some positive a, where the constant C' is
independent of V. Similar questions are also raised as to whether we can obtain
inequalities of the Sobolev and Hardy type for the Pauli operator (see [11]).

The existence of the zero modes obviously shows the negative answers for the latter

questions. For the former or the question about the inequality of CLR type it needs
some arguments as we will see below; the result is that we have a clear answer for
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this question that we cannot get such an estimate. Truly, we assume conversely that
(1.8) held. Then, we choose a real-valued V' < 0 such that ||V]|, is small enough
that can make the right-hand side of (1.8) less than 1. So, for such V| the inequality
(1.8) would tell us that there are no negative eigenvalues for P4+ V or this operator
would be positive. However, we remark that if there is a zero mode v we also have
Py = 0. It would follow that

(Pa+ V), 1) = /vw de < 0

or the operator P4 + V' is not positive. This would be a contradiction. Thus the
existence of at least one zero mode shows that the answers for the similar versions
of the CLR, Sobolev or Hardy inequality in case of the Pauli operator are negative!

In [58] T. Weidl obtained a formula for the number of negative eigenvalues of the
operator P4 — AV in two dimensions if V' # 0 is non-negative and sufficiently regular
for sufficiently small A > 0. It is related to the total flux of the magnetic field
which we will be concerned with in the next section. Recently, Frank et al. in [28]
have obtained similar results for a class of magnetic fields and another class of V's.
They showed the asymptotic behaviour for the j-‘additional” negative eigenvalue as
A — 0 as well. As far as we know there is no similar result in three dimensions.
Although in three dimensions we can estimate the number of zero modes, there are
no general results about the exact number of zero modes for such a magnetic field
like the Aharonov-Casher theorem in two dimensions (see Theorem 1.4.1 in the next
section).

1.4 The zero mode problem in two dimensions

Contrary to the three dimensional case, for a given magnetic field we can determine
exactly the number of zero modes for the Dirac operator

og-(p—A):=01-(p — A1) + 02 (p2 — As) (1.9)

in two dimensions. This well-known result was initiated in [7] by Aharonov and
Casher in 1979. Now their result is widely known as the Aharonov-Casher theorem.
We will mention this result below in a simple case with a compactly-supported mag-
netic field; a wider class of magnetic fields for which a similar conclusion still holds
can be found in [40].

In two dimensions a vector potential or magnetic potential A = (Ay, As) is used, with
real-valued components A; and A, depending on (xy,x5) € R?. The corresponding
magnetic field B is then the simple scalar function given by

B =0, Ay — 95 A,. (1.10)

Then, we have the following well-known result.
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Theorem 1.4.1. (Aharonov-Casher theorem) Suppose the magnetic field B is
bounded and has compact support in two dimensions, and A is a vector potential
associated with B. Denote by F' the total flux of B

1

2T R2

F: B(x)dzx, (1.11)

and by | x| the biggest integer which is strictly smaller than x for x > 0 and |0] = 0.
Then, the number of zero modes for the Dirac operator o - (p — A) is ||F|].

We can summarise the proof of that result (see [7] or [57] ) as follows; for

1
oa) = 5= [ ogle — B

we notice that A¢(z) = B(x) since the Green’s function of the Laplacian on R? is

— log |z — y|. Next, we see that
2T

o) =~ Flogle] = O(r-
Our Dirac operator has a gauge invariance property as well (recall (1.4) in case
of the Weyl-Dirac operator). Suppose both magnetic potentials A = (A;, As) and
A" = (A}, A)) have the same magnetic field B; that is 014y — 0, A1 = 01 A, — Ox AL
Then, there exits a smooth scalar valued function A such that A" — A = V. Now
we can check that

), as |z| — oo.

€M<p _ A)efi)\ =p— A
It follows that

eiA (a (p— A))e‘“ — o (p—A).

The map e* is unitary and therefore the spectrum of the Dirac operators o - (p— A)
and o - (p — A’) are the same. It follows that they have the same zero modes.

Therefore, we can choose the vector potential A as (—dy¢, 01¢) and now we need
1

s for the

to find the number of independent square integrable solutions ¢ =

following equation
o-(p—Ap=0.

That equation is equivalent to

(o iy BT ()

(81 — i@g)(ed’@/@) =0 and (81 + i@g)(e*‘i’@bl) =0.

or
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It follows from the Cauchy-Riemann equations that the function f, = e®1), is entire
analytic in Z = z; — iz and f; = e~ %Yy is entire analytic in z = x; + ix,. For large
|z| = |71 + ixs| we see that

|e®al = [ “[o]  and ™| & |2 7" e,

Now, assume that F' > 0 so the entire analytic function f; is square integrable (recall
that 1; is square integrable). It follows that it must be 0, so we have ¢); = 0. Also we
need ¥, = foe~? to be square integrable. It follows that the entire analytic function
f> must increase no faster than a polynomial in z of degree less than F' — 1. Since
there are just | F'| linearly independent polynomials of this type (1, z, 22, ..., zlF1=1),
then we can obtain exactly | F'| zero modes for the Dirac operator o - (p — A) as the
theorem claims. The case of F' < 0 can be treated similarly.

In [40] Miller obtained a similar result to that above with a wider class of magnetic
fields B, that is for bounded magnetic fields B such that [, |B(z)| |log |z||dz < co.
He also showed that if the flux F' # 0 is an integer there will be either ||F|] or
||F'|| —1 zero modes (of course always ||F'|| —1 if B is compactly supported). FErdos
and Vougalter in [25] remarked that the condition of boundedness for magnetic fields
B can be replaced by the weaker condition in which B € K(R?)- Kato class; that
means B satisfies the following condition

limsup/ log |z — y| | B(y)|dy = 0.
r0 e Je—yl<r

Furthermore, they gave an explicit example in which the Aharonov-Casher The-
orem does not hold for continuous bounded magnetic fields satisfying only that
Jg> |Bldz < oo. However the main result in [25] is the Aharonov-Casher theorem
(more or less) still holds for a big class of ‘reasonable’ magnetic fields which are
measures with bounded total variation. Recently, in [48] the case of magnetic fields
with infinite flux has been investigated.

There is another version of the Aharonov-Casher theorem, but for two dimensional
compact manifolds like the unit ball S? of R3. We can see it in [17] or more details
in [24]. We will also mention it later in this thesis with our proof for this result (see
Theorem 3.6.1).

1.5 The Loss-Yau zero mode

Loss and Yau obtained the first zero mode in [39] by a ‘reverse’ construction; that
means they chose the zero mode first, then they constructed the vector potential
A, and lastly the corresponding magnetic field B. They started this way of finding
examples of zero modes by supposing they had a spinor ¢ and a scalar valued A(x)
which satisfied

(0 p)Y(x) = AMa)i(x), (1.12)



with (¢, ¥)(z) # 0 for all z. Then, they put

(1, o)
Alz) = A .

() = Alz) R (z) (1.13)

By direct calculation we can see that for ¢ = (3;) , the matrix o- % becomes
1 (|¢1|2— |1ha? 2011, )
02+ a2\ 201 =[P+ [

Now we can check that

- %, j}@)@b(x) b (1.14)

We notice that formula (1.14) can be verified by another way. Truly, we always have
(0d-a)-(6-b)=a-b+io-(axDb).
Then, it follows that for any normalised spinor y

[0 (x, ox))” = (x, ox)’Ir = L.

It follows that the eigenvalues of the matrix o - (x, ox) are £1. On the other hand
(x, o-{x, ox)x) = {x, ox)? = 1. This shows that y is the eigenvector for the

(@/),Q/:/))% gives (1.14).

Finally, (1.12) and (1.14) give us (1.7); that is ¢ is a zero mode for the magnetic
potential A.

matrix o - (x, ox) with 1 as its eigenvalue. Taking y =

Loss and Yau gave a specific solution to (1.12); for a constant spinor ¢y with the
unit length we can directly check that
3 14+i0-x

Yry, where Yy (r) = —————¢o.

(O' p) Q/JLY = 1+ |l’|2 (1 + |l’|2)2

Then, for w = {(¢g, o¢y) it follows from the formula (1.13) that the corresponding
vector potential for the Loss-Yau zero mode 11y is

3 (W, o)

T 1t 2P, ¥)
3 2 ) w X T
_W[(l—x Jw 4 2(w - x)x + 2 .

ALy(.T)

The formula for the corresponding magnetic field for ¥y () is

Bry(z) = curl Apy
12
- W[(l — 2w+ 2(w - z)z + 2w X 7).



If we choose ¢y = <1

) we will have the Loss-Yau zero mode

0
1 .
YLy = T (le;r_m;) (1.15)
with the corresponding magnetic potential
3 2r1x3 — 219 T
Ary(z) = m 1 _Qx;%xg_;;f_lxg , (1.16)
and the magnetic field
19 2r1x3 — 279 T
Bry(z) = RENEBE 1 _2373:2%553_‘;%2111% : (1.17)

where © = (71, T2, 73) € R3.

1.6 The zero modes of Elton

In fact Loss and Yau in [39] propose two methods for constructing zero modes. How-
ever, they give only the specific zero mode for the first method, which we met in the
previous section. Motivated by their second method, Elton in [21] has constructed
two other specific zero modes. The key point of this method is to skillfully choose
the spinor 1 such that (¢, ¥) # 0, for all x € R? and div(¢), o) = 0. Then, Loss
and Yau verify that such a spinor will be the zero mode with the corresponding
vector potential and magnetic field

1 1
Aw) = s (Geutte, o0+ Ty, va)).
1 1
B(z) = ST ; U;(curllU x VU;) — |U|PAU + 5 ijzkeiijiVUj x VU | ,

where U = (¢, o).

Elton obtains the first specific example of a zero mode by the method above by
taking a function g satisfying the following conditions

e g: R — R is smooth compactly supported and non-negative
o g(t)=(4—t2)3 for t € [~1/2, 1/2]
e supp (g) C [~1, 1]

e +¢'(t) <0 for £t > 0.
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Then, he chooses a real-valued function f on R™, the set of non-negative real numbers
by

1

2

for)y=r° (_ /Or t*(g?) () dt) , for all r > 0.

It turns out that the spinor

o =100, )+ ()

is a smooth zero mode with the corresponding vector potential of compact support
in the unit ball.

The second zero mode, which Elton constructs in [21] has the the corresponding
magnetic field, which can be written as a perturbation of a constant magnetic field.
Moreover, the perturbation is smooth, supported on {|z3| < 1} and decays like
o(|z|7!) as |z| — oo. That zero mode is

sl =u (I,

2
where u = exp(—p— —k); p=2?+ 2% kis asmooth function on R?® depending on

x3 and constant in x; and x5; g above, and h defined as

A gz fort <0
) = {[4—92 t)]2 for t > 0.

1.7 Some results by Adam, Muratori and Nash

Adam et al. in a series of papers (see [2], [3], [4], [5]) developed the results of Loss
and Yau in [39] in some different directions. We notice that Adam et al. use the
term the Abelian Dirac operators in three dimensions for Weyl-Dirac operators.

In [2] Adam et al. firstly constructed some new examples of zero modes by studying
the Loss and Yau zero mode t.y. They wrote ¢y = (1 +172)72(1 4+ X)¢p, where
X =io -z, r = |z|, and ¢q is the constant unit spinor. Then, they tried to find
other zero modes of the more general type

l l

PO = (142" GH[(1 4 > anr®™) Iy + Y br®X] o, (1.18)

n=1 n=0

where I is the 2 X 2 identity matrix, by using (1.12) and X? = —r2l,, z,;0;X = X
and ¢0;0;,X = —3-I,. Adam et al. also showed that for each integer [ > 0 we always
get one zero mode of the type (1.18) above!

11



To express ¥y as g(r)Uty, where g(r) = plays the role of a scalar func-

1
1472

tion; and U = (1 + X), an SU(2) matrix (a complex-valued unitary

(1+r2)1/2
2 x 2-matrix with determinant 1), Adam et al. found some other zero modes with
the general form ™ = gU™),, where g (we have to look for) is dependent of only
r. The key technique is still to use the remark of Loss and Yau (1.12) and calculation.

There is another way of obtaining some more zero modes by replacing ¢y with
another class of spinors (rather than constant unit spinors). More specifically, Adam
et al. used the class

(I)Lm:< l+m+1/2Yl,m_1/2)7

—\/l—m+ 1/2 }/27m+1/2

where m € [—1 —1/2, 1 +1/2] and Y] ,,41/2 are spherical harmonics (see [31], p.
38-39 for these spherical harmonics). Then, some zero modes can be found by the
ansatz

Vi =1 (141232 (1 4+ X) Dy .
See [2] for details.

Motivated by the zero mode proposed by Elton, Adam et al. in [3] constructed a
whole class of magnetic potentials with compact support (and therefore magnetic
fields with compact support) so that the corresponding Pauli operators (then, the
Weyl-Dirac operators) have zero modes. This is interesting from the physical point
of view because magnetic fields with compact support are the ones which can be
well treated in the computing lab. To do this they firstly remarked that the spinor
UO(z) = ! ( 3 ) satisfies

— 3\ + iy
(0-p)¥° =0.

This spinor is well-behaved for large r = |22 + 22 + 22|2. So, they constructed zero

modes that are equal to ¥ outside a ball with radius r and they differ from ¥°

inside that ball. One example we want to mention here from [3] are the zero modes
4 1

obtained by the ansatz in [2] above with g(r) = exp(—4r?+3rt— §T6+Z7’8) forr <1

and g(r) = exp(—%)r*2 for r > 1. The magnetic potentials and magnetic fields in

these cases have compact support in the unit ball. Please see [3] for more details.

In [4] Adam et al. constructed a class of magnetic potentials A®) (there they called
them the gauge fields) such that each A will give more than one zero mode. At
first they remarked that if the function y satisfies (¢ - px)(1 + io - )¢y = 0, then
X"y, n € Z also satisfies (1.12) for the same magnetic potential Azy . The function
x were shown as
2z Hiw)
X om —i(1—r?)

= S exp(io),
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where

4 2 .2
2 = 2(T 73) and o =tan~ T2 +tan  ——.
4oz + (1 —1r2)? T 23

Adam et al. chose
Yigs1y2r!
U, =
(1 + r2)i+3/2

corresponding to the maximal quantum number m = [ + 1/2. Then, they showed
that W, ; = x""V¥;, n=0,1,...,[ are zero modes for the scaled magnetic potential

(1+i0-x)po

21‘11’2 — 233‘2 T

Al = L?Q 2xox3 + 211 = MALY (recall (1.16)).

(1+72) 1— 2?2 — 22 + 23 3
In [5] Adam et al. extended the results in [4]. They considered a much wider
class of Weyl-Dirac operators which have ‘multiple zero modes’. That means for
one magnetic potential the dimension of the kernel of the corresponding Weyl-Dirac
operator is greater than 1. As far as we know they were the first to give an explicit
example of a magnetic potential for which the corresponding Weyl-Dirac operator
has (at least) [ 4+ 1 different zero modes.

1.8 Erdos and Solovej’s work on zero modes

The work by Erdos and Solovej in [24] published in 2001 gave a new insight into the
zero mode problem. They considered this problem from a the geometrical point of
view. The last two chapters, especially Chapter 3 of this thesis, will discuss some
details about this work. Here we will sketch some key points of Erdos and Solovej’s
idea.

Denote by S? the unit ball in R and by S? the unit ball in R*. The main result in
Erdés and Solovej’s work in [24] is the construction of a certain class of magnetic
fields on R? for which the dimension of any corresponding Weyl-Dirac operator can
be counted exactly. They obtained this class of magnetic fields by pulling back
magnetic fields from S? to R? (we notice that the magnetic fields on S? are actually
two-forms on S?). Erdos and Solovej in fact used S* as the bridge while pulling
back two-forms on S?. More specifically, firstly they pulled back those two-forms
using the Hopf map from S* to S?. Then, they continued to pull back the obtained
two-forms on S* to get the class of magnetic fields on R3 we mentioned above using
the inverse stereographic projection from R? to S3. It turns out that the Loss-
Yau zero mode as well as Adam et al.’s multiple zero modes can be obtained from
this construction if one starts with certain multiples of vols:, the volume form on S?.

To show their result Erdos and Solovej constructed Dirac operators with magnetic

fields on the Riemannian manifolds S? and S®. Therefore they needed to define
the Spin® structures on compact Riemannian manifolds; these include Spin® spinor
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bundles and Spin® connections. Then, the magnetic field is related to the curvature
of the connection. We will discuss more about these in Chapter 3.

1.9 Some other results on the zero mode problem

In 2001 Balinsky and Evans showed in [10] that there are only finite values of
t € [0, T] such that the kernel of the Pauli operator P;4 is non-trivial. That
means that in any compact interval of the positive real line there are only a finite
numbers of values of ¢ such that we can get some zero modes from the operator
Dia = 0 - (p — tA) with scaled potential. Balinsky and Evans also showed that the
set of magnetic fields B such that we have no zero modes is “big”; it actually con-
tains an open dense subset of [L% (R3)]3. These results explain why we are struggling
a bit to construct a zero mode. A point in their proofs of these results is to describe
the Pauli operator (by Theorem 1.11.4) as the form sum of the operator (p — A)2
and its “small” perturbation o - B.

In 2002 Balinsky and Evans gave another proof (in [12]) for the results (in the view
of the zero mode problem) they had obtained in 2001. This time the point in their
proof is to write o+ (p—A) (in fact it is + in place of — in their paper) as the operator
sum between o - p and its "small” perturbation o - A. They also use a bound in [1§]
obtained by I. Daubechies to estimate the number of nonpositive eigenvalues for the
operator |p|—V which can be considered as the |p|-version of the well-known Cwikel-
Lieb-Rosenbljum bound (for the operator |p|* — V). Furthermore, they obtain an
estimate for the dimension of kernel of Dy :

dimKerDy < C’n/ |A|" dz, for n = 2,3, (1.19)
where the constant C,, independent of A. However, in their proof they have used an
operator estimate that is actually wrong. We will discuss this issue and show the
complete proof for the estimate (1.19) in Theorem 2.2.10.

To study the zero mode problem from another perspective Elton in [22] constructed
a class of magnetic potentials called A, which includes all functions A € C(R3, R3)
such that A = o(|x|™!) as |#| — oo. This set A can be equipped with the norm
Al = ||(1+ |z|) Al =, making it a Banach space with C§° as a dense subset. Elton
used this set and proved some results for zero modes with magnetic potentials in this
class. Some of those results are that (i) There are finitely many zero modes (maybe
none) for each magnetic potential A € A (ii) The set of all magnetic potentials in
A which give no zero modes is ‘big’; it is actually a dense open subset of A (this is
similar to Balinsky and Evans’ result) (iii) For any positive integer number m and
any open and non-empty set (2 there exists at least one C5°—magnetic potential A
with its support in €2 such that the zero mode equation o - (p — A)y = 0 gives us
m independent zero modes. Coming from struggling to construct one zero mode for
one magnetic potential we are happy to see from this result that there always exists

14



some magnetic potentials for which the corresponding zero mode equation gives us
any giwen number of independent zero modes! (iv) The sets of magnetic potentials
which give m independent zero modes are smooth sub-manifolds of A with corre-
sponding co-dimensions of m? if m = 1 or m = 2; and are contained in a smooth
sub-manifold with co-dimension of 2m — 1 if m > 3. This conclusion shows us that
in spite of sparsity zero modes are actually abundant!

