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Abstract

Reciprocal diagrams are a geometric construction dating back to Maxwell
and Cremona in which a self-stressed plane framework with a planar graph is
paired with another self-stressed reciprocal framework on the dual graph. Ei-
ther one of the reciprocal frameworks is the form diagram of a self-stressable
structure and the other is the force diagram of the corresponding axial forces.
This geometric technique offers insights into the self-stresses and infinitesi-
mal motions (mechanisms) of both frameworks in the reciprocal pair. For a
symmetric framework with a fully-symmetric self-stress, we obtain an equi-
symmetric reciprocal pair of plane frameworks, as well as the associated sym-
metric discrete dual Airy stress function polyhedra. In this paper we exploit
symmetry to refine the Maxwell-Cremona correspondence by considering the
decomposition of the self-stress and motion spaces into invariant subspaces
corresponding to the irreducible representations of the symmetry group. As
such, the familiar s = m* 4+ 1 relationship for the number of self-stresses

of a framework, s, and the number of mechanisms of the reciprocal, m*, is
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reworked into a symmetry adapted version which provides greater insights
into the properties of the reciprocal framework pair. We also show how the
quotient graph of a symmetric framework and its reciprocal can be used to
efficiently detect infinitesimal motions, self-stresses and polyhedral liftings
of different symmetry types. This allows for symmetry