While most of mathematicians have been focusing on studying the relationship be-
tween the existence of zero modes and the corresponding magnetic potentials or
magnetic fields, Saito and Umeda studied the relationship between the properties of
zero modes and the corresponding magnetic potentials or magnetic fields; see [49]
and [50]. In those papers Saito and Umeda were mainly interested in the massless
Dirac operators a - p + Q(x), where o« = (aq, ag, a3) is the triple of 4 x 4 Dirac

matrices
_( 02 o _
OéJ_<O.j 02)7.]_17273

with the 2 x 2 zero matrix 0y; Q(x) = (¢jx(x)) is a 4 x 4 Hermitian matrix-valued
functions. Extending the concept for the Weyl-Dirac operator they defined the zero
modes for the the massless Dirac operator as a non-zero bispinor f € [H*(R?)]* such
that (a-p+ Q)f = 0. In fact in some special cases the massless Dirac operator will
become the operator a - (p — A) or

(p— A
0 o (p ) , where 0y is the 2 X 2 zero-matrix.

g - (p — A) 02
Then, Saito and Umeda can obtain some properties of zero modes, not only for the
massless Dirac operators but also for the Weyl-Dirac operators. They assume that
the Hermitian matrix-valued functions ¢;x(x), 7,k =1,...,4 satisfy the conditions

|gix(x)| < C(1 + |x|*)~*/2, for some p > 1 and constant C' positive.

If this matrix-potential gives the zero mode f(z) for the massless Dirac operator,
then
(1) |f(2)] < cp(1+ |2?]) for all x € R
(i) the function f is continuous on R? and for any w € S? (the unit ball in R3)
lim 7 f(rw) = —4L(a -w) | Q(y)f(y) dy, uniformly for w.
™ R3

rT—00

For the Weyl-Dirac operator we get a more elaborate formula for the zero mode

()

lim r?(rw) =

% {(w-Ay))ly +io - (wx A(y))}¢¥(y) dy, uniformly for w.
r—00 R3

15



1.10 About the thesis

We will be concerned with the zero mode problem for the Weyl-Dirac operator as
well. More specifically, let D;4 be the Weyl-Dirac operator with magnetic potential
tA, where we think of A as fixed and ¢ > 0 as a scale. We are principally interested
in the quantity n4(7) and related ones, where

na(T) := Z dim Ker Dy 4.

0<t<T
We firstly show that (see Theorem 2.3.6) for |A] € L3(R3) we have
na(T) < CT?||A|]3s. (1.20)

Indeed, it is obvious that the estimate (1.20) is stronger than the one by Balinsky
and Evans in [12]. Their estimate works for the number of zero modes of D;4 for
each t € [0,T]. Ours works for the total of zero modes of D;4 which we may obtain
for all t, t € [0, T]. A similar estimate for n4(7T") in two dimensions is also obtained
with some additional changes in the proof (see Theorem 2.4.1).

Our proof for the estimate for (1.20) may work for some other cases and we then
obtain estimates on ng(7") with

no(T) == Z dim Ker T,

0<t<T

where T, is the massless Dirac operator with scaled potential, T, := «-p+tQ (see
Theorem 2.5.1); and estimates on n4 (7, £m) with

na(T,+m) := Z dim E,, (Hea),

0<t<T

where Ey,,(H;a) is the eigenspace of the Dirac operator with positive mass at the
threshold energy +m (see Theorem 2.6.1). These estimates are also better versions
of recent ones in [13] and in [51].

We will spend almost a chapter (Chapter 3) discussing the paper [24] of Erdds and
Solovej and our remaining main results in this thesis (in Chapters 3 and 4) build
on ideas in [24]. In Chapter 3 we show explicitly the construction of the Dirac
operator on the sphere S?. The spectrum of the Dirac operator in S? in a special
case (corresponding to a constant field) is obtained explicitly (see Theorem 3.5.2).
Furthermore, another proof for the Aharonov-Casher theorem on S? is justified as
a byproduct of the work on S? (see Theorem 3.6.1). More specifically, in Chapter
3 we will firstly collect some general concepts in differential geometry used in the
thesis. Then, we introduce and construct the Spin® structures on S?. The second
part deals with the Dirac operator defined on S? based on structures in the first
part. Some properties and spectral details for the Dirac operators defined on S? will
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be obtained as well. We also study the Laplacian built on sections of a line bundle,
and its relation to the Dirac operators. This allows us to determine the spectrum

n
explicitly for a class of Dirac operators on S? with specific magnetic fields —volge.

In this case we show not only all eigenvalues, but also their multiplicity. This is one
of main results in Chapter 3.

In the final chapter, Chapter 4, we first obtain an explicit formula for npg,(T") for the
Weyl-Dirac operator with a certain magnetic field By (see Theorem 4.3.1). Here,
the magnetic field By is the result of pullbacks from the “constant” volume form of
§?, and is in fact, a scaled version of Bry, the magnetic field corresponding to the
first zero mode constructed by Loss and Yau. The final main result in the thesis
(see Theorem 4.5.1) gives a lower bound for ng(T) for the Weyl-Dirac operator
with scaled magnetic field tB, where B is the result of pullbacks from an arbitrary
two-form on S2. This bound is indeed a strengthened version of an estimate in [24].

1.11 Notation and Background

Although in Chapter 2 and Chapter 3 the mathematical concepts used in these
chapters will be mentioned we would like to list here the background and notation
used throughout the thesis.

1.11.1 Notation

First, as usual N is the set of natural numbers {1,2,...}, while Ny is the set of
natural numbers and 0; that is {0,1,2,...}. Notation Z is for the set of integer
numbers {0, +1,£2,...}. The set of real numbers is denoted by R and C is the set

. . . 1
of complex numbers. The imaginary unit is denoted by . Notation I is for < 0) ,

01
I is for
1000
0100
0010}
0001

. 00
and 0y is for (O O)'

The notation Ker is for the kernel (of an operator) and dim is for the dimension (of
a vector space). We also use Spec for the spectrum (of an operator), Dom for the
domain while Ran for the range (of an operator). Furthermore, we use # as the
number of elements (of a set). The notation — is for the weak convergence and —
is for the continuous embedding (between spaces).
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We use the notation C§° for the set of smooth functions with compact support,
and C™ for the set of smooth functions. In addition, C° denotes the space of con-
tinuous functions. If we use ||.||y we mean the norm defined on the Banach space H.

The notation 9“f means 99! --- 99 f with a = (aq,...,04), ; € Ny and |af =
o)+ -+ .

For 1 < ¢ < o0,

pe)={r: [ 1 <o

with norm for f € L?(R™) given by

[ fllze = (/R |f<x)|q)é.

pe(@) = {2 e sup 11(0)] < o

TER™?

We also set

with norm for f € L™ given by

[/l = ess sup [f(x)].

rER™

Denote by S (for each positive integer n) the Schwartz class: the set of all smooth
functions f (defined on R™) such that

sup |2°0% f(z)| < oo, for all a, 3.
We observe that S is a dense subspace for L?, and C§° C S.

Given the Schwartz class S (for functions defined on R™) and f € S we define

1

o /R faye

We may check that (FO°f)(w) = (iw)*(Ff)(w) and F(z°f)(w) = il®0*F(w) for
every f € S and multi-index «. Obviously, this is well defined and in fact it is a
bijection from S to itself with its inverse as

F()w) =

1
Vv (@2m)"

There is a fact that (f,g) = (Ff, Fg) for all f,g € S. Then, it follows from the
density of S in L?*(R") that we may extend F to all functions in L*(R"). We will
obtain the Fourier transform for functions in L*(R™). We sometimes use f instead
of F f for convenience. We summarise some key properties of the Fourier transform
in the following result

(F 1)) =

| Fnwedo.
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Theorem 1.11.1. (See [43], for instance) The Fourier transform F is a unitary
operator L*(R") — L*(R™). That means FF* = F*F = I, the identity.

We use H*(R"), k € Z, k > 0 to denote the Sobolev space
{f: 0°f € L*(RY), |a] <k}
with norm for f € H*¥(R") given by
I = (3 o1 )
|| <k

When we want to emphasise that we may use a more general class of Sobolev spaces,
we take the Sobolev space H® as the space

{f es' [+ luPyIFs) < oo},

where F f is the Fourier transform of f. The norm for f € H? is defined as

[f s = (/(1 + IW|2)S|ff(w)|2dw);.

1.11.2 Operators

We briefly summarise some concepts on linear operators used in the thesis; material
here comes from [42], [15], [43], [45], [20] and [36].

Let 7 € B(H) denote the space of bounded linear operators acting on a Hilbert
space H. For a compact operator 7 € B(H) we set |7| = vVT*7T as usual. The
eigenvalues of the operator | 7| are called the singular values of T. By the multiplic-
ity of an eigenvalue A for the operator 7 we mean the geometric multiplicity of A, or
the dimension of the subspace {z € H : (7 — A)z = 0}. In general this multiplicity
may be slightly different from the algebraic multiplicity of X for 7, which is the
dimension of the subspace {z € H: (7 — \)"z =0 for some positive interger n}.
However for self-adjoint operators these two concepts of multiplicity are the same.

If 7 € B(H) is compact we may enumerate its eigenvalues (including multiplicity)
as
M| = [Xo| =+ >0,

If in addition 7 is self-adjoint its eigenvalues are real so we can enumerate them
(including multiplicity) as

AN >N > 20> >0 > AL
The singular values of 7 will be enumerated (including multiplicity) as

1 = pg = - 2> 0.
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When we need to emphasise the dependence on 7 we also write \;(7), )\jc(’]' ) and
115(7T).-

Take a compact operator 7 € B(H). If

(Z%Y<w

Jj1

for some 1 < ¢ < oo, we say that 7 belongs to the Schatten class S,. In fact one
may show that S, along with

ITlls, = (Zug)é

Jj1

is a Banach space. We will also use the notation S, to refer to this Banach space.
We observe that S, C S,, if ¢; < ¢2. One often denotes by S, the class of com-
pact operators. In case ¢ = 2 the Schatten space S, is in fact a Hilbert space and
elements in S, are called Hilbert-Schmidt operators. Similarly, elements in S; are
called trace class operators. See [42] for more details.

By a positive operator T € B(H) we mean that 7 is non-negative; that is 7 is
self-adjoint and (7 z, x) > 0, for all z € H, where ( -, - ) denotes the inner product
in H. Then, we may write 7 > 0. We observe that a self-adjoint operator is positive
if and only if its spectrum is non-negative. In addition, we will write 7; > 7, or
T<T for T, T; € B(H) if T, — T > 0.

In addition to bounded operators we will also need to consider unbounded operators.
If a linear operator 7 : H — H is bounded, then there is a constant C' > 0 such
that

|Tx| < C|lz|, forallxze H.

An unbounded operator T is a linear map defined on a domain Dom(7) C H such
that there is a sequence {z;}, z; € Dom(7), ||z;|| =1, j=1,2,... and ||Tz;|| —
oo as j — oo. Normally, Dom(7') is a dense linear subspace of H. Now we will give
an example. Let 7 be the operator defined on the subspace S of L?(IR), such that
Tf(zx) =—f"(z) +2*f(z) for f €S. We may show that if

fi = @J)7H (=1 ies” (e,
then f; €S, [|[fill=1land 7f; =2j+1forj=1,2,... s0 |7 f;|| =2j+1— o0 as
j goes to oco. (In fact {f;} is an orthonormal base for L*(R)). We call fjs Hermite
Junctions. See [42] for details.

Suppose we have an unbounded operator 7 defined on Dom(7"). We say 7 is closed
if whenever z; € Dom(7), x; — x and 7x; — y, then x € Dom(7) and 7z = y. We
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will call an operator 7" an extension of 7 if Dom(7) C Dom(7") and 7x = 7'z for
all x € Dom(7). In addition, we will say 7 is closable if T has a closed extension.
Then, every closable operator has a smallest closed extension, called its closure,
which is often denoted by 7. If T is closed a core for 7 is a subset of Dom(7) such
that the closure of 7 restricted to this set is exactly 7.

Next we consider the adjoint of an unbounded operator 7. We will denote by
Dom(7*) the set of y € H for which there is a z € H such that for all z € Dom(7)
we have

(Tz, y) = (x, 2).

For each y € Dom(7 ™) we set 7*y = z and this 7* is called the adjoint of 7. It
is the case that not all unbounded operators 7 have an adjoint (as an unbounded
operator). However if 7 is closable there always exists 7*. In fact we may show that
T is closable if and only if Dom(7*) is dense in H. In that case we have T = T*.
There is a difference between symmetric (or Hermitian) and self-adjoint operators for
unbounded operators, which is obviously not the case for bounded operators. More
specifically, an unbounded operator 7 is called symmetric if 7* is an extension of
7. We may see that 7 is symmetric if

(Tzx, yy = (x, Ty), for all z, y € Dom(7).

If we want 7 to be self-adjoint, we need 7 not only to be symmetric, but also to
satisfy Dom(7*) = Dom(7). To prove a symmetric operator 7 is self-adjoint we
need only show that 7 is closed and the kernel of 7 + ¢ is trivial or the range of
T £+ is exactly H.

Suppose 7 is symmetric. We may see from above that 7 is closable. In case its
closure 7 is self-adjoint, the symmetric operator 7 is called essentially self-adjoint.
In fact we may prove that symmetric operator 7 is essentially self-adjoint if it has
only one self-adjoint extension. To prove a symmetric operator is essentially self-
adjoint we need only show that the kernel of 7 + i is trivial or the range of 7 + 1
is dense in H. To use all remarks above we may justify the following result, which
allows us to consider operator sums.

Theorem 1.11.2. (Kato-Rellich theorem (see [43], Theorem X.12)) Suppose that Ty
is self-adjoint and Ty is symmetric with Dom(7;) C Dom(73). Furthermore, suppose
that there exist a, b with a <1 such that

[Z2]| < al|Taz]| + b=

for all x € Dom(7y). Then the operator T, + Ty is self-adjoint on Dom(77) and
essentially self-adjoint on any core of 1.

The operator 75 in the Kato-Rellich Theorem may be seen as a small perturbation
of T;.
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Let 7 be an unbounded operator on H. We say that a complex number p is in the
resolvent set of T if T — pl is a bijection from Dom(7) onto H with a bounded
inverse, where I is the identity. The spectrum of T, denoted by Spec(7') is the set
of complex numbers which are not in the resolvent set of 7. Any eigenvalue of 7 is
obviously in Spec(7). The discrete spectrum of T is the set of isolated eigenvalues
with finite multiplicity, while the essential spectrum of T, denoted by Spec,,,(7 ) is
the set Spec(7') excluding the discrete spectrum. As we know the spectrum set of a
bounded operator is bounded. However that is not the case for unbounded operators.

There is another method to define the self-adjoint extension of some certain kinds
of unbounded operators; that is through the quadratic form. A quadratic form is
amap q: 9Q(q) x Q(q) — C, where Q(q) is a dense linear subset of H called
the form domain, such that ¢(x,-) is linear and ¢(-,y) is conjugate linear for all
z,y € Q(q). We will briefly summarise how to relate a quadratic form and an
unbounded operator. Firstly, we observe that the definition of a positive operator
extends to unbounded operators; that is 7 is positive, denoted by 7 > 0, if 7 is
symmetric and (7z, x) > 0 for all z € Dom(7). For a positive operator 7 we may
define an inner product (z, y)7 on Dom(7) by

<{L‘, y)'T = <Tl‘, y> + <ZL‘,y>

If we denote by Q(7) the completion of Dom(7") with respect to the norm ||.|r
induced by the inner product above, then Dom(7) C Q(7) C H. Truly, we observe
that if {z;} is a Cauchy sequence in Dom(7), it will also be a Cauchy sequence in
H because ||z|| < ||z||7. It follows that we may identify the limit in Q(7") with the
limit we have in H. Therefore, the quadratic form associated with 7', denoted by g7
can be extended to every x € Q(7) by setting

gr(z) = (2, 2)7 — [|=]*

We will call by Q(7) the form domain of 7. Now we can say that consideration of
quadratic forms leads to a useful way of defining a self-adjoint operator if we start
with a semi-bounded symmetric operator by looking at the following result.

Theorem 1.11.3. (Friedrichs extension) Let 7 be a semi-bounded symmetric op-
erator; that is, suppose there exists v € R such that

qr(z) = (Tx, z) > ~|z||?, forall x € Dom(T).

Then there is a self-adjoint extension T' of T which is also bounded below by v and
which satisfies Dom(7") C Q(7). Moreover, T' is the only self-adjoint extension of
T with domain contained in Q(7T).

The converse of this result is also important; given a quadratic form ¢, is there a
corresponding operator 7 such that ¢ = ¢77? The answer is yes under certain condi-
tions, although we will not discuss this further here (see [42] for more details).
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Now we will consider the quadratic form version of the Kato-Rellich theorem; this
is called the KLMN theorem, and is due to Kato, Lions, Lax, Milgram and Nelson
(see Theorem X.17, [43]). The theorem will allow us to consider the form sum of
operators.

Theorem 1.11.4. Let 7y be a positive self-adjoint operator and qz, be a quadratic
form associated with a symmetric operator Ty which is defined on Q(77). If there are
real numbers a < 1 and b such that

|97, ()| < agr, (x) + b(z, x),  for all x € Q(Th),

then there exists a unique self-adjoint operator T with Q(T) = Q(71) such that T
15 associated with the form qr, + qz,.

In this case we also call 75 a small perturbation of 7.

Suppose that 7; is self-adjoint. We will say that 75 is relatively compact with re-
spect to 7y if Dom(77) € Dom(7;) and the operator 75(7; + i)' is compact. In
fact we may replace ¢ here by any complex number in the resolvent set of 7;. We
may show that 7 is relatively compact with respect to 7; if whenever we have
a sequence {z;} C Dom(7;) C Dom(7;) such that ||7iz;|| + ||z;|| < C, for some
C > 0, then we may choose a subsequence {z;, } such that {75z, } is convergent.
We also have the following (for example, [45], p.113); if 77 is self-adjoint and 7
is relatively compact with respect to 7, then the operator sum 7; + 75 defined
on Dom(7;) is closed. Moreover the operator sum has the same essential spectrum
as 77. If we require 75 to be symmetric, then the operator sum is self-adjoint as well.
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Chapter 2

Upper bounds for the number of
zero modes of the Weyl-Dirac
operator

2.1 Overview

In [12] Balinsky and Evans studied zero modes of the Weyl-Dirac operator on
R™ n = 2,3, where the potential was assumed to be in L? with ¢ = 3 when
n = 3 and ¢ = 2 when n = 2. They gave an upper bound on the multiplicity of zero
modes in the form

dimKerDy < C, |A|" dx, (2.1)
Rn

with the constant C, independent of A. This result is reviewed in Section 2.2, where
we present an argument that circumvents an error in [12].

Balinsky and Evans also considered the question of how common zero mode pro-
ducing potentials are; one result was to show that if we scale a given potential A
by t € R then the operator D;4 has zero modes for only a discrete set of values of
t, in particular, given T" > 0 there is only a finite number of ¢ € [0,T] such that
dim Ker D;4 > 0. Thus the quantity

na(T) = Z dim Ker D 4,

0<t<T

is finite. Information about the behaviour of n4(7T) as T varies clearly tells us
something about how common zero mode producing potentials are. Furthermore
this quantity will be less sensitive than dim Ker D, 4, to perturbations in ¢ (or in A).
In Section 2.3 and Section 2.4 we obtain bounds for n4(7") of the form (Theorem
2.3.6 and Theorem 2.4.1)

na(T) < CT" /

|A]" dz, n=2,3,
R’ﬂ
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which clearly strengthens the Balinsky and Evans bound on multiplicity (see (2.1)
above).

We will see that we must change our approach in the proof of Theorem 2.3.6 to ob-
tain the justification for the two dimensional case. We will need some “wiser” skills
to overcome difficulty which arises; that is the result of Cwikel does not work for
q = 2 although |z|7! is in L2 (R?). However we can overcome that difficulty by using
the weak Weyl inequality (see [47], p.85)) as well as relations between the eigenval-
ues and the singular values for compact operators to obtain the similar bound for
na(T) in two dimensions (Theorem 2.4.1).

Finally in Section 2.5 and Section 2.6 we will apply one of the main results in this
chapter (That is Theorem 2.3.6 in Section 2.3) to show stronger estimates than the
ones in [13] for massless Dirac operators and in [51] for Dirac operators with pos-
itive mass at the threshold energies. In fact these follow directly from Theorem 2.3.6

2.2 An estimate on the kernel of D4

2.2.1 Set up

Denote by H,,, n = 2,3 the Hilbert space [L*(R™)]? with the standard scalar product
and its induced norm. Let p be the momentum operator —iV with core [C5°(R™)]?.
It is well known that p is (componentwise) essentially self-adjoint in [C5°(R™)]? (see
[57], p. 113). We can then extend p uniquely to be a self-adjoint operator in H,,

which we still denote by p with Dom(p) = [Hl(RQ)]Q.

Suppose that f € [H 1(R")}2, n = 2, 3. It follows from the properties of the Fourier
f(z) — F(f)(w) that

pf(z) = F HwF(f) ().

Therefore, the momentum operator p with the domain Dom(p) = [H 1(R3)]2, is
unitarily equivalent to the multiplication operator

(FpF Hf(x) =2f(x), Dom(z) ={f € H,: xf € H,}.

Then, since the Fourier transform F is unitary and the spectrum of the multiplica-
tion operator is very easy to determine we come up with the following result

Theorem 2.2.1. The momentum operator p is componentwise self-adjoint in H,,, n =
2,3 with Dom(p;) = [Hl(R")]Q, and its spectrum is given by

Spec(p;) = Spec,s(pj) =R, j=1,....,n.
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As usual, |p| := (p*p)% = (pQ)% is a positive self-adjoint operator in H,,. We can
define the operator |p|z (or \/[p| hereafter) to be a positive self-adjoint operator in
H,, as well. We note that if ¢» € H,, then in H,

(bl D) /|5||¢ )P de =0 = § = 0 = ¢ =0,

using the isometric property of the Fourier transform from H,, to itself. Therefore,

if \/|plty = 0 for some ¢ € H,,, then || \/|p|¢|x, =0 <= (|p|v, ¥) =0 <:> Y =
0 (in H,) = Ker y/|p| = {0}. It follows that we can define the operator \/ﬂ
p

1 1
Ran(+/|p|), the range of \/|p|. For s =1, ) and s = —g» we define D*(R™) to be
the completion of Dom(|p|*) (the domain of |p|*) with respect to the norm

on

ullps@ny = ||[p]* |7, -

Observe that in case s = 1 we have

YRY) (Mo = [H'(RY)]".

1
Obviously, [C5°(R™)]? is dense in D*(R™) for s = 1 and 5 For ¢ € Dom(+/|p|) =

1
Ran (—) we have
VPl

el

Since /|p| is self adjoint, then

Ker(/[p]) @ [Ran(v/[p])]* = Ha.

So we have that Dom(y/[p|) and Ran(4/]p|) are dense in Dz(R"™) and H,, respec-
1

Vel

can be extended to a unitary map from D*%(R") onto H,. The

= [l

n

W \Cve

tively. It follows that we can extend to a unitary map from H,, onto Dz (R™).

1
Similarly,
vaid
1

\/ﬂ should be understood correspondingly in a specific context.
p

We recall here notations of o = (01, 09, 03) the triple of Pauli matrices

(01 (0 =i (10
01 = 1 0 , 02 = i 0 , 03 = 0 —1 )

and by A the vector potential (A, Ay, A3), where A; is the measurable and real-
valued function on R? for j = 1,2 and 3. To study zero modes of the Weyl-Dirac
operator Dy = o - (p — A), we will use the idea in [12]; namely we will consider D4y
as the sum of operators ¢ - p and —o - A. Similarly to Theorem 2.2.1 we have the
following.

notation
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Theorem 2.2.2. The operator Dy = o - p is self-adjoint in H,, n = 1,2 with
Dom(Dy) = DYR™) (H,, and its spectrum is given by

Spec(Dy) = Spec,,,(Dy) = R.

In order to treat o- A as a small purturbation of Dy we need the following continuous
embeddings to achieve that end. These results can be seen in [36], Theorem 8.4,
Theorem 8.3 and Theorem 8.5, respectively. They are:

1. If n > 2, then

D (R") < [L7T (R™)]?, (2.2)
2. We have
D'(R*) — [L°(R*)]?, (2.3)
3. For ¢ > 2, we have
[H'(R?)]? — [LY(R?)]*. (2.4)

We also need the following inequality which can been found in [35], p.304; that is
there exists a constant C), such that

i 2 ) - .

We remark that the dual (D%(R"))* of D2(R") (with respect to the extension
of the standard L? pairing) is D=2 (R"). As usual for a vector valued function
A = (Ay,...,A,) the notation [|A]lLe means the norm of [A] == (7, [A;]?)?

in L4(R™), ¢ > 1.
2.2.2 D, as an operator sum

We will need some results relating to |A| so that we can consider the Weyl-Dirac
operator D, as the sum of operators - p and —o - A. The following two results from
[12] will help us.

Lemma 2.2.3. Forn = 2,3 assume that |A| € L™(R™). Then the operator

1
(o
&l
A)T . H, — M, is compact. Moreover, for all ¢ € D2(R"), we have
p
1oAYl 3 gy < ENA e Il s

where 7, is the norm of the embedding (2.2).
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Remark 2.2.4. The result of this lemma can be justified neatly by appying the result
of Cwikel which we will meet later in the next two sections. We would like here to
be faithful with the arguments in [12].

To prove this lemma, we notice that C§°(R") is dense in L"(R™), so for a given ¢ > 0
there is a; € C§°(€).), where Q. is some ball in R™ such that || [A] — a1]|z»@n) < €.
Setting as := |A| — a1, and we can write |A| = a; + aq, where ||a;|| < K. and

Vvl

is a unitary map from D*%(R") onto H,. So, to justify

|laz]| < e, for a given e. Moreover, we also remark that is a unitary map from

1 1
Hn onto D§<Rn) and \/—ﬂ

p
the lemma, we only need to prove that if ¢, — 0 (weakly converges to 0) in D2 (R"),
then (- A)p, — 0 in D~2(R™). The proof is now straightforward; see [12] for
details.

The result of Lemma 2.2.3 gives us

Lemma 2.2.5. Suppose that the following conditions are satisfied:

e when n = 3, then |A| is a function in L3(R3),

e when n = 2, then |A| is a function in L"(R?) for some r > 2.

Then for any given € > 0, there is a constant C. (depending on €) such that for all
functions p € DY(R") ('H,, we have

I(o - A)ell* < e*llellDr @) + Cellell*.

Remark 2.2.6. It follows from the result of this lemma that o - A is a small purtur-
bation of ¢ - p.

The assumptions in Lemma 2.2.5 guarantee that the embeddings (2.2) and (2.4) are
applicable. Please refer to [12] for details.

Finally, by the Kato-Rellich theorem (Theorem 1.11.2) we obtain from the result of
Lemma 2.2.5 that

Theorem 2.2.7. Let A be the potential which satisfies the conditions in Lemma
2.2.5. Then, the operator D4 is well defined as the operator sum of Dy and —o - A;
that is —o - A is a small perturbation of Dy.

The corollaries of Theorem 2.2.7 are D 4 is self-adjoint and Dom(Dy4) = Dom(Dy) =
D' (R") ( H,..

29



2.2.3 Upper bounds for Ker(D,)

Now we can proceed to consider one of the main result of this section; that is we
will show a proof for upper bounds for dim Ker D 4.

Firstly, we observe that if ¢ € Dom(D,) = DY(R"™) (| H,,, then the function ¢ := +/|p|p
will satisfy ¢ € D2 (R") ()Hn; clearly we have 1) € Dz (R"). While, we also have
1 € H,, since

19117 = (VIple, VIple) = (Iple. @) < || [plell el

SO
(el @y + lll?).

N | —

1
1911 < 5 (llpell” + llel?) <

Now we define the operators

—_

1
EF.=——(c-p)——: H, — Han,
\/|p|( )\/|p|

1

Ki= (0 A)——: H, —H,.

Vil Vbl

1
We remark that E is self-adjoint and E? = I. So, if ¢ € Ker D4, then (a~p) — =

Vel

Y. It follows that (£ — K)¢ = 0 and hence (I — EK)y = 0. Moreover

and

1
Vel
if 1,2 € KerDy and linear independent, then it follows from Ker/[p] = {0}
that 11,1, are independent, where ¢; = \/Hgoj, j=1,2. So we get dimKerD, <
dimKer(I — FK). To use this relationship and the compactness of EK (which
follows from the result of Lemma 2.2.3), Balinsky and Evans show that for the one-
parameter family of potentials tA there are at most a finite set of values of ¢ in [0, T']
for any T" > 0 such that dim Ker D;4 # 0. Although the result below is weaker than
the later one in this thesis (see Theorem 2.3.6) we still want to show it here with
our proof. The reason is in the proof of Balinsky and Evans they used an incorrect
inequality which we also discuss later. Let

(o 4)

H,.

1 1
L=—|Al—~=: H, —
Vil VIpl
Then L is positive and self-adjoint.

Lemma 2.2.8. We have FK < L.

Proof. We will prove that o - A < |A| in [C5°(R™)]?; then, using the density of
[Ce°(R™)]? in Dz(R™), we obtain K < L. The inequality —K < L follows from a
similar argument.
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b

There is a fact that the self-adjoint 2 x 2 matrix < .

) > 0 if and only if a, c and

S

ac — |b|* are all non-negative. Here we have

A (A idy)
Al UA_(—(A1+iA2) A+ 4y )

Then, |A| — o - A > 0 follows by applying the result above with
a:|A|—A320,c:|A|+A320 andb:—(Al—iAg)
for which ac — |b]? = 0. ]

Remark 2.2.9. At first I proved o - A < |A| by checking directly. The proof was
quite long compared to the proof above. I would like to thank Dr G. Jameson for
reminding me of the fact in the proof so I can have the version above.

Next we can state and prove the following result.

Theorem 2.2.10. Let |A| be in L3(R®) when n = 3, and in L?(R?*) (" L"(R?) for
some r > 2 when n = 2. Then, we have

dim Ker Dy < C,||Al| 7,
where C,, is a constant which is independent of A.

Proof. Firstly, we see that if ¢ € Dom(D,), then the above arguments give (E —
K)y = 0, where

1 1 1
= D2 (R" H, and K=——(0-A)——.
¥ =+/Iplp € D2(R") () \/W( )\/m

It follows that dim KerDy < dimKer(I — EK). Set S = EK, so we already have
dim Ker Dy < dim Ker(/ — S). We remark that if ¢ € Ker(/ — S), then ¢ = St.
Next,

(151", ¥) = (S*SY, ¥) = (S¥, Sv) = (v, ¥) = [¥]*

Therefore,

Ker(] - S) Q K|S‘2(1),

where Kg2(1) is the set of all closed linear subspaces V' of H,, such that (|S|*¢, 1) >
1-||¢]]? for all ¢» € V. By min-max theorem (see [20], p.84), if we enumerate the

eigenvalues (counting also multiplicities) of the positive compact operator 1" as usual
M(T) > X(T) > -+ >0 we get

#{n: M\(S]>) > 1} > dimKer(I — S) > dim Ker D 4. (2.6)
Furthermore, we have shown that K is compact and self-adjoint, while
|S|* = (FK)*(EK) = K.

31



Thus

e M(SP) 2 1) = #lne ALK 214 ) <1
=#{n: X(K)>1}+#{n: N (=K)>1}. '
Lemma 2.2.8 and the min-max theorem give
#{n: N(£K) > 1} <#{n: \(L) > 1}, (2.8)

since L is positive so A\f (L) = \,(L), where eigenvalues of L are enumerated as
usual (thank to [26]). It follows from (2.8) and (2.7) that

#{n: M(S]P) =1 <2-#{n: M\ (L) > 1} (2.9)
By the Birman-Schwinger principle (see [14], [45]), we have
#{n: (L) =1} = N(lp| = |A]), (2.10)
where
N(|p| — |A]) := #{non-positive eigenvalues of the operator |p| — |A|}.

Indeed we may see the flavour of the Birman-Schwinger principle as follows: Let
A > 1 be an eigenvalue of L with corresponding eigenfunction ¢. Then,

Lo = Ao
1
= \/|plop = |A|—=0¢
plo =1 |\/m

<= Ap|v = | Al for ¢ such that \/|p|t) = ¢
1
= (il ~ 314D = 0.

1
So, 0 is eigenvalue of the operator |p| — X|A| with eigenfunction . Then, the

Birman-Schwinger principle gives us (2.10). Back to our main arguments we obtain
from (2.6), (2.9) and (2.10) that

dimKerDy < #{n: \(|S]?) > 1} < 2N(|p| — |4]). (2.11)
Now we can apply Daubechies inequality (see [18]) to get

N(lpl - 4) < € [ A ds
Rn

(2.12)
= Ci|| Allzn.
Then, (2.11) and (2.12) give
dimKerDy <2C; [ |A|" dz,

Rn

or
dimKerDy < C [ |A]" dx

Rn

with C' = 2C', which completes the justification for Theorem 2.2.10. [ |
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Theorem 2.2.10 was given in [12], but in their proof the authours have used the

operator inequality
K*<I? (2.13)

We see in Lemma 2.2.8 that
- L< K<L

Remark 2.2.11. We observe that K? < L? would follow from —L < K < L if K and
L commute. However, here K and L do not commute. I would like to thank Dr. G
Jameson for his advice in this remark.

We will show below that the operator inequality (2.13) is wrong. Indeed, we have
the following.

Proposition 2.2.12. Given r > 1 there ezists a potential A = (Ay, Ay, Az) with
|A| € L3(R?) and ¢ € Hj with

(K¢, ¢) >r(L?, ¢). (2.14)
Proof. Let n € R3 be a unit vector, choose o > 3 and set
A(z) = (1 + |z~ 2 (cos(2r(n, z)),sin(2r(n, x)),0).
Clearly, A is smooth, while
[Az)] = (1+ [af*)7%

so |A] € L3(R3) (using the fact that o > 3). Furthermore,

%zcos@r(n,@) ((1’ o) +sin(2r{n,2)) (g _OZ)

0 e 2ir (n,x)
= eQir(n,x) 0 :

Now let x € C5°(R?) with supp(x) C By := {£: |€] < 1} (the open unit ball in R?)
and [gs |x[*dz = 1. Let f be the inverse Fourier transform of & — x (& + (1+2r)n)
(a translated version of x). Finally, set

(2.15)

o= A ) and o= ().

Now f € S (the Schwartz class) and |A|™* = (1 + |z|?)2 so |A|7'f € S. Tt follows
that ¢; (and hence ¢) is smooth and ¢ € Hs. A direct calculation gives

1 1 % -1 _%
Lo = |p|~z|A||p| 2 <|p| (|61| f)) — <|p|0 f)

SO

(L2, ¢) = Lol = (ol £ f)oa = [ 67T P

33



Since f(f) =x(&+ (14 2r)n) we get
cesupp(f) =&+ (1+2r)ne€ B =€ >|(1+2r)y| —1=2r

and thus . . .
12 — £(6)2d :—/ 2y = —. 2.16
w20, 0) < - [ TP =5 [ o= (2.16)
On the other hand

=it A (PR < (D) < (L Sy

using (2.15). Setting g = €27} f we thus get

(10, &) = 1Kol = (ol .91 = [ 117 6P

~

However g(§) = f(€ —2rn) = x(§ +n) so

Eesupp(9) = E+ne B = (0<) € <2
and hence

(5. &) >3 [ fae)Fas = [ xPde = (2.17)
Estimate (2.14) clearly follows from (2.16) and (2.17). [ |

Remark 2.2.13. The potential A is smooth and satisfies |A| = (1+|z|>)~2. It follows
that the corresponding magnetic field B = curl A is also smooth, while a straight-
forward check gives |B| < C(1 + |x|?)~% for some constant C. Since a > 3 was
arbitrary we can ensure that A and B have arbitrary algebraic decay.

Using Fourier transforms it is easy to see that ¢; and its derivatives of arbitrary
order belong to L?; thus ¢; € H® (the Sobolev space of order s) for any s € R.
However 51(5 ) has a |¢ |% type singularity at 0, which will prevent ¢; from having
rapid decay. A straightforward scaling argument applied to the inverse Fourier
transform of ¢; shows that we have |¢(z)| < ¢(1 + |#|?)~1 for some constant ¢'.
Using an approximation argument it should be possible to obtain (2.14) with some
¢ € Cg°.

2.3 An estimate on ny(7) in three dimensions

For a given T > 0, there are at most a finite set of t, 0 < t < T such that
dim Ker Dy # 0 (see [12]). The proof with flavour we met in the previous section
is based on Fredholm theory and a much shorter version of a similar result in [10],
but for dim Ker P,4. However, we will show a stronger result by proving that the
estimate works not only for the number of zero modes for each operator D;4, but
also for the total of zero modes for all Weyl-Dirac operators Dy, 0 <t < T (see
Theorem 2.3.6). To prepare, we will prove the following lemmas.
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Lemma 2.3.1. I[f0<3<1andn €N, then Y| kP < n'=>.

1
1-p
Proof. Consider the function

f : [07 OO) — R
P
One addition is that f(0) = 0. Now take a partition of the interval [0,n] into n
intervals of length 1. Since f is decreasing on (0, n) the area of each rectangle, which
is defined by [k, k + 1] as the base and f(k+ 1) as its height, is less than or equal to

the area of region which is bounded by the horizontal axis, lines x =k, xt =k + 1
and the graph of function f. Summing up we get

1
Ofk:+1 <Z/

n—

k=

or

Zk’ﬁ g/ 2P dx.
k=1 0

Another fact we will use in the proof of Theorem 2.3.6 is the following.

Lemma 2.3.2. If0 < q < 1, then

3\« 27
220 2.18
<3—q) 8 (2.18)

Proof. We can obtain (2.18) by proving that

flz) = ﬁ is increasing on (0, 1). (2.19)

27 1
(Hence in particular f(z) < f(3) = 5 forO0<ae< -, o= %) To prove (2.19) we

note that

w

—log(l —z) < for0 <z <1, (2.20)

—x
for instance by comparing the Maclaurin’s series for functions on both sides of (2.20).

1
Observe that log f(x) = ——log(1 — z) and for 0 < x < 1
T

Py 1,
f(zx) _:c21 gl )+:1:(1—3:)

Now (2.19) follows since f'(x) >0 for 0 < x < 1. |

log' f(z) = I%(log(l—ch
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Remark 2.3.3. I would like to thank Dr G. Jameson for his advice to show this less
strange proof for Lemma 2.18 compared to the initial version.

We want to apply the result of Cwikel (see, for example Theorem XI1.22, p.47 in
[44]) and obtain the compactness of a class of operators such as 77’s later. We will
consider the concept of L9-weakness as follows.

Definition 2.3.4. A function f is weak-LI(R™) for 1 < ¢ < oo if
1£1lzg, := sup(tpfa = |f(@)] > 1})7 < +oo,

where p is the usual Lebesgue measure on R”.

The set of all weak-L9(R") functions (for each ¢ and n) is denoted by LZ(R™).
| - || zo, is not actually a norm on LY (it does not satisfy the triangle inequality). It

is straight-forward to check that ||z« | L1 = VOl(Bn)% where vol(B,,) is the volume
of the unit ball in R”; thus 2« € L% (R") even though 2"« ¢ LY (R") for any ¢'.
Refer to [43] or [36] for more details.

The following result is an easy consequence of the result in [16].

Theorem 2.3.5. (See [44], p. 47-49) Let 2 < q < 0o and suppose that g € LI (R™)
and f € LYR™). Then f(x)g(—iV) is a compact operator with singular values p;
satisfying

pi < Clg,n)g =l fllzallglice, 7 =1.

Now time to state and prove the main result of this section.

Theorem 2.3.6. Let |A| be in L3(R3). For an arbitrary T > 0 we have the following
estimate
na(T) < CT* - || Allys,

where C'is a constant, not dependent on T or on A.

Here we recall that

na(T) = ) dimKerDyy,.

0<t<T

Proof. We see that

AP (oA oudy oA = [ As A=A\ e o
(U ) _(01 1+02 2+U3 3) — A1+ZA2 —A3 _| |7 ( )

where |A|* := | A|*T, with I, is the 2 x 2 identity matrix.
Similarly, we also have
(0-p)° =—A=]p" (2:22)

It follows from (o - A)? = |A|? and (o - p)? = |p|* that

|Allp~*|Al = [Al(e - p)~ (o - p) Al (2.23)
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og-A
Let U =
| Al

it follows from (2.23) that

and 7 = (o -p)~ (o - A). We remark that ¢/ is unitary. Furthermore,

Allp|2JA| = U T TU. (2.24)
Let 7; = |A||p|~'. Then, we also have
|Allp|~*|Al = 1T} (2.25)

Now we can show the compactness of 7;. Truly, it is because function f(z) = |A| €
L3(R3), and g(z) = |z|7! € L3 (R3), we can apply Cwikel’s result for ¢ = 3 (see
Theorem 2.3.5). Apart from the compactness for 7; Theorem 2.3.5 tells us that

(1) < Cil|Allpsj™s = a3, (2.26)
where
a:= C1||A|rs,

and C7 independent of A. Here we recall that singular values of 77, including
multiplicity, are arranged as p1(77) > po(71) > --- > 0.
We notice that ¢/ is unitary, so p;(7) = p;(77) and hence

(7)< aj s, (2.27)

Now it follows from the result by Lemma 2.3.1 above we have for any 0 < ¢ < 1 (in
fact we can take 0 < ¢ < 3)

n n

> (1) a7y < artont (225)

J=1 J=1

1 1
Now let N7 := #{j : |\(T)] > T}’ 50 7 < AN (7)|. Next we will apply

the localisation of eigenvalues for a compact operator ((see [47])); that is, if K is
is a compact operator, and \; and p; are the eigenvalues and singular values of
K (including multiplicity), then we have the localisation of eigenvalues for K and

0<g<1as
1
1 « a
An| < {; ZM?] - (2.29)
j=1

So it follows from (2.29) that

=

1 1 & i
T < (J\?T Z(Nj(T))q) , for0<g<1.

j=1

Applying the inequality (2.28) for 0 < g < 1, we get



3

3 q 27

That means Ny < o <3—) T3 < gagT?’, as the result of Lemma 2.18. Thus
—q

we have

27
Np < §ClT?’HAHf’;?,. (2.30)

Now we see that if 1) € Ker D;4, then v is an eigenvector of 7 with the eigenvalue

%. Indeed, we have
1
Diath =0 4= 0 - ptp = 7 - LAY 4= & = o -p) (0 - Ao = Tt = 0.
Therefore,

1
Y € Ker D4 <= 1 is the eigenfunction of 7 with the eigenvalue A = 7

We notice that for 0 < ¢ < T, then

1 1
A=-—2> —.
t = T
So, we have
na (T) S NT.
And then our conclusion follows from (2.30) with a re-selection of the constant
27
C = §01 |

2.4 An estimate on n4(7T) in two dimensions

In the three dimensional case of the previous section we applied the result of Cwikel
and obtained the compactness of operator 7 (actually 7 is in the Schatten class
S, for some ¢ > 1) as well as important estimates for the singular values of 7. We
used the fact that the function |z|™' € L3 (R?) and we can apply Cwikel’s result
for ¢ = 3. However Cwikel’s result does not include ¢ = 2, despite the fact that
|z|71 € L2(R?) as well. It follows that we cannot obtain directly the estimate for
na(T) in two dimensions by the same method we used in three dimensions above.
However, we can change some arguments, so that at last we can again apply Cwikel’s
result to obtain the following.

Theorem 2.4.1. Let |A| be in L*(R?) () L"(R?) for some r > 2. For an arbitrary
T > 0 we have the following estimate

na(T) < CT* - ||All1:,

where the constant C' is independent of T and A.
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| A| and V = U|—| Observe that U and V are unitary. Apply-
p

1
ing the Birman-Schwinger principle we have if 0 is eigenvalue for D;,, then n is

Proof. Let U =

cigenvalue (with the same multiplicity) for & = |p|~2(c - A)[p|"2V. Next, we write
S = \p|’%\A|%Z/{|A\%\p|*%V Let R, = |A\%\p|*%. Then, we have

S = RIURLV. (2.31)

It is time to look back to Cwikel’s result for R;. We write Ry = |A|2|p| 7. Therefore,
we can apply Cwikel’s result for p = 4, n = 2, f(z) = |A|z € L*(R?) since |A| €
L2(R?) and |z~ € L% (R?). Then, we obtain the compactness of Ry, then R}. We
also notice that since V is unitary, then

15(8) = p;(RIUR), (2.32)

where the nonzero singular values are enumerated as usual. It also follows from
Cwikel’s result that

1
wirn) < e [ Qapy it = bt )
R
where (] is independent of j and A as well. We observe that for any ¢, 0 < ¢ < 1
N
> 1 (RiURL))
j=1

Mz

A (RIURL)|?T since RIUR, is self-adjoint

1

<.
I

WE

[N (RARIU)|T  using A;(AB) = A;(BA)

<.
Il
-

WE

(1 (RiRU)]Y  using the weak Weyl inequality (see [47], p.85)

<.
I
—

[,LLJ (R1R7)]Y since U is unitary

Mz?Mz

)\;1(72172*) since RiR] >0

<.
Il
-

Mz

M(RiR1)  since \;j(AB) = \;(BA)

<.
I
—

Mz

(11 (Ra )]

<.
Il
-
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Now the estimate above along with (2.31), (2.32) and (2.33) allows us to do ex-
actly the same as in three dimensions and obtain the estimate for the case of two
dimensions. ]

Remark. We also see that the arguments above also work for the case of three
dimensions. But we have to write Ry = |A|2|p|~2 = |A|2|p| 5. Then, we can apply
Cwikel’s result with f(z) = |A|2 € LS(R®), g(z) = |z|~s € LS (R3) and obtained

_1
3.

the compactness of R as well as the estimation p;(S) < Cy||A||Ls7

Remark. In fact the additional assumption compared to the case of three dimensions
that |A| € L"(R?) for some 7 > 2 helps only to guarantee the Weyl-Dirac operators
to be expressed in the operator sum as the result of Balinsky and Evans in [12]. We
can use L? estimates on |A| for the remainder of arguments above.

2.5 An estimate for the zero modes of massless
Dirac operators
We now turn to the massless Dirac operator
Ti=a p+Qx), € R (2.34)

where a := (ay, e, a3) is the triple of 4 x 4 Dirac matrices

_( 02 oj L _
Oéﬂ_<o-j 02)7.]_172737

with the 2 X 2 zero matrix 0y, and () is a 4 X 4 Hermitian matrix-valued function.
In mathematical physics we often meet the operators

a-(p—A@)) +V(z)l,

where (V) A) is an electromagnetic potential and I, is the 4 x 4 identity matrix. It is
obvious that the family of these operators is a subset of the class of operators (2.34).

Zero modes and their properties for massless Dirac operators are investigated, for
instance, in [49] and [50]. There, assuming that Q(x) is Hermitian for each z € R?
and each element ¢;(x) for j,k = 1,..., 4 of Q(z) is measurable and satisfies

lgir(z)] < C(1+ |z|*)~2, for some p > 1,

Saito et al. show that if f is a zero mode for the massless Dirac operator T, then f
is a continuous function on R? and satisfies

|f(z)] < C(1+ |z)*)7" for all z € R®.

Moreover, Saito et al. also prove that

i 72 (r) =~ (o) [ QUI) dy

r—00
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uniformly with respect to w € S?.

Motivated by [49], [50] and [13] we want to obtain a similar estimate as we got in
Theorem 2.3.6 for zero modes of massless Dirac operators. To do that we assume
that ||Q(-)||s € L*(R?), where || - ||4 is any matrix norm on 4 x 4 matrices. With this
condition in [13] Balinsky et al. show that @ is a small perturbation of a - p. Then,
it follows from the Kato-Rellich theorem (see Theorem 1.11.2 ) that the operator T
can be defined as the operator sum of « - p and the multiplicative operator by Q).
Moreover, we also know the domain of the self-adjoint T is [H 1(R3)}4, the space of 4-
component spinors in [L?*(R?)] ! with first derivatives (in the distributional sense) in

[LQ(]R3)]4. In this case we call a zero mode a four-component spinor f € [H 1(R3)]4
such that Tf = 0.

Balinsky et al. confirm in that case they obtain a similar result as the case of the
Weyl-Dirac operator. That is the massless Dirac operators with scaled potential
T, :=a-p+tQ, t > 0 can have a zero mode for only a countable set values of ¢,
while

dimKer T < C/ 1Q(z)||3 du. (2.35)
R3
Please refer to [13] for more details about their assertion.

Hereafter we will show the better estimate than (2.35). Specifically, let

no(T) == Z dim Ker T,.

0<t<T
Then, we have the following.

Theorem 2.5.1. Let |Q(-)||s be in L*(R3). For an arbitrary T > 0 there are
only finite number of t € [0, T| such that dimKer T, # 0. In addition we have the
following estimate

no() < CT* [ QI da,

where C' s independent of T and Q.

Proof. We use exactly the same argument as we did for Theorem 2.3.6, noticing
that (o - p)? = —Al, = |p|? for brevity, where I, is the 4 x 4 identity matrix. ]

Remark. We remark that we in fact do not need the self-adjointness of @Q(-) when
we prove Theorem 2.5.1. However we need this property when showing T is the
operator sum of a - p and Q.
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2.6 An estimate for the eigenfunctions of Dirac
operators with positive mass at the threshold
energies

In this section we consider the following operator with the vector potential A

Ha:=a-(p— A) +mf, where m >0 and 3 = (gZ OE ),
2 —lp
where Iy is the 2 x 2 identity matrix. We follow, for instance, Saito and Umeda in
[51] and call the above operator the Dirac operator with positive mass.

In case of A = 0 it is well-known that H is essentially self-adjoint on the dense
domain [Cg°(R?\ {O})]4 and self-adjoint on [H 1(R3)]4. It is also classical that the
spectrum of Hy is purely absolutely continuous and given by

Spec(Hp) = (—o0, —m] U [m, o).
For instance, see [57], Theorem 1.1 for details.

In [51] while Saito and Umeda study the Dirac operator with positive mass above,
they propose the following condition, which has been used before by Balinsky and
Evans in [12]. Here then, we will call it Assumption BE.

Assumption BE. Each element A;(z) is a real-valued measurable function satis-
fying
A; € L*(R?).

With Assumption BE, Saito and Umeda show that H, is a relatively compact per-
turbation of the operator Hy. The consequence of this is we can completely define
H,4 with the same domain as the one of Hy from the Kato-Rellich theorem. It also
follows that the essential spectrum of Hy is (—oo, — m] U [m, oco) and in the in-
terval (—m, m) there exists only discrete spectrum for H4. So, we can call +m the
threshold energies for H 4.

One of Saitdo and Umeda’s interests in [51] is the estimate of the dimension for
the eigenspaces of the Dirac operators with positive mass at eigenvalues +m. They
consider the class A of potentials, proposed by Elton in [22]

A={A: Aj(z) € CO(R®, R), A;(x) =o(|z|™") as |z| — +o0}.

It is not hard to show that A is a Banach space with the norm ||A|| = ||(1+4|z])A|| L
and C§° is a dense subspace of \A. Then, with such class of potentials A, Saitc and
Umeda obtain ‘similar’ results (to Elton’s results in [22]) for dim E,,(Ha), where
E1,,(Ha) the eigenspaces of the Dirac operators Hy at the threshold eigenvalues
+m: (1) The subsets of potentials in A in which the eigenspaces at eigenvalues +m
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for the corresponding operators H,4 have dimension of k are the same (2) The subset
of potentials in A such that the corresponding H, have trivial kernel is open and
dense in A (3) For any non-negative k and any arbitrary open nonempty subset
of R? we can find find a smooth potential A € A with compact support in € such
that the dimensions of eigenspaces at eigenvalues +m for H, are k.

To combine with the results of Balinsky and Evans in [12] Saito and Umeda also
obtain that

e the subset of potentials in [L3(R3)]® such that the corresponding Dirac oper-
ators with positive mass have nontrivial eigenspaces at +m is ‘sparse’

e there is a constant C, which is independent of potentials A such that

dim Ean(Ha) < C / A(z)? dz.
R3

Let
na(T,£m) := Z dim F1,,,(Hya).

0<t<T

Our result here is stronger; that is

Theorem 2.6.1. For arbitrary T > 0 there are finitely many t € [0, T] such that
the eigenspaces E+,,(Hia) at £m for the corresponding Dirac operator with positive
mass Hya is nontrivial. Futhermore,

na(T, £m) < CT¥| All3s,

and the constant C' is independent of T and the potential A.

Proof. Tt follows from [57], Theorem 7.1 that H;4 ¥ = mV if and only if ¥ = (%1)

with o - (p —tA)y; = 0. That means 1) is a zero mode for the Weyl-Dirac operator
Dia = o - (p —tA). Now we can apply the result of Theorem 2.3.6 and obtain
one conclusion above (for na(7,m)). We repeat the arguments and obtain the
remainder. [ |
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Chapter 3

Dirac operators on S?

3.1 Introduction

In [24] Erdés and Solovej showed a geometric way to study zero modes for Dy =
o (—iV — A) on R? through studying the equivalent problem on the 3-sphere S?.
They gave a family of magnetic fields on S* for which they could characterise the
spectrum and in some special cases they calculated the dimension of the kernel for
the Dirac operator on S?. Then, based on the conformal equivalence of R? to the
3-sphere with a point removed, they gave results about the kernel of D4 on R3.
However to understand the problem on S? we need information about the spectrum
of related Dirac operators with magnetic field on S?. To define a Dirac operator
with magnetic field on S?, or more generally on a manifold, we need Spin® struc-
tures; these are comprised of a Spin® spinor bundle and a Spin® connection. These
are special cases of vector bundles and connections from differential geometry.

We will introduce Spin® structures (Spin® spinor bundles and Spin® connections)
on the unit ball S? of R?, so that we can then construct the Dirac operators with
magnetic fields on S2. We also consider Spin® structures for S* as well as Dirac
operators on S* with magnetic fields. We will consider a specific class of magnetic
fields (tvolgz) on S? and show explicitly spectrum of the corresponding Dirac opera-
tors. We also give a proof of the Aharonov-Casher theorem for S?. We have already
discussed the version of this theorem for R? and in fact there are some proofs for
the version on S?; however we will give a proof which reduces the problem to deter-
mining the dimension of the kernels of Dirac operators on S* which correspond to
constant magnetic fields.

3.2 Spin® structures
We will firstly introduce some general concepts from differential geometry which we

need later in the thesis. The second part of this section is devoted to the construction
of Spin® structures for S%.
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3.2.1 Generalities

We first remind of some concepts and notations considered on a manifold and for
convenience we take M to show all. We mean here M is an n-dimensional differen-
tiable manifold. The main source for this comes from [41] and [46].

We denote by T, M the tangent vector space at the point p on M. We also use T'M
to denote the tangent bundle over M; this is the union of the tangent spaces at each
point on M. A vector field X is a section of the tangent bundle T'M; that is, X is
a map M — T'M which sends a point p on M to a tangent vector in the tangent
space T,M at that point. We denote by I'(T'M) the collection of all vector fields
defined on M. A metric g is an assignment of an inner product g, to the vector space
T,M for each p € M. The pair (M, g) is called a Riemannian manifold.

For any differentiable function f : M — R and vector field X € I'(T'M) we denote
by X f the derivative of the function f along the vector field X; we can think of
X f(p) as the derivative of f at the point p in the direction of X,,.

Take X,Y € I'(T'M). We define the Lie bracket of X,Y to be the vector field,
denoted by [X, Y], such that for any differentiable function f: M — R we have
(X, Y]f = X(Y[)=Y(X[]).

If we have a set of local coordinates (z1, zs,. .., z,) (defined on an open subset U of
M) we define corresponding coordinate vector fields X,,, ..., Xz, by

Xxiszéij, ’i,jzl,...,n.
Remark 3.2.1. Suppose that f : M — R is a differentiable function. If we consider

the restriction of f to the open subset U to be a function of (z1,xs, ..., x,) we have
of
Xo, f(o1,20,. .., 2p) = e (x1,22,...,2p)
Lj

the j-partial derivative of f. For this reason the notation % is often used for X, ..

j
To define spinors on an arbitrary manifold M we need to generalise the idea of
functions on M taking values in some vector space V (for spinors on R? or R?® we
have V = C?). We first introduce a “twisted” version of M x V called a vector
bundle. We may start with a set of charts U; for M. On the union U; x V we
consider an equivalence relation ~ between (p, ¢) € U; x V and (p/, ¢') € Uy, x V
by (p, ¢¥) ~ (p/, ¢') if and only if p = p’ and ¢ = ;)" where given transitions
tir : Uy NU, — GL(V) is a smooth transition map which satisfies the following
conditions;

tjj(p) =1 — the identity,
tik(p) = ti; (), peEU;NUy,
ta(p), peUNUxNUL.
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Then, we will obtain a wvector bundle E with fibre V; that is U;U; x V/ ~. The
mapping 7 : £ — M given by 7(p, 1) = p is called the projection for this vector
bundle. For p € M, then 7~!(p) is a vector space isomorphic to V; it is called the
fibre of E at p. A section s is a smooth map M — E such that 7s(p) = p for all
p € M. Sections in fact generalise the idea of V-valued functions on M. The set of
all sections on M is often denoted by I'(M).

Remark 3.2.2. If M is an n-dimensional manifold, then the tangent bundle and
cotangent bundle are vector bundles with fibre R".

In general there is no generic way of associating vectors in different fibres of a
vector bundle; the extra information needed to do this is given by a connection. A
connection V on a bundle E is a map I'(T'M) x I'(E) — T'(F) satisfying

[ Vsz = fVXS
o Vx(fs)=(Xf)s+ fVxs forall X,Y € ['(TM), s € '(E) and functions f
® Vx+y$:vX$+VyS.

In case the bundle E is the tangent bundle T'M for a Riemannian manifold (M, g) we
will consider a special connection. First, we already know that for vector fields X and
Y, then the Lie bracket [X, Y] = XY —Y X is a vector field. A connection is called
Torsion-free if VxY — Vy X = [X, Y]. The fundamental theorem of Riemannian
manifolds guarantees that there is a unique connection for M, which is Torison-free
and is compatible with a given Riemannian metric g in the sense that

Xg(Y,2) = g(VxY, Z) + g(Y,VxZ).

This connection is called the Lewvi-Civita connection on the Riemannian manifold
(M, g).

Since T, M at each point p € M is a vector space, there is a dual vector space to
T,M. This dual space is called the cotangent space at that point; we use T)M to
denote this cotangent space. Each element in 77 M is called a cotangent vector and
the union of all cotangent spaces is called the contangent bundle, denoted by T*M.
A section of T*M is called a one-form. On a Riemannian manifold (M, g), there
is a natural dual connection of the Levi-Civita one on the cotangent bundle 7% M,
which will also be called the Levi-Civita connection on one-forms.

Generalising the construction of the cotangent space, we can consider A"T7M, the
space of totally antisymmetric r-linear maps on 7M. The union of all these is
denoted by A"T*M and sections of this bundle are called r-forms. The notation
QO (M) is used for the space of all r-forms on M. Note that Q'(M) = I'(T*M).

Suppose that M and N are manifolds, and f : M — N is a differentiable map.
The corresponding differential map f, is a linear map from T, M to Ty, N for each
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p € M. Moreover, the map f also induces a pullback on r-forms; this is the map f*
from Q"(N) to (M) given by

(ffw) (X1, X, .., X)) = w(fiX1, fiXo, oo X,
where w € Q"(N) and X1, Xo,..., X, € I'(T'M).

Suppose that M is a Riemannian n-manifold and U is an open subset of M. An

orthonormal frame is a set of vector fields {€y,es,...,€,} defined on U which pro-
vides an orthonormal basis for 7}, M at each point p € U. The corresponding dual
one-forms are denoted by {e!, %, ... e"}; that is

@) =00 g k=12...,n

This set provides an orthonormal basis for Ty M for each point p € U.
We can define r-forms

FIANGZA- - ANTT, 1< 1 <jo<--<jr<n
by
(’éﬁjl/\’é‘ﬁ/\,_,/\e'r>(’ék1”€\k2’.“”ékr> = 5j1k15j2k2 "'5jrkr7 forl < ki <kg- <k, <n.

Then, the family {¢/* Ae2 A--- A€, 1< j; < jo < -+ < j, < n} provides an
orthonormal basis for r-forms (defined on U).

Remark 3.2.3. Actually, @ Ae72 A --- A& is the wedge product or exterior product
of et e, ... e,

Let (M, g) be an oriented Riemannian manifold. Suppose that ¢!, €2 ... e" is an

oriented orthonormal frame for the cotangent space T* M. Then, we can define the
volume form voly; := €' A€ A --- A€ If the manifold M is compact we may
integrate the volume form over M to obtain the “usual” volume of M. Later we
will need the Hodge star operator * which turns a k-form into an n — k-form. The
Hodge star operator is linear and therefore may be defined on the basis elements

AT N - NTE, 1L G < gy <o < i < noof QF(M); here we set
*(EVNEP N NTR) = A NE
where @71 A - A& AR A Ak = voly,.
For a manifold M there is a natural differential operator d, called the exterior
derivative, which takes r-forms to r + 1-forms. This can be defined as the unique

linear operator Q" (M) — Q"Y(M), r = 0,1,2,... which satisfies the following
conditions

o If f € Q°%M) (that is f is a function), then df is the one-form given by
df (X) = X f for any vector field X

e dlaNp)=daNpB+ (=1)"andF forall o€ Q" (M),5eQ?(M)
e ’a =0 for all « € Q"(M).
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3.2.2 Spin® structures

Spinors on a manifold will be defined as sections of a particular type of bundle which
is known as Spin® spinor bundle

Definition 3.2.4. ([24]) A Spin® spinor bundle ¥ over a three dimensional Rie-
mannian manifold M is a 2-dimensional complex vector bundle over M with inner
product and an isometry o : T*M — ¥ where U@ := {X € End(¥) : X =
X", Tr(X)=0}.

A Spin® spinor bundle ¥ over a two dimensional Riemannian manifold is defined
almost in the same way as for three dimensional case except that the map o is only
required to be a partial injective isometric.

The map o is called the Clifford multiplication of the spinor bundle ¥. On ¥® we
1
use (X, Y) = 5 Tr(XY) as the inner product between X, Y € ¥®. We may check

that XY + Y X = Tr(XY) I, = 2(X, V)], for any X, Y € U@ Therefore, for any
a, B €T*M we have

o(a)a(F) +o(B)o(a) = 2{o(a), o(B)z2 = 2(a, B)I, (3.1)
where the last equality holds since o is an isometry.

For brevity, in this thesis Spin® spinor bundles will often be called the spinor bundles.

Remark 3.2.5. In the simple case where M is R3, a Spin® spinor bundle is given by

the trivial complex vector bundle R? x C? with Clifford multiplication o defined by

o(€’) = o, where {€*,€?, €%} is the standard orthonormal basis for one-forms on R?

and oy, 09, 03 are the usual Pauli matrices.

For Spin® spinor bundle the connection we need is called a Spin® connection. These
are defined as follows.

Definition 3.2.6. ([24]) A connection V on a spinor bundle ¥ over M is called a
Spin® connection if for all vector fields X € I'(T'M) we have

o X (& n)=(VxE, n)+ (& Vxn) for all spinor sections &,n

e [Vx, o(a)] = o(Vxa) for all one-forms o on M.

We notice that in Definition 3.2.6 above V x«a means the Levi-Civita connection
acting on one-forms.

Now we set up the concept of magnetic fields for connections on a spinor bundle ¥
over M.
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Definition 3.2.7. The curvature tensor of the Spin® connection V is defined as
Rq;(X, Y)g = VXVYf — VYVXg - V[X, Y}ga

where £ is a spinor section and X, Y are vector fields on M. Then, the magnetic
field (3 is defined to be the two-form given by

B(X, Y) = %Tr[Rq, (X, Y)] for all vector fields X, Y. (3.2)

Remark 3.2.8. Although magnetic fields are most naturally defined on manifolds as
two-forms this does not amount to a change in view point when working on R? or R?
(where magnetic fields we previously consider as scalar functions and vector fields
respectively; see (1.10) and (1.1)).

Firstly, consider the case M = R?. Let {€;,¢>} be the usual orthonormal basis for
TR? and {e!,€?} the dual orthonormal basis for T*R?. A Spin® spinor bundle is
given by ¥ = R? x C? (the trivial bundle) with Clifford multiplication o given by
o(é’) = o;, j = 1,2-the Pauli matrices; that means spinors are simply C*-valued
functions on R%. A Spin® connection can be defined by setting Ve, =0 —iAy, j=
1,2, where A;, Ay are R-valued functions on R?; we can put these functions together
to give the magnetic potential A;e! + Aye? which is now viewed as a one-form. Now,
observe that [e1, €] = 0 since [ey, €3] f = (0102 — 0201) f = 0 for any smooth function
f on R2. Then, we have

Ry(e1, ) = (Vg Ve, — Vg, Ve )E
— —2(61/12 - 82A1)§

Thus, the magnetic field ( of Definition 3.2.7 is given by 3(ey, €3) = % TrRy(é1, €2) =
81142 — 82A1, or
B = (0142 — 0y Ay)er A ey;

notice that 9y Ay — 0 Ay is the scalar function we previously considered as the mag-
netic field.
There is a similar version for R?® and we obtain the magnetic field

Byse? A€ + Bye® Ael + Biget Aé?

for a given magnetic potential A = A;e! 4+ Aye? + Aze3; here Boz = 0,A5 —
03A5, Bs31 = 03A; — 01As and By = 01Ay — 03 A; are the components of the
magnetic field (Bag, B3, B12) considered as a vector field.

3.2.3 Spin‘ structures on S?

The equation for the unit ball S* in R? is z1+23+23 = 1. Denote S*\ {(0, 0, —1)} and
S*\{(0,0,1)} by S% and S? respectively. Each point p in S? with the usual Cartesian
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coordinates (x1,zy,x3) is characterised by a pair (,¢) in spherical coordinates,
where

(tan—! T2 ifxy >0and z9 >0
€

tanflﬂ +2r ifx; >0and 25, <0
€

tan—! 2 +7n ifx; <0

o=4

T .

B ifzy =0and x93 >0

3

g ifzy =0and 22 <0

\0 if.Il:.TQ:O,

and 6 = cos™! x3. We notice that ¢ € [0, 27) and 6 € [0, 7. For brevity we will
denote sinf, cosé, sing, cos¢ and e by s, c, 54, €y and w, respectively.

Now we will construct spinor bundles on S?. For each n € Z we define a spinor bundle
¥, on S* as follows: W, = U,f U,/ ~ where U =S? x C?, U, =§? x C?,

and ~ is an equivalence relation between (p,{*) € Ul and (p, &) € U, given by
(p. ") ~ (p, &) <= & = U,&H, in which

w™ 0 afw 0,
Un—< ; wnl)—w (0 wl)—w W,

W= (“5 wa) e SU(2).

Thus, for each p € S2 N'S? the transition map

where

(S2NS%) x C* — (S2NS*) x C?
(. &") — (p.€7),

is given by £~ = U,&™.
1

Denote by {/6\9,/6\(15} the orthonormal basis on TS? with ¢y = Xp,é, = —X,, where
s

Xy, X are the coordinate vector fields (see Remark 3.2.1). We observe that the Lie

~ ~ . c. .
bracket of ey and e, is ——ey; indeed
s

S 1 1 1 R
60,25] = [Xo, - Xo] = 00([0) = S05(00) = =505 = =85 (33)

52
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The dual is given by ¢ = df, €® = sd¢ and {€°, €?} is an orthonormal basis for
T*S%. The volume form for S? is volgz = €’ A €® = sdf A d¢. Applying the Hodge
star operator we obtain, for instance

sl=e'ne?, s =2 xe? =2 x(Ane?) =1

Y

To define the Clifford multiplication ¢ for this spinor bundle ¥,, we set

(@) =0o’ o(@) =0,
where 0 9 0 -l 0 it
0:U+_<w O)’O(bzgi (zw 0 )
for ¥F and
T
for W

Since the Clifford multiplication has been defined using local trivilisations we still
need to check the “compatibility” between the definitions on ¥ and ¥, . That
means at any point in the overlap of S; and S_ the transition map between W7 and
U~ must commute with the Clifford multiplication. To check this firstly note that

o (w0 0w\ fw™ 0\ [0 w\ 4
U"U+U”_( 0 w‘"‘l) <w 0 0 w) T \wt o) %

and,

brm (w0 0 —iw ™\ w™' 0\ (0 —w) 4
U"‘7+Un—( 0 wm ) \iw 0 0 wt) T liwt o )77

It follows that if £~ = U, &", then
ol ¢ =U,00 U =U,ol¢r.

Similarly, aff T = Unaﬁ§+, so 0¥ and o are well defined on W,,. In the metric on
0P we have (07, o%) = iTr (0%)®> = {Tr I, = 1 etc. Thus, ¥, and o are well
defined and satisfy the conditions in Definition 3.2.4. Therefore we obtain a spinor
bundle ¥, for each n € Z.

We remark that

—io%c? = —io%.0} = o3. (3.4)

Next we will furnish the spinor bundle W,, with a Spin® connection V. Since {&p, €s}
is a basis for the tangent vector space T'S? we need only to define V for this basis.
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Hereafter we will use the notation 69 for 656 and ﬁqb for 6% (and similarly for
other connections to follows).

We begin by defining a particular connection Vonv, by setting
Vo = Vi = 0y, (3.5)
and
~ ~ 1 1S sn 1 is 1 0
+
Vo=Vo = 0t i)™ aex 1) 5 2(&1)(" (0 —1)) (36)

on ¥¥. Once again we must check compatibility.

Firstly, since U, is independent of 8, we immediately get U,0pU} = 0y, so UnﬁjU; =
V, . On the other hand

. w0 i(n — 1)w"™! 0

_a+.n—1 0
A 0 n+1)°

Then, observing that U,o3U; = o3, we get

~ 1 '
U NVIUS = ~UdUf — — U1 —

¢ S C
Ly yifn=1t o0 s (0 (10
Ts 2T s\ 0 n+l) 20+1) 0 —1

1. 1 s 1 0
_§8¢’+Z(§_2(c+1))(n_ 0 —1))
1

g )

=v,.

Thus, for any tangent vector field X, we have Unﬁ}U;; = %)}. Hence
V& = U, VLU = U, Vet
whenever {~ = U,{™".
Therefore V)i( can be used to define a connection on the spinor bundle ¥,,. To be-

come a Spin¢ connection on V,,, V must satisfy two conditions in Definition 3.2.6
as well.

Before we check these two conditions for V we need an expression for the Levi-
Civita connection on one-forms on S?; this standard calculation can be conveniently
summarised by the formulae (see (7.14),(7.57) and (7.25) in [41], for example)

c c
Vee! = Vpe? =0, Ve’ = -2 and Vye? = ——¢°.
s s
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Since the two conditions in Definition 3.2.6 are linear in X and o we need only check
them for X =¢y, €, and a =¢’, €.

1
The first condition follows easily from the fact that ¢y = Xy and €, = — X, (recall
s

Remark 3.2.1), while 2(28::1) and 2(czjc 1)03 are anti-hermitian.

Now we will check the second condition for convenience).
Since w = €' is independent of 6 we get

Vo, 0/ =0=0(Vee’) and [Vy, 0] =0=o(Vge?).

On the other hand we have

e is [(1 0 0wl
[V¢,a]—$8¢ w0 +2(ci1) 0 —1/) \w* 0

= o(-52)

= J(V¢€¢)

Suppose that A is a one-form on S? written as Age? + A4e®. Since the multiplication
operators —iAy and —iA, are anti-hermitian, we may similarly as above define a
more general connection V on V,, by setting

Vg = %;t - ZAg and V¢ = %qf - ZA¢ (37)
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The bundles ¥,, have been introduced so we can define spinors on S? as a generalised
version of C%-valued functions on S? (namely sections of ¥,,). For some calculations
it will be helpful to have a corresponding generalisation of scalar valued functions
on S?; this requires the introduction of the line bundles or bundles with fibre C. For
each n € Z we define a line bundle L,, over S? as follows: L, = L} UL,/ ~', where
Lt =82 xC, L, =S% xC, and ~/ is an equivalence relation between (p,(*) € L}
and (p,C7) € Ly given by (p,¢*) ~ (p.¢7) == ¢~ =w"C*.

Thus, for each p € L N L, the transition map

(S2NS*) xC — (S2NS?) x C
(p.¢T) — (p,C7)

is given by
(T =wT. (3.8)
Comparing with the transition map for ¥, it follows that
\Iln - Ln,1 EB Ln+1- (39)
On the line bundle L, we can define a connection V by setting
Vo=Vj5 =0 (3.10)
1 mns 1 m
-
— =29, — = (0, + — 1 3.11
Ve=Vi=10 g qqy ~ 5%t 5T D) (3:11)

on LE. We have to check compatibility, but we can repeat same arguments as we
have done for the case W before.

3.3 Dirac operators on S?

Using the Spin® structures introduced on S? in the preceeding section, we can now
define Dirac operators on S?.

Let A = Age? + Aye? = Apdf + Aysdd € QY(S?) and let V denote the Spin®
connection on W, given by (3.7). Set D = —iV; that is

Dy = Dj = —iV§ — Ag = —idy — Ay,

and :
~ 1 s
Dy=Df=—iV¥ - Ay=—0,— ——(n— — Ay.
¢ ¢ 4 0] ¢ s é 2(0:‘: 1) (n O'3) ¢
Now we can define the Dirac operator with a magnetic potential A = Age? + Aye?

on the manifold S? above as follows.

Definition 3.3.1. The Dirac operator with magnetic potential A is the operator
Dy = 0’Dy+0?Dy, where Dy, Dy are given as above. This operator acts on spinors,
or sections of the Spin® bundle ¥,, on S?. In the case A = 0 we denote D4 by D.
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We recall that the volume form of S? is volg: = € A€’ = sdf A d¢. The (formal)
adjoint of Dy, D, acting on sections of U2 can then be calculated as

(DF) = ?89(5-) — Ap = —idy — % ~Ay=DF — %

and (D;f)* = D;}.
As is the case for operators on R? and R?® we have the following.

Proposition 3.3.2. The Dirac operator D4 is (formally) self-adjoint.

Remark 3.3.3. By “formal” we mean (Dx&;,&) = (&1, Da&s) for smooth sections
&1, & of U, (with the L? inner product). For a discussion of self-adjointness in the
sense of unbounded operators see the arguments after Proposition 3.3.6.

Proof for Proposition 3.3.2. We have D% = (Dg)*(0”-) 4+ (Dg)*(0?-). Now

iC

(D5)" (o) = (=i0p = — = Ag)(0%)
) ic
— olD; — ity(o) ~ ot
= ol Df — %ai.

Next, we have

I S P S 6
Then,
(D7) (%) + (DE)*(0%-) = 04Dy + 04D + K,
where , ,
ic 7 s
K=—"00 —20,(c? 2.

We will show that K = 0. Truly, we have
K —ic (0 wF\ i 0 (=) (Fi)wT! L5 0 —jwT!
s \wt 0 s \i(xi)w™! 0 2c+1)" \—iw* 0

i 0 wT!
:g<—ci1+(C:F1)) <wi1 O):O,

. S cF1
since ——= = ——_

operator Dy is a first order differential operator on S?. A collection of results, known
as Lichnerowicz-Weitzerbock formulae, relate the second order differential operator
D2 to other second order differential operators. The next result is an example of

such a formula, which will be useful in subsequent calculations.

. Therefore D4 is self-adjoint. BThe Dirac
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Proposition 3.3.4. We have

D} = (Do)' Dy + (D) Dy + 5 = (5 + B)os, (3.12)

where B s given by

B = §89(8A¢> — é@d,A@. (313)

Remark. On the right hand side of (3.12) the operator (Dy)*Dy + (Dy)*Dy is a
Laplacian. The other (zero-order) terms on the right hand side of (3.12) we associ-
ated to the connection V. The first is iR where R = 2 is the scalar curvature of S2.
The final term is connected to the curvature of V, and hence the magnetic field; see
Definition 3.2.7 and the remark after the proof of the current result for some more
details.

The R? version of (3.12) is (1.6), namely that for the Weyl-Dirac operator o- (D — A)
we have

[0-(D—A)]*=(D—A)?—0-B,

where B = (0, A3—03As, 03A1—01 A3, 01 A2—02A1); in this case the scalar curvature
is 0.

Proof of Proposition 3.3.4. We have
(DX)? = [(DF) (0%) + (D}) (020! Dy + oL D]
= (Dy)'(04)* Dy + (D) (02)* Dy + (Dy ) oot Dy + (D) 0L0t Dy
= (Dy)' Dy + (D) Dy +ios[(Dy)" Dy — (D) Dy,

since

0\2

(0p)" = (Ui)Q = Iy, Uiai = 103, cricri = —i03,

and
{(D;t)*, ag} = [(D;f)*, 0—3} =0.
Now, we have
(Dys)"DE — (DE)*Df = ( —VE — Ay — %) ( — iV - A¢>
— (-ﬁj—@)(-ﬁﬁ—z@)
__ {(%‘E _ ¢A9> (?;& _ ¢A¢)

_ (6;& _ ¢A¢> (?;} _ ¢A9> n g(%;; _ ¢A¢)].

However from (3.3) we have



So,
S(VE—idy) = —(VE—id),

[é\e ’ e¢}
Thus, we obtain

(Dg)" Dy — (D) Dy = —Ryz (€0, €).

Now all we need to do is to show that Ry (ep, €y) = %03 — z(g + B). Truly, we

have
Ry (Go, ) = (%i - er) (% - qus)
—(VE- ¢A¢> (% - iAe) = (VE—id)g, &
= (0p — 1Ap) 2&15 - Q(ZZL 1) + 2(021 1)03 ZA¢)
(5%~ 2(211 2 : D “”) (00140 + 595 = i4)
= (D) — g +°) Gé}g = 2(2111) + 2<Cii 57 - ¢A¢)

1 (E10) 18 ) .
N (Ea‘b TexD) 2exn” T ZA‘b) (% = ido).

Then, expanding and cancelling terms we get

~ o~ i , c
Ryx(ep, €g) = §(ZF1 - C)c T 1(n —03) — (0 Ay + ;A¢ — Dy Ap)
i (1
= —5(77, — 0'3) —1 (;89(3A¢) — 0¢A9)
1 n
= 50’3 — Z(§ -+ B)
This concludes the proof for this proposition. [ |

Remark 3.3.5. In the proof of Proposition 3.3.4 we have obtained

o~ { n
R\pn(eg, €¢) = —03 — Z(- + B)
2 2
It follows from Definition 3.2.7 that the magnetic field on S? corresponding to the

Spin® connection V on ¥, is

) n ~ o~

§Tqu,n = (5 +B) ey N €y; (3.14)
This magnetic field consists of two parts; there is a constant part % (essentially
coming from the “twist” in the bundle ¥,,) and a variable part given by B (which
comes from the magnetic potential A). Notice that the constant part remains even

when we take A = 0.
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Next we observe that

Proposition 3.3.6. We have

DA(O'g') == —03DA. (315)
Proof. Since crgaeicrg = —ai and UgO‘iO‘g = —cri we get

03 (JjED;t + UiDi)Ug =— (af,ED;t + aiD;f).
Thus O'3DA = —UgDA. |
The operator D4 is an example of a self-adjoint elliptic differential operator on the
compact manifold S?. There is a well-developed general theory for such operators

(see [32], Section 17.5, for instance); we will briefly outline some aspects of this
theory, with a summary of the results that we need appearing in Proposition 3.3.7.

Initially we have defined D4 to be acting on I'(¥,,), or smooth sections of ¥,,. Using
the formal adjoint of D4 (which is just D4 by Proposition 3.3.2) we can extend the
definition of D4 to act on distributional sections of W,,. Define L?(¥,) to be the
subspace of those distributions obtained by completing I'(¥,,) in the norm given by

P = / €2 vl
SQ

(where | - | represents the fibre norm in W¥,). We can then consider Dy to be
an unbounded operator on L*(¥,) with domain given by those ¢ € L?*(¥,) with
DA € L*(V,); this gives a self-adjoint operator.

The principal symbol of the differential operator D, is the function
pp,: T*S* — End(¥,)

obtained by replacing Dy and Dy in the definition of D4 with the corresponding
components of the cotangent vector; more precisely,

ppa(@) = 0’0y + o%ay = o(a)

for a = age? + aye?. Since o(a)? = ||a]|? Iy (recall (3.1)), it is clear that pp,(«) is
invertible in End(W,,) whenever « is non-zero; this is precisely the condition that D4
is an elliptic operator. General theory for self-adjoint elliptic differential operators
on compact manifolds now shows that D, has purely discrete spectrum (in other
words, Spec(D4) consists only of eigenvalues with finite multiplicity).

Now suppose that D & = X for some € € L*(V,,) and A € R. Elliptic regularity
implies £ € I'(¥,,) (that is £ must be smooth), while Proposition 3.3.6 gives

Da(038) = —A(038).
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Since o3 is invertible (recall that o2 = I,) we immediately see that the spectrum of
D, is symmetric about 0.

We summarise the above observations in the following result.

Proposition 3.3.7. The operator D, is an unbounded sefi-adjoint opeartor on
L2(W,) which has purely discrete spectrum and its spectrum is symmetric about

0.

We will now show that an arbitrary magnetic field (two-form) with interger flux n on
S? determines a Spin® connection and hence a Dirac operator on ¥,,. Furthermore,
all such Dirac operators have the same spectrum, so the magnetic field determines
the spectrum.

Proposition 3.3.8. Suppose that f is a smooth function on S* and

1
— | fvolgz =n € Z.
2 S2

Then, there is a Spin® connection V o on the Spin® bundle ¥, with corresponding
magnetic field f volgz. Furthermore V 4 is unique up to gauge equivalence. It follows
that the spectrum (including multiplicities) of the corresponding Dirac operator D 4
1s determained by f.

Proof. Recall that Q"(S?) is the set of r-forms on S? and d denotes the usual exterior
derivative acting from Q7(S?) to Q""!(S?). We need the adjoint exterior derivative
operator for d, denoted by § : Q"(S?) — Q""!(S?), in which § = *dx, where * is
the Hodge *. The Laplacian acting on Q" (S?) is defined as —A, := dd + dj. We will
call an r-form w on S? harmonic if —A,w = 0. Denote by Harm”(S?) the set of all
harmonic r-forms of S?.

Back to the proof of Proposition 3.3.8 we have f volg: € Q*(S?). Now the Hodge
decomposition theorem for S? (see, for instance Theorem 7.52 in [41]) gives

O (S?) = dQ(S?) @ 69Q3(S?) © Harm?(S?) = dQ*(S?) @ Harm?(S?)

since Q3(S?) = {0}. We observe that Harm?*(S?) = {8 € Q*(S?) : — A8 =0} =
{b vols: : b € R}; indeed, if b is a function on S* and 8 = b volgz € Q?(S?), then
since dff = 0 we get

— A =0

<~ dop =0

< dxdx(bvolg) =0
< d*xdb=0

<= b € Harm"($?)

<= b is a constant.
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Therefore, we may find A € Q'(S?) and a constant b such that
f VO]§2 =dA+D VO]SQ.

It follows from Stokes’ theorem and the given assumption that
1 1 1

n=— fVOlSQZ— dA + — bVOlSQIO+2bIQb
2T S2 2T S2 T Js2
Thus n
b="_.
2

Take V4 on ¥,, and use (3.14) to get corresponding magnetic field
3 —=dA+ g volge = f volg.

To show uniqueness we suppose that A, A" € Q!(S?) give the same magnetic field;
that is n n
dA + 5 VOISQ = dAI + 5 VOISQ.

Then we have d(A’ — A) = 0. It follows that A’ — A = dg for some smooth function
g (since H*(S?*) = 0). Now we may check that

VA/ = eigVAefig,
showing that V’/, and V4 are gauge equivalent. It follows that we also have
Dy = €ig'DA€7ig

for the corresponding Dirac operators; in particular D4 and D s are unitarily equiv-
alent so they then have the same spectrum. [ |

Remark 3.3.9. The integer number n is called the Chern number for ¥,,.

3.4 The Laplacian on the line bundle L, and its
spectrum

Now we return to line bundle L,, and the connection V over L,, defined at the end
of Section 3.2.3. In order to calculate the spectrum of the Dirac operator D on ¥,
we will firstly consider the spectrum of an auxiliary operator which is defined using
this connection.

First, it follows from (3.10) and (3.11) that
1
(Vo) = —~0y(s) (3.16)

and .
(V) == (@ + ST 1) (317)

Then we can define the Laplacian —A,, acting on the line bundle L,, as follows.

61



Definition 3.4.1. We call the Laplacian and denote by —A,, the operator

1 1 in(cF 1)\
ViV + ViVe = —0y(s0p) - - <a¢ + %)

acting on I'(L,,), sections of the line bundle L,.

Remark 3.4.2. The line bundle Ly is the trivial bundle S? x C, so sections of L are
simply functions on S?. The operator —A is then the Laplace-Beltrami operator
on S? with its usual metric.

Let L*(L,) be the completion of the linear space of sections ¢ € T'(L,,) in the norm

given by
P = / €2 volg.
SQ

We can repeat arguments similar to the ones at the end of the previous section
for D4 to see that —A, can be defined in L?(L,) to be an elliptic differential and
unbounded self-adjoint operator which has purely discrete spectrum. This spectrum
can be determined precisely as follows.

Theorem 3.4.3. For each n € Z the spectrum of —A,, s purely discrete and its
eigenvalues are of the form

e +1\* 2+l |
J+ - =+ In[+1)+ =

2 4 2
where 7 is in any non-negative integer. Moreover, the multiplicity of this eigenvalue
is 25 + n| + 1.

Remark. Specialising to the case of n = 0, we see that the spectrum of —Aq consists
of eigenvalues of the form j(j+ 1) with multiplicity 2j + 1, where j is a non-negative
interger; this is a well-known result for the Laplace-Beltrami operator (see [19], p.49,
for example).

Proof of Theorem 3.4.3. To investigate the spectrum of —A,, we need only find all
A € R and £ € I'(L,) such that

—ALE = ) (3.18)
More precisely we must find A € R and ¢ € T'(LF) such that
—ALEE = \eE (3.19)

and
& =wret, (3.20)

Define an operator L, on I'(L,,) by setting

n

L¢:qu:—i8¢,q:2

(3.21)
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on I'(LE). We can check compatibility and we then see that Ly is self-adjoint and
commutes with —A,,. Thus, we can choose eigenfunctions for —A,, which are also
eigenfunctions for Ly. Actually, Ly will play the role of L3 in the same process of
looking for orbital angular momentum as in [31], p. 155-117.

Now suppose that Ly§ = m&, for some £ € I'(L,,) and m € R. As before, this means
we need £+ € I'(LE) with

E =w T = £7(0,0) = e (0, ¢). (3.22)
Then, we need
L;fi — mé—i
— (—i0 F g)fi = mé*
= (0, ¢) =uT(0)e?
for some functions u*(f), where we set my = m =+ ' We observe that

my =mz £ n. (3.23)

On the other hand we want ££(6, ¢ +27) = £X(0, ¢), so m+ must be integral; thus
we must have m € Z + g We also need the compatibility between {+ € I'(L}) and
¢ €T'(L;) as given by condition (3.22). It means
u” (0)e™=? = wut(0)e™+?,
which follows provided
- +

u” =u" since m_ =-n+m,; andw = €.

By using the spectral decomposition of L, we can write L*(L,,) as Bmez+2 Hm, In
which restricted to each H,, the operator Ly is just mI (where [ is the identity).
Furthermore, an element ¢ € H,, has the form u(6)e"™+¢ on L, for some function u.

Since —A,, commutes with L, we can now solve (3.18) on each subspace H,, sepa-
rately: Thus, for each m € Z 4+ Z, we need to find all A € R and functions u such

2
that ' '
— A, (u(0)e™=?) = Au(h)e"™+? (3.24)

on LE; the condition that our eigenfunctions should belong to L?(L,) becomes
/ |u(0)]? sdf < +o0. (3.25)
0
. 1 1 1 '
We notice that —gag(Sag’U) = —89(g69(su)) — W 80 equation (3.24) become
1 1 n 9
—&;(;&;(su)) + ?[(mi + 5(0 F1))° —1u—Au=0. (3.26)

63



Now we put = := ¢, then s = (1 — xQ)%, Oy = —80, or 0, = ——0p; and w := su,
s
then (3.26) becomes

1 n
2 2 _
8xw—7<1_x2>2 (mi—i—g(a:q:l)) -1 w+1—:c2w_0
With the help of (3.23) we can write this as
1—m 1 —m? 20+ 1—mym
o? = T lw=0. 3.27
Rt (gcﬂ)ﬂ+ ex? 20 =m  |¥ (3:27)

We remark that (3.27) is in the type of go(x)0%y + ¢91(2)0.y + go(x)y = 0, where
92(z) =1, gi(z) =0, and

11— 11-6 2n(n+a+B+1)+(a+1)(B+1)
10—22 "1 722 2(1—22) '

go(x) =

Solutions of (3.27) are expressed in the type of (1 — z)“s (1 — :c) 2 p,g (x) with

pl{C )( ), the Jacobi polynomials, &k =0, 1, 2,... (see [1], p.781). We remark that

coefficients of solutions above must obey those following conditions

B2 = (my —n)? =m?
o =m2 (3.28)
2k(k+a+B8+1)+(a+1)(B+1)=22A+1—-mym_.

It follows that
ﬁ2 — m2
o =m2 (3.29)
2k(k+a+B+1)+(a+1)(B+1) =2A+1—mym_

We notice that p(a 5)( 1) = (k + Oé) dp(a 5)( 1) = (=1)* (k 4]; ﬁ) (see [1], p.777).

Then w(z) ~ (1—2)*% asz 1 1 and w(z) ~ (1 +:p)% as x | —1. Now, we observe
that a function r(6)e™™?, where 7(6) ~ 6” as @ — 0 is smooth at 0 only if v > |m)|.
Therefore, it follows from the necessary condition for the smoothness of u coming
from the elliptic regularity, where u = (1 — 22)~2w that

el g B Im-|

>
-2 27 2

| e

It follows that
a>|my|and 8 > [m_|.

Then, it follows from (3.29) that a = |m|, and § = |m_|, where my = m_ +n. We
also get, in particular, that
a>0; 8>0. (3.30)
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Now we get from (3.29) that
2A+ 1 —mym_ =2k(k + |my| + |m_| + 1) + (|my| + 1)(jm—| + 1).
Then, we have
A= K2 4 (] |+ Dk 4 S (mm_| e+ ] + )
= K+ (e + [m] + Dk + <[m2 4 m? + 2|+ 2] + 2m_|+

4
+1—(m%+m>—2mym_ +1)]

2
[m |+ fm-| +1 n’ +1
=k -
(+ 2 4

2
Imy |+ |my —n|+1 n®+1
=kt 3 e

In conclusion, we have
+ —
- An ¢k,m+ — Mk‘,m+¢k7m+, Where

[m4 | [m_|

¢k,m+ — (1 _ :L’) 2 (1 + x) 3 plglm+|7|m—\)(x)wm+

2
\m+\+\m+—n|+1> n?+1
— with m_ =m, —n.

/’Lk,m+ = <k _'_ 2

[my |+ [my —n|+1
2

By investigating the expression k + , we see that there is a

J €7Z, 5 >0 such that

ma|+ mse —mn|+1 n|l+1
mal e —n +1 ol 1

k
- 2 2

(3.31)

We also get that

—7<my<n+j ifn>0
n—j<my <y if n <0.

In|+1\> n2+1
2 ) 4
(in which n, j satisfy the relation (3.31)) for —A,,, then E,, ; is generated by 2j+1+n
in case of n > 0 or 2j + 1 — n in case of n < 0 independent functions ¢;,, (in place
of @km, ). Then, we obtain the conclusion of the theorem. [ |

Therefore if we denote by £, ; the eigenspace of eigenvalue ( g+

Remark 3.4.4. We may determine an orthonormal basis of eigenfuctions for the
Laplacian above. We already have
_A:¢k,m+ = Mk,m+¢k,m+7 where

my | I _

G, (1) = (1= 2) "5 (1 2) 5 p{mebim=D (zym



2

Mk, = (\n\2+1 +j)2 ol with m_ =m, —n

and

m |+ my —nl+1 |nl+1
2 2

Hereafter we will denote ¢, () by ¢;m(z). Next, we determine the norm of

¢j.m(z). It comes to calculate the following integral in the polar coordinates (6, ¢)

/ sd@/ do |¢jm(0,0))* = 27 /Oﬂ(l —o)lm(1+ C)\mfn\|pl(€|m|7|mfn|)<c)|28d9

1
:Qf/(1—xWW1+xW“M@yMWWW@Fdx

1

k+

+J, €%, j=0.

To apply formulae 2.2 and 2.1 in [1], p. 774 we get the value of the above integral
as follows

5 olmltlm—n|+1 L(k+|m|+ D)Lk + |m —n|+1)

s .

2k +|m|+|m —n|+1  EL(k+ |m|+ |m —n|+1)

At first we will consider n > 0. Then, we notice that I'(n + 1) = n! for n € Z and
get

|W,H2_2WQWHW%HWk+VMWk+Vn—Mﬂ
P 1425 kN k4 m| 4 m—n|)!

Now we split in three different cases of m and we get

(n72m (k m)(k m+n)
2 (k k;‘((lZ:—Qer?;L) m <0
9 4m " +m)! m+n)!
loiml™ =527 )2 Kk + ) Osmsn
22mfn<k+m>(k+m_n)' m >0
L El(k + 2m — n)!
(2n72m j (.7 _'_n) m <0
(J+m)(j+n—m)!
:L on . (j+m)(j+n_ )‘ 0<m<n
n+1+2j j(]+n) -
22m—n . I+ )t m>n
( (J +n—m)(j +m)! '

It follows that we have to multiply each ¢;,,(x) by the following constant so that
we can obtain a family of eigenfunctions with unit norm for the Laplacian:

)
—_ |
2m3.\/(‘7+m)(]+n m)! :m <0

J1(j + n)!
V 1+2 n 117 !
2/ (J+m)(j+n—m)!

gty JUEMMGEn—m)t
\ 3G+ n)! ' '
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The case n < 0 can be obtained from the case of n > 0 by replacing n with —n and
m with —m. We can see this from the following

im| = [ =ml[; [m —n|=[n—m|=|(=m) = (=n)|.

3.5 Constant magnetic fields on S?

In this section we will determine the spectrum of the Dirac operator D in the case
A = 0; that is when the magnetic field is only Fvolg.. Firstly we need a preliminary
result.

Looking back to relation (3.9) we know that ¥,, = L,,_1 @ L,1. Thus, a spinor in
¥, can be described as a pair of spinors on L, _; and L, ; and we can think of the
Dirac operator D as a 2 X 2 matrix of operators acting on such pairings.

Proposition 3.5.1. We have

n—1
—A, g —
D? = ' 2

0 _An-i-l +

0
n+1
2

Proof. Tt follows from Proposition 3.3.4 for A = 0 that

cF1
2s

D? = (—i0p — %)(—i@g) + (?&b + (n — 03)> + %(1 — nos).

Comparing this with the definition of the Laplacian (see Definition 3.4.1) now gives
the result. ]

Now we will determine the spectrum of the Dirac operator D in case of having no
variable part in its magnetic field; that is the Dirac operator with magnetic field
Zvolge.

2

Theorem 3.5.2. For each n € Z, the Dirac operator D on WV, has purely dis-
crete spectrum with eigenvalues £+/7(j + |n|) for j € Ng. Moreover, the eigenvalue

++/7(5 + |n|) has a multiplicity of 2j + |n.

Proof. 1t follows from Proposition 3.5.1 that

1
—Ap1—=(n—1) 0
2
0 —Api1 + 5(n +1)
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Then the set of eigenvalues of D? is the union of the eigenvalues of —A,, ;| — é(n —1)

1
and —A, 1 + =(n + 1). For convenience we will first consider n > 0. By Theorem

3.4.3 we know that the eigenvalues of —A,, are given by

,+n+1 2_n2+1_ ‘+n—|—1 2_(n+1)2+ﬁ
Iy +  UT3 2 2

=j(j+n+1)+

|3

1
for j € Ny. Then the eigenvalues of —A,, 1 — §(n — 1) are j(j + n) for j € Ny.

Similarly, we can write

_+n+1 2_n2+1_ ,+n+1 2_(71—1)2_@
Iy . UT 2 2

=G+ DG +n) -3

1
So the eigenvalues of —A, 41 + §(n+ 1)are (j+1)(j+1+4mn) for j € Ngor j(j+n)
for j € N.
1
For n < 0 we see that eigenvalues of —An,l—i(n—l) are (j+1)(j+1—n) for j € Ny,

1
or j(j—n) for j € N, while the eigenvalues of —An+1+§(n+1) are j(j—n) for j € Np.

Therefore, for any interger n the eigenvalues of D? (defined on ¥,,) are j(j + |n|) for
7 € Np. Looking back to Proposition 3.3.7 we can conclude that for any interger n

the spectrum of D (defined on W,,) are the eigenvalues ++/5(j + |n|) for j € No.

Let F, ; be the eigenspace of D? for the eigenvalue j(j + |n|). We firstly consider
j € N. Let n > 0. Recall that E,, ; the eigenspace of —A,, for the eigenvalue

1\> n2+1
(j + |n|2+ ) _r I . That means E,_ ; is the eigenspace of —A,,_; — %(n -1)

for the eigenvalue j(j+n), while E,, 41 ;_; is the eigenspace of —A,, 1 + %(n +1) for
the eigenvalue j(j + n). Therefore, it follows from Proposition 3.5.1 that

Fnj= { (g) : §€ Enl,j} ® { (2) : g€ En+1,j1}-

dim F, ; = dim E,_q ; + dim E,, 11 j_1.

Thus,

Then, Theorem 3.4.3 gives
dmF,; =2j+(n—-1)+1+2(—-1)+(n+1)+1=2(25+n) =225+ |n]).
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The case n < 0 is treated similarly and we still get dim F}, ; =25+ (—n — 1) + 1+
20—+ (—n+1)+1=2(2j —n) = 2(2j + |n|).

Now consider 7 = 0. Obviously we cannot get the second eigenspace (since —A,, 1 +
1 1

§(n+ 1) > 0 in case of n > 0; and —A,,_1 — §(n —1) > 0in case of n < 0). It
follows that

2j+(n—=1)+1=n=|n| ifn>0

dim F}, o =
0 {2(j—1)—n+2:—n:|n| if n < 0.

Combining all we have dim F}, ; = 2(2j + |n|) if n € N and dim F},y = |n|. Now,
recall Propostion 3.3.7 and it tells us that o3Do3 = —D and the spectrum of D is
symmetric about 0. Therefore, the multiplicity of the eigenvalue A = +1/j(j + |n|)
of the Dirac operator D is 25 + |n|. (The case A = 0 or j = 0 is obviously included
in this formula as well). |

3.6 The Aharonov-Casher theorem for S?

The results from the previous section allows us to obtain the Aharonov-Casher
theorem for S?; indeed, for the spinor bundle ¥, along with the Spin® connection
V given by (3.5) and (3.6), it follows from (3.14) that the corresponding magnetic

field for the Dirac operator is § = gVOlg2. Therefore, the total flux for this magnetic

field is .
— 6 =n.

2T S2
On the other hand it obviously follows from Theorem 3.5.2 above that dim Ker D =
1

|n|. Thus we have
|5
— — Vo
|2

which is the Aharonov-Casher theorem in this case. Now we will show how the
general version of this result (for an arbitrary Dirac operator on S?) can be obtained
from this special result.

dimKerD = |n| = : (3.32)

Theorem 3.6.1. (Aharonov-Casher theorem on S?) Let V be the Spin® connection
on U,, given by (3.7) with corresponding magnetic field 3 = gvolgz +dA. Then, for

L

We will prove this result using some ideas from differential geometry as outlined
in Section 3.2.1. Note that in particular both the total flux and the dimension of
Ker D4 depend only on the Spin® bundle ¥,, (and not on the choice of A).

the Dirac operator Da on S?, we have

1
dimKerDy = |n| = Py
m

First, we prove the following result
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Lemma 3.6.2. If A = Age’ + Age? € QN(S?), then there exist smooth functions f, g
on S* such that

1 1
Ay = Ogg — g&bf and Ay = ;6¢g + Opf. (3.33)

Proof. By Hodge’s Theorem (see, for instance Theorem 7.55 in [41]) we know that
Harm'(S?) = H'(S?), in which H'(S?) is the 1st de Rham cohomology group of S?
(see [41], p.195). On the other hand we also have H'(S?) = 0 (or, equivalently any
closed two-form on S? is exact; see, for instance [41], p.202). Then, applying the
Hodge decomposition theorem for S* (Theorem 7.52 in [41]) we have

O1(S?) = dO°(S?) @ §Q2(S?) @ Harm' (S2) = dQ°(S?) & §Q2(S?).

Therefore we can write A = dg+ JF, for some g € Q2°(S?) (so g is a smooth function
on §?), and F € Q2(S?). Now, ¢? Ae? is a basis for Q(S?), so we can write F' = fe? Ae?
for some smooth function f on S2. Observe that F' = xf and x * f = f. Then, we
obtain

A = dg + *df
= (O0g)d0 + (059)d¢ + (0p.f ) (xd0) + (05 f ) (+do)

= (009)d9 + (000 ) 500) + Qo) o) + (00 ) (x50
= @0 + (000 ) + @) + (Lour )2
= (899 — é%f)@" + (aef + %%g)@‘b,

completing the result. [ |

Using the smooth functions f and g from Lemma 3.6.2 we can define multiplicative
f
e

0
bundle ¥,, over S?. We remark that e and e/?* are invertible; (eﬂg)fl = eT¥ and
(ef93)~1 = e=/93_ Thus e*¥ is unitary, although e/°* is not in general. We can use
these multiplicative transformations to relate the general Dirac operator D4 to that
with A = 0.

. ; 0 . . . .
transformations e and /% = ( o f> acting on spinor sections of the spinor

Lemma 3.6.3. We have
Dy = e9el3De /73719,

Remark. The unitary map e induces a usual gauge transformation in A while
the map e/ induces a “real gauge transformation”; the latter is specific to two
dimensions.
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Proof of Lemma 3.6.3. We observe that scalar functions and o3 commute with e/73.
Furthermore we also have

On(e17.) = (69(gf.) (Of )

_ (¢ 0\ (O +(9nf) 0
N0 e/ 0 0y — (89]‘)
= €f03 (69 + 8@f 03)
Similarly, we also have
8¢ (6f03.) = 6f03 (8¢ + (8¢f)03).
On the other hand we have
0 fo’g o 0 ijl ef 0 . ef 0 0 ijl
gx€ wrt 0 0 e/} 0 e/ )] \wt 0
_ e*staft
Similarly, 0%e/7 = ¢~ /736%. Thus,
/73 De 17 = el (of (- ZVG )+ 09 (— 2%?))
— ¢fos (aief"?’( — iV —i(0pf)os) + olel 7 (—iVE — é(&bf)as)
— efo3gTos (aft(—i%fgt) —i0gfolos + cri(—i%f;) - é&¢f0'i(73)
= 1 =
= 0%(=iVy +-0uf) + 0L (=iVE = o),

since 003 = —io? and 6903 = —io?.. We also notice that e* commutes with all

the o’s, while dp(e".) = e7"9(9y — (iDpg)) and Jy(e™9.) = e (I — (iDsg)). Thus

1 ~ 1
€96l 73 De 173071 — o (—iVE — (9pg — g@d,f)) + ai(—ivqf — (g&ﬁg + g f))

= 0 (—iVy — Ag) + 02(—iVE — Ay)
— DAa

with the help of (3.33). |

Proof of Theorem 3.6.1. 1t follows from the result of Lemma 3.6.3 that £ € Ker D4
if and only if £ = e=/93¢¥y for some n € Ker D. Therefore, we have

dim Ker D = dim Ker Dy.

[ aa=o.
S2
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so (3.32) gives us

1
dimKer Dy = |n| = Py
T

1
2T

n n 1
— volg2 —volgz +dA || = —
/Sz 2 Vo' /S; (QVOS + )’ 27 /S;ﬁ"

completing the result. [ |

Remark 3.6.4. Our proof of the Ahanorov-Casher theorem on S? is based fully on
results we have obtained in this Chapter. In [24] Erdés and Solovej prove the same
result using the relationship between Dirac operators on S? and R? & C; they turn
the problem into the similar problem in R2, where the techniques used in the proof

of the Aharonov-Casher theorem in R? can be applied (as was done in the proof of
Theorem 1.4.1 in Chapter 1).
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Chapter 4

Zero modes for Weyl-Dirac
operators on R3

4.1 Introduction

In this chapter we will return to discuss Weyl-Dirac operators on R3, the main theme
of this thesis. First, we will introduce the geometric construction used by Erdés and
Solovej in [24] to construct a certain class of Weyl-Dirac operators on R? with zero
modes. They considered magnetic fields, or two-forms on R? which are obtained by
pulling back arbitrary two-forms on S?, firstly to S* using the Hopf map, and then
to R? using inverse strereographic projection.

For the remainder of the chapter we return our attention to the quantity n(7"), the
total number of zero modes for the Weyl-Dirac operator D;4 with scaled potential
tA, as we vary t from 0 to T. Using the fact that the original Loss-Yau example
of a zero mode is the simplest of the Erdos-Solovej class of examples, together with
the explicit spectral calculation in Section 3.5, we determine an explicit formula for
na,y (T) (a formula for Ary is given in (1.16)).

In the next part of this chapter we obtain a relationship between the Dirac operator
on S? and the Dirac operator on R?. This one is a preparation step to show a lower
bound for the number of zero modes of the Weyl-Dirac operators on R?. Actually,
we need to obtain an estimate on the number of the “small” eigenvalues for Dirac
operators on S? through a similar one for Pauli operators on a disc.

In the final part of the chapter we consider n4(7T') for general magnetic potentials
A with corresponding magnetic fields in the class considered by Erdos and Solovej
in [24]. In this case an explicit O(7?) lower bound is obtained (see Theorem 4.5.1).
The construction of Erdos and Solovej reduces this problem to the study of “small”
eigenvalues of Dirac operators on S? as studied in Section 4.4.
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4.2 The construction of Erdos and Solovej

In this section we will introduce the construction of Erdos and Solovej from [24].
The purpose is to construct a large class of magnetic fields on R3 such that the
corresponding Weyl-Dirac operators have zero modes with a prescribed multiplicity.
The key idea is to consider a class of magnetic fields on S, which are in fact the
pullbacks of two-forms on S?, and then use the conformal invariance of the dimen-
sion of kernels of Dirac operators.

4.2.1 The class of magnetic fields

We will use the Hopf map, here denoted by «. It acts from S* to S? and we will explain
a little bit more about this mapping: Here S? and S? are unit balls in R* and R?,
respectively. Given (z1, s, 13, 14) € S® we have k(zy, T, T3, 14) = (&1, &9, &3), where
(£1,&9,&3) € S% is given by

& = 2(x1x5 + xomy)

52 = 2(3721’3 - 1’1374)
2 2

§3Z$%+$§_$3_x4-

Remark. We can check that s is surjective. Furthermore, we can check that k.,
actually is a surjective partial isometry between S? with usual metric and S? with
1gse as its metric (see [24], Lemma 7.1). Then, & is a Riemannian submersion. In
fact this is one of the important properties of the Hopf map which is used in [24]; a
Riemannian submersion between Riemannian manifolds M and N allows us to pull
back Spin® structures including spinor bundles (with Clifford multiplication), Spin®
connections and finally lift Dirac operator from N to M.

Let 771 be the stereographic projection from S*\ {(0,0,0,—1)} to R?; that is

T T x
1 2 3)6R3

—1
T (x1’$2’x3’x4):(1+:c4’ 1+ax, 1+ay

for all (z1,2,73,74) € S®. The inverse of this map gives us a smooth map 7 :
R3 — S3. Now denote by ¢ : R® — S?, where 1 = ko 7.

Recall that two-forms on S? are fvols:, where f is a smooth function on S?, and any
two-form on S? is closed. Then, the pullback of any two-form on S? by ¢* is also a
closed two-form on R3. Thus ¢*(fvolgz) is a magnetic field on R? for any smooth

function f on S? (see [41]). Therefore, we can define the following class of magnetic
fields on R?.

Definition 4.2.1. Let Bgg be the class of magnetic fields on R? given by
Bps = {L*(fvolgz) . fe€ COO(S2)}.
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Remark. We may see from [22] that

3
BLY =" (ZVOISQ)’ (41)
where By is given in (1.17). We then have

16 2371373 — 233‘2

W 23721'3 + 21‘1 . (42)

2 2 2

t*(volg2) =

Using ¢*(fvolg2) = (f o t)t*(volgz) we observe that B € Bgg iff (as a vector field)
16 2l‘1ZL‘3 — QI‘Q T
= 2[L‘2[L‘3 + 2[L‘1 (43)
2)3
CEAFEEER P

B(z) = f(u(x))

for some f € C°°(S?). In particular it follows that the decay rate of a general element
of Bgg is O(|z|™%) as |x| — oco.

4.2.2 The construction

We have given the general definition of a Spin® spinor bundle and Spin® connection
for an arbitrary two or three dimensional manifold (see Definition 3.2.4 and Defini-
tion 3.2.6, respectively). We have also given a more detailed description of possible
Spin® bundles and connections on S? (see Subsection 3.2.3) and R? (see Remark
3.2.8). The situation on S? is actually simpler; it is known (see [24] for example)
that, up to isomorphism, there is a unique Spin® bundle on S? (which we can take to
be the trivial bundle S* x C?), while for an arbitrary magnetic field on S? (that is,
an arbitrary closed two form) there is a Spin® connection and corresponding Dirac
operator on S* with this magnetic field. Furthermore, this connection and hence
Dirac operator, are unique up to gauge equivalence; in particular, from a spectral
point of view, the Dirac operator is determined by the magnetic field. The situation
on R? is similar (see the discussion on D4 in Section 1.1 of Chapter 1 for more
details).

Now we will consider the construction of Erdos and Solovej from [24]. Let B € Bgg
in (4.3),s0 B=171*b, b= k*3, where 3 = fvolg for some f € C*(S?). Denote by
® the total flux of 3; that is

1

2T S2

For each integer k, we define 3y := [f — (@ — k)] vols2. We see that

1 1 O —k
- ﬁk = —/ f VOISQ - ( ) / VOISQ = ]{Z,
S? S2

21 Jg2 2m AT

)
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since fSQ volgz = 4m. We can then use the result of Propostion 3.3.8 and get the
Dirac operator on W, which we denote by Dg, g2.

Denote by Sy the set

{—k+(I>—% if k>0
Sp=410 itk=0
{k;—CI)—% if £ <O.

Denote by Dy g the Dirac operator on S* with magnetic field b. Then, Erdés and
Solovej showed how the spectrum of D,gs can be expressed through the positive
spectrum of the Dirac operators Dy, g2 on S* with magnetic fields 5 as follows.

Theorem 4.2.2. (Theorem 8.1 in [24]) Suppose that Vgs is a Spin® connection on
Wss with magnetic field b. Suppose that Spect (D, s2) is the positive spectrum of
that Dirac operator Dg,s2 on S* with magnetic By. Then, we have

o the spectrum of Dygs is given by

1

Spec(Dygs) = U (Sk U { + A2+ (k- D)2 — g A€ Spec+(D5k7§2)})
keZ

(4.4)

e the multiplicity of an eigenvalue in Spec(Dygs) is equal to the number of ways

it can be written as £/ + (k — @)% — L with k € Z and X € Spec™ (Dg, s2)
counted with multiplicity, or as an element in Sy counted with multiplicity |k|.

By the invariance property of the dimension of the kernel for the Dirac operators
up to conformal transformations Erdos and Solovej then showed that

Theorem 4.2.3. (Theorem 8.7 in [24]) Let Dy gs be the Dirac operator on R?® with
magnetic two-form B, and Dygs the Dirac operator on S* with magnetic two-form
b. Then,

dim Ker Dp rs = dim Ker Dy, 3.

For any magnetic field B € Bggs Theorem 4.2.2 and Theorem 4.2.3 shows us where
zero modes of the Weyl-Dirac operator Dp gs come from. More precisely, there are
only two types of zero modes of Dp gs; that is

e Type I zero modes of Dprs. These are zero modes coming from the set Sj.
In particular, Dpgs has exactly |k| zero modes if

1 1
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e Type II zero modes of Dggs. These are zero modes coming from strictly
positive eigenvalues of Dg, s2; this happens when

\/)\2+(k:—<1>)2—%:O<:>>\2+(k—<1>)2:% (4.6)

for some \ € Spect (D, s2). In particular we need X to satisfy

/1

We observe that we cannot have Type I and Type II zero modes simultaneously,

1
since (4.6) cannot be satisfied by A > 0 when & = k + 3

N | —

Considering Type I zero modes we thus arrive at the following corollary of Theorem
4.2.2 and Theorem 4.2.3

Corollary 4.2.4. Suppose B = i*(fvolg:) € Bgs, where f € C*®(S?) satisfies

1 1

(b fVOlSQ = Zt(k’ + 5)

2T S2

for some k € N. Then,
dim Ker Dgps = k.

Ultimately this is the result used by Erdos and Solovej to construct zero mode
producing magnetic fields on R3. The simplest (non-trivial) example is given by the

3
constant function f = 7 for which ® = — and k£ = 1; the corresponding magnetic

field is the original example given by Loss and Yau (see (1.17)). We notice that in
[24] Erdos and Solovej do not investigate the Type II zero modes.

4.3 The Loss-Yau example revisited

Looking back to Theorem 3.5.2 we see that we know all eigenvalues and their multi-
plicities for the Dirac operator with magnetic field gVOlg2 on S?. The Chern number

for the spinor bundle here is

1 n
— — volg2 = n,
2T S2

while the positive spectrum of the Dirac operator is the set {,/j(j + |n|), 7 € N},
where the eigenvalue /7(j + |n|) has multiplicity 25 + |n|.

We will now consider the magnetic field by = KJ*<%VOISQ) on S? where & is the Hopf
map as above. Therefore, in the notation of the previous section we are taking f = %
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as a constant function on S?. Additionally, tby = K,*(%VOISQ), for t > 0 is a scaling
of the initial magnetic field by. We pullback the magnetic field tby by 7* as above.
Then we can get a magnetic field tBy € Bgrg on R? and the corresponding Weyl-
Dirac operator D;p, gs defined on R? as discussed in Theorem 4.2.3; in particular,
tBy = t*($vols2). Observe from (4.1) that

3
Bry = 3 Bo. (4.7)

Denote by Dy, ss the Dirac operators on S? with magnetic fields thy. We have

1 [t
By = — | “volg = 1.
the = o /S g Vs

It then follows from Theorem 3.5.2 and Theorem 4.2.2 that

Spec(Dypy s3) = U (SkU{ VGG + kD) + (k—t)?— %})7

k€eZ, jeN

where 1
{—k+t—§} if k>0
Sp=1<10 iftk=0
{k—t—%} if k< 0.

Using Maple we can illustrate the spectrum of the Dirac operators Dy, g3 corre-
sponding to the scaled magnetic field for tby as Figure 4.1. As discussed above the
multiplicity for all eigenvalues of Dy, 53 may be determined by the result of Theorem
4.2.2. In paticular we can determined exactly the multiplicity of 0 as an eigenvalue.
Therefore, we can determine exactly the total number of zero modes for all of the
Weyl-Dirac operators D;p, rs, t > 0. In turn, this allows us to obtain an explicit
formula for the quantity ng, (7).

Theorem 4.3.1. Let Dyp, gs be the Weyl-Dirac operators on R* with magnetic fields
tBy. Then, for any T > 0 we have
T —1](1+ [T —1])

2 )
where np,(T) denotes the number of zero modes for the Weyl-Dirac operators D,p,
for 0 <t <T. Here [x] denotes the nearest integer to x, rounded up if x € Z + %

np, (T) =

Proof. Looking back to the discussion after Theorem 4.2.3 we have Type I zero
modes for D;p, g3 when

1
t==+(n+ 5) for n € N (with multiplicity n),

or since we are only considering ¢ > 0,
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Figure 4.1: Spectrum of the Dirac operators Dy, g3 when scaling a ’constant’ magnetic
field by. Note: Horizontal axis: t- axis; Vertical axis: “spectrum” axis; Colour of curves:
multiplicity for eigenvalues
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However there are no Type II zero modes of D;p, gs since we cannot have \* + (k —

1
P)? = 2 for A = 4/j(7 +|k|) > 1 when j € N. In conclusion zero modes of D,p, gs
1
only occur when t =n + = for n € N and each time we have exactly n zero modes.

1 1
Observethatt:n+§§T<:>n§T—§<:>n§[T—l]. Thus we have

(T—1]

) = 3= LU =1)

n=1
as required. [ |

Remark 4.3.2. We can see partly the result of Theorem 4.3.1 in Figure 4.1. We can
see the spectrum for D,p, g3 there: they are all intersections between curves and
vertical line passing through t on the horizontal axis. Therefore we do not see any
Type II zero modes: intersections with curves. Type I zero modes occur only when
t =3/2, 5/2,..., or only for real number ¢ such that 2¢t := 3,5,.... The colour of
the line shows us the different multiplicity of zero modes corresponding to different
t. The intersections between curves show us the different expressions in the type of
+4/A? + (k —t)? — 1, k € Z. Finally, we observe that it follows from (4.7) that

3
ng,y (1) = ng, <§T> for T > 0.

4.4 Small eigenvalues of Dirac operators on S?

We remark that in the explicit example of the previous section we are able to count
np,(T) since there were no Type II zero modes; that is zeros of

1
A2+ (k—1)?— 3 for A € Spect(Dg, s2).

All zero modes of Dy,, g3 were Type I; that is they came from sets Si. However, for a
general smooth function f on S? we may not have as complete information about X

as for the case for f = 5 in particular we may obtain some Type II zero modes. For

instance, when the Dirac operator on S? has an eigenvalue A such that 0 < \ < %
it would induce more zero modes for D,prs which correspond to eigenvalue 0 of
Dy, 53 coming from the equation /A2 + (k — )2 — % = 0. In our opinion it is hard to
determine such “small” eigenvalues of the Dirac operator on S?, but we can estimate
their number and obtain a lower bound for ng(7T") for a general function f. This
section will deal with that estimate.

We will first use the idea of conformal transformation between S? and R? to in-

terchange the concept of the Dirac operators on S? and Dirac operators on R? as
we did for S* and R? in Theorem 4.2.3. It is because the usual metric gs2 on S?
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considered as C U {oo} is conformally equivalent to the standard metric gg= on RZ.
The main idea is to use once again the stereographic projection from S$?\ {p} to R?
to pullback the Spin® structure on S? to R% Then, we can study some properties of
small eigenvalues of the Dirac operator on S? through the property of eigenvalues of
the Dirac operator on R2.

We re-use here the notation of Chapter 3. We considered the following Spin® con-
nection on ¥, :

Vi = 89 — ZA@ and

1 1S 8N
=—0p+—— — 1Ay,
Vo = 50 T o T aea)
Then, we can define
D;:: Zv;t—Ag— —’Lag—Ag,
and ,
DE = —iVE — Ay = 0yt oy — o A,
0 = TN — A= 0 oy T Seg )

It follows that we obtained the Dirac operator Dy g2 := oDy + 0¢D¢ defined on
spinors on S?; namely sections I'(¥,,) of ¥,. Our purpose here is to establish a
formula to show the relationship between D, 4 s> and the usual Dirac operator on
R? with some magnetic potential A’.

Let z, : Si —— R? denote the strereographic projection from the sphere with the
south pole removed to the plane. More precisely, for p = (sinfe’®, cosf) € i
(where we are viewing S? as the unit sphere in C x R & R?), we have z,(p) =
2tang e = x + iy, where

2s 2s

T 1+Cc¢ an Y 1+Cs¢

e so x = 2ucy and y = 2uss. Also let = i =T Set
A’ = (A + §og)dr 4 (A, + Foy)dy, where

() -a:( ()
(o) =5 ) ()

Denote by D4 g2 the usual Dirac operator on R? with magnetic potential A’; that
is the operator

oo w =] () - (5) -5 (05) )

The next result gives the link between the Dirac operators Dy s2 and D4 ge.

Now set p :=

and
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Theorem 4.4.1. We have Q%DAﬁQQ_% = Dy g2 in the sense that for all functions
n: R?* — C? we have

(Q%IDA7SQ§27%><?7 (@) Z+) = (,DA/7R2?7) [e] Z+.

First, we notice that n o z, is a map S — C?, which we view as a section of ;.
Second, in Theorem 4.4.1 we are considering S?. A similar result can be obtained
for S2. We need to use the stereographic projection z_ : S? — R? from the sphere
with the north pole removed to the plane; for p = (—sine’®, —cosf) € S? (where
we are viewing S? as the unit sphere in C x R = R?) we have z_(p) = 2cot & ' =

x +iy. Then, we will have A" and Q_ for S? as well. Notice that Q_ = ] .
—c

When necessary we will use notations €4 and A’, to correspond to the ones with
respect to S%. The corresponding statement for Theorem 4.4.1 is that

3 1
(DY ?)(nozy) = (DA;LRQ?]) ozy (4.9)

for all n: R? — C2.
Finally, denote by H. the northern and southern hemisphere of S?, respectively.
Then, we remark that zy (Hy) = D, where D is the disc

{(z,y) € R? : /a2 + 92 < 2},

Proof of Theorem 4.4.1 Truly, it follows from our setting

2 2
T=7 jc% = 2ucy and y = 7 jcsd, = 2054,
for p = ° and Q = = that
1+c 20
26¢ 28¢
69 _ 891‘ 8gy agg _ 1—|—C 1—|—C agg _
D dpx Osy) \O, —28s4  28cy 9,
1+c¢ 1+4c¢
T
1) ()
-y 9y )"

Then, we have

Similarly, we have

(dx) B (89:16 8¢:p) <d9) B
dy)  \9y 9py) \do)
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Therefore, we obtain

(=)= ()= (0 )

We see that 22 + y* = 4u?, then

e\ (10 s v g; de\ s (x y)\ [(dx
e ) \0 s) 2242 vz dy) 42 \-y =) \dy)’
s s

Thus, the volume form becomes

VISV I
5 |

<
N
QU
<8
~__

e ne’ = (%M)Z(xdx Aydy) A (—ydz + zdy) = 48—de A dy.

We observe that

0_9_ 0 (,()_1 _i 0 .T—Zy _L(I’O' + 0_)
“\w 0 )T \etiy 0o )T\ TV

and similarly

1
o? = ﬂ(—yal + x09).

We simply put both in the following expression

() =55 D)

This can help us to change the magnetic potential A = (Ag A¢) <Z¢> into the

magnetic potential on R? as A,dx + A,dy = (A, A,) (daz

dy) . Truly, it follows from

the expression above we have

A= (4 A¢)4iﬁz (_xy Z) <Z§) .
(5)=5e (5 ) ()= D(E)- ow

QD% = QD0 + Q30” ((—ip)Q23) = WDy + Q%UG%Q*%@QQ)

Then,

Note that

= QDA7SQ — %O’e
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Therefore, we have

QDL F = Q(0? 09) (_N@) _ B0
’ —ZV¢

=0’ o? ( )
N 4%2 ( xy x)T {_ %
[ () =5 (5 ) (o) s -
~e| () - (3) -3 ()]

where (ax) -5 (3: —y) <0) . The last expression is clearly the Dirac oper-
Oty 42 \y =« W

ator D g2 on R? as expected.

The case on S? we do all similar steps above and then conclude the justification for
Theorem 4.4.1 here. [ |

Remark 4.4.2. We notice that the magnetic field 9,4, — 9,4, on R? will corre-

1 1
spond to the magnetic field —0y(sA,) — —0,(Ap); and g (‘;x) is responsible for the
s s y

n
”constant” magnetic field §VOISQ on S?. In fact we have implemented a variable
substitution for (A, ¢) on S* to (x,y) on R?.

Now we will use the result of Theorem 4.4.1 above to show a lower bound for the
number of “small” eigenvalues for the Weyl-Dirac operator on S? as follows

Theorem 4.4.3. Let f € C>™(S?) be a smooth function on S? such that

1

lgx = 1.
27‘(‘ fVOSQ

Consider the Weyl-Dirac operator D,y on S* with magnetic field nfvols: defined on
the spinor bundle V,,.Then, for each € > 0

#{eigenvalues A of D,,; such that [A\| <e} > 22/ |f| volsz + o(n) as n — oo.
™ Js2

By o(n) we mean that

n—oo MNn

lim inf — (#{e1genvalues A of D,y such that [A\| < e} — —/ | f] Volgz) > 0.

84



To prove this we need to apply the similar result for the Pauli operator on a disc
initiated by Elton in [23]. First, we will meet the Pauli operator P4 on a disc D of
R2. That is the self-adjoint operator with Dirichlet condition which is associated
with the following quadratic form

(Pats, &) = / o (0 — AP (4.11)

Y= (ZJ_F) € [C5°(D))?, where the magnetic potential A,dx + A,dy is good enough
(for instance, A,, A, are R-valued smooth functions). Since (Pap, o) > 0 for
Y € [C5°(D)]? the Friedrichs extension of this quadratic form results in a unique self-
adjoint operator associated with the self-adjoint extension for the above quadratic
form with core as [C§°(ID)]?; that is the Pauli operator defined on D (see [43], p.177
for details of discussion). We still keep the notation P4 for the self-adjoint operator
associated with that self-adjoint Friedrichs extension. To prepare for our result later
we here remind of Elton’s result in [23] which gives an estimate for the number of
small eigenvalues of the Pauli operator defined on a disc in R2.

Theorem 4.4.4. (See [23]) Let A,, A, be R-valued and smooth functions defined on
the unit disc D. Suppose that B = 0, A, — 0,A,. Consider the Pauli operator Py,
defined on ID. Then, for a given ¢ > 0 we have

t
#{eigenvalues A of P4 such that [\ < e} > 2—/ |Bldxdy + o(t) ast — oo.
T Jp

Here o(t) means

t—o0 t

1 t
lim inf — (#{eigenvalues A of Py such that [\ < 8} — 2—/ \B|d:cdy) > 0.
T™Jp

Here we will show how to move the result of Theorem 4.4.4 to obtain the result
of Theorem 4.4.3. The key idea is to apply the variational method (see [19], for
instance) and the relation between the Dirac operators on S? and on R? (Theorem
4.4.1).

Proof of Theorem 4.4.3 We observe that for the magnetic field n fvolg: the Chern
number for the spinor bundle is

1

— | nf volgz = n.
2T S2

Therefore, we will deal with ¥,, , the Spin® spinor bundle of S? with Chern number
n. On the other hand we may write

n -
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where the smooth function f satisfies

1 .
-— f VO]SQ =0.
™ Js2
It follows from the proof of Proposition 3.3.8 that there is a Spin® connection on ¥,
which gives the magnetic field n fvols2 with

Vi =0y —inAy and
vt 1 .+ 15 (£
= — Oa —
T s T 2cx1) " 20cx1)
For convenience we denote by D, 4 s2 the operator D,, the corresponding Dirac op-
erator with magnetic field nfvolg: on S?. Now, consider the Dirac operators on R?

resulting in Theorem 4.4.1 with magnetic potential nA’, and corresponding magnetic
field nB4. Denoted this operator on R? by D, Al R In fact nB4 is the combination

— mA¢ .

n
of two parts: one corresponds to the integral part of magnetic field §V01§2 and the

other corresponds to n fvolgz.

Re-introduce Q24 and A/, from Theorem 4.4.1. Note that €2 is bounded and bounded
away from 0 on Hy; in particular

o -1
¢ = max Q7 > 0. (4.12)

The result of Theorem 4.4.1 is pointwise, so we have
3 1
(IDnA/i,RT’?) 02y = (Qi’DnA,SQQiQ) (77 o zi)v (413>

for all functions  : D — C2?, where o z; will be defined on hemispheres H. .

Let V4 be the spectral subspace of P, 4, the Pauli operator operator with Dirichlet
boundary condition on D corresponding to the spectral interval | ,i—z) C R; that
1

is V. is the span of the eigenfunctions of P, 4, with corresponding eigenvalues A
2
e €
satisfying 0 < A < —.
€1

Let

_1
We=deel(W,): e= Pz ol L v
0 on H

Let W =W, ® W_. We observe that n satisfies the Dirichlet boundary condition
on D so the spinors in W, will be continuous on S* giving W C Dom(D,,452). We
also observe that spinors in W, and W_ are supported on H, and H_, respectively.
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Thus, 0 is the only spinor section in the intersection of W, and W_. Also dim W, =
dim V. Therefore, we have

dim W =dim W, +dim W_ =dim V, +dim V_.
Let £ =&, + & € W. Then, there exits ny € V. with
1
§x = Qs 0 24, (4.14)

on H. Then,
€I = 1€+ 117 + 16117,

where

H&W=/|&Pm@=/’mﬂ%oapm@.
H+ H4

We here observe from the proof of Theorem 4.4.1 that if we subsitute variables from
(0, ¢) on S? to (x,y) on R?, then the Jacobian of this substitution is Q3. By (4.12),
é < minpep, 4. It follows that

1 1
1€4]1* = / Ine|*(Qs 0 24) dady > —/ Ine|? dedy = —||ne|*.
D C1 Jp &1

Then,
[l l* + -7 < edllé]f? (4.15)

Also,
IDnaséll* = |Pnagebr|” + | Puageé-|?,
where using (4.13) and (4.12),

Dusgetell = | [Dursotal? volo
H+
= / Q:T:3|(DnA’i,R2n:|:) o 2z |* volge
H4
= / \DnA;[7Rzni\2(Q;1 0 z;') drdy
D

< 01/ 1 Dpar, r2n|” dady
D
= c1(Pna M+, 14),

where the last line follows from (4.11) (essentially the definition of P, 4, via its
quadratic form). However, from the definition of V.,

2
£

0 < (Ppa,ne, 1) < g||77i||2-
1

Putting these calculations together we have
2 g? 2 2 2822 20 ¢ 112
1Prag8ll” < ex g (llns 1™ + lln-[1%) = er 5 1€l = 7[[€l".
1 1
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Then, the variational principle tells us that
#{cigenvalues A of D, 4 g2 such that [A| <e} > dim W.

We will estimate the quantity dim W. First we notice that dim W = dim V, +
dim V_. Next, we will apply the result of Theorem 4.4.4. We observe that

2
dim Vi = #{eigenvalues A of P,ar+ such that || < 5—2}
51
So we get

dim Vi > ﬁ/ | B+ |dzdy 4 o(n) = ﬁ/ | f| volsz + o(n),
2 D 2 Hy

where the last line is since fvolg: is the pullback of nBy by 2% on Hy (see the proof
of Theorem 4.4.1). Therefore, for £ > 0 we have

#{eigenvalues A of D, 42 such that [\ < 6}
> dim W = dim V, + dim V_

n n
> oo [ Ifl ol + ofm) + 57 [ 1] volsa + ofn)
21 Ju, 2 Jy_
n
> o [ 17wl + o)
2T S2
Now recall that operator D, 452 is D,s, then which completes the proof. [ |

4.5 A lower bound for the number of zero modes
corresponding to scaled Erdos and Solovej type
magnetic fields

In this section we will apply the result of the previous section and consider the class
Bgg of magnetic fields on R? as we discussed in Section 4.2 to obtain a lower bound
for the number of zero modes for the Weyl-Dirac operators on R3.

Suppose f is a smooth function on S? such that % fSQ f volsz = 1. Consider the
closed two-form 3 = fvolg: on S%. For each non-negative number t we set 3, =
tfvols: as the scaled magnetic field on S%. Using x*, where & is the Hopf map, we
pull back these magnetic fields 3; and obtain tb = x*(3;) as magnetic fields on S?.
Finally, we use 7* with 7 is the inverse of the stereographic projection considered in
Section 4.2 to pull back again to get magnetic fields tB € Bgrg (magnetic field on
R?); that is tB = *(;) € Bgs, where « = ko 7. Denote by D;g s the Weyl-Dirac
operators on R? with magnetic fields tB. We will prove the following lower bound
for the number of zero modes of Dypgs, 0 <t <T.
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Theorem 4.5.1. Consider the Weyl-Dirac operator Digrs on R® with magnetic
field tB € Bgs with tB = 1*(8;), where fgg G =1 and B; = tB. ForT > 0 denote
by np(T') the total number of zero modes for Dyggs with 0 <t < T. We have

np(T) > 7 o / 1] volge + o(T?).

as'l’ — oo.

Here we remind that o(7?) means

1
— - 2 | >
i inf 7 (nB 2 27r/ /] VOIS) 0

Proof. Tt follows from the assumption on f that the total flux ®; of the magnetic
field tB is

1
b, = tf volge = t.
o

To apply the results of Erdos and Solovej (namely, Theorem 4.2.2) we need to
consider

1 1
Bek = P — §(<I>t — k)volgz, or (i = [tf — §(t — k)volgz]

for k € Z. It follows from the result of Theorem 4.2.2 that

Spec(Dypgs) = | J (St,k U { + \/ (A (Ben))” + (k —1)2 — %})

kEZ

where )\+(ﬁt ) are the positive elgenvalues of Dg, , s2 including multiplicity, listed
so that 0 <A (Ber) < AF (Bix) < and

{-k+t—3} ifk>0
Stp=40 ifk=0
{k—t—3} ifk<0.

Theorem 4.2.3 tells us that if we want to know dim Ker D,z gs and then ng(T) we
need know dim Ker Dy, g3 for 0 < ¢ <T'. Define

Ne:= Y dimKerDipps.

1 1
k—1<t<k+3i

1
Sincek+§§T<:>k§[T—1] we get

1)
np(T)= Y dimKerDygps > > N (4.16)
0<t<T k=1



We now estimate N by considering two different contributions.

1
Case 1: t =k + 3 for k € N (see Theorem 4.3.1). In this case we have exactly k
Type I zero modes and no Type II zero modes to Ny.

1 1
Case 2: k — - <t < k+ =. There are no Type I zero modes in this case. We need

only to look for the Type II zero modes for Ni. Observe that Dg, , s2 is an analytic
Type I family of operators in ¢. Thus, eigenvalues of Dg, , sz can be parametrised
as continuous functions of ¢ (see [35]). Furthermore, dimKerDg,, s is fixed (at
k) for all t, so all except the k curves corresponding to Ker Dg, . s the eigenvalue
curves are either everywhere positive or everywhere negative. Thus ¢t — )\;L(ﬁmk)
is continuous for all 7 € N. Let

AW = (B + (k=12 2

We have A(t) is continuous in t. Moreover, we observe that

1

Mk =)+ 1 Lo

and

Atk +3) = \/(Aﬂgt,k))z Frog>0

On the other hand,

1

AR) = /(A (Bun))” = 5

Therefore, A(k) < 0 if A} (3,x) < 5. By Immediate Value Theorem we get

| —

1
Z dim Ker D;g gs > 2#{j : )\;_(ﬁkk) < 5}

1 1
k—5<t<k+3

1
= #{)\ S SPQC(Dk57g2) o 0< |>\| < 5}
1
= #{)\ S Sp@C(IDk57§2) : |)\‘ < 5} — k,

since dim Ker Dyss2 = k and the spectrum of Dygg2 is symmetric about 0 (see
Proposition 3.3.7).

It is time to apply the estimate from Theorem 4.4.3 for the Dirac operator Dyg ge;
this gives

1 k
#{)\ c SpeC(IDkﬁSQ) : ‘)\| < 5} Z 2—/ |f‘ VOISQ —+ 0<k)
T Js2
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for each k = 1,2,...,[T — 1]. Combining contributions from Case 1 and Case 2 it
follows that

k
27T S2
Let
k
SL’k:Nk—— |f‘ VO]§2
27T S2

for K =1,2,.... Then, it follows from the definition of o(k) that

1
lim inf Lok > 0. (4.18)

k—o0
We will prove the following result.

Lemma 4.5.2. For {x;} satisfying (4.18), then

N
Zxk > o(N?) as N — oo,
k=1

meaning that

N
|
thﬂlorcl)fmZxk > 0.

k=1

First, we will apply the result of Lemma 4.5.2 to complete the proof of Theorem
4.5.1. Truly, by Lemma 4.5.2 we have

[T-1] [T—1]
> =T - ZNk—Zk—/mmlwo([ - 1),
k=1
Since Ty
1
1+ [T -1)) T2
= = — T
Z] 5 5 +O0(T),
we have
ns(T) > - 25 o [ 110l OT) +of[T - 1)
T
(4.19)
_ 2
=5 27r/ | f| volsz + o(T7)
as T — oo. That is our conclusion in Theorem 4.5.1. [ |

Finally, we will prove the result of Lemma 4.5.2. Truly, for any ¢ > 0 it follows from
(4.18) that there exists a natural number n such that

1
— Xy > —&, Ym > n. (4.20)
m
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Now we write
1 N 1 n—1 1 N
k=1 m=1 m=n
It follows from (4.20) that

1 1 1 eN(N +1)
mmeZ—ngmz—ngmZ—iTz—a (4.22)
m=n m=n m=1
S
On the other hand we may choose mg such that m3 > M, where
5
1 n—1
Sl = m Z Tm
m=1
Then, for all N > max{mg,n} we have
n—1
1 Sl ‘Sl| Em%
mme:mZ—ﬁz—WZ_a (4.23)
m=1

Now looking at (4.21) and using (4.22) and (4.23) we have

N
1
7 > ay > =2, forall e > 0. (4.24)
k=1
Clearly, (4.24) justifies the conclusion in Lemma 4.5.2. n
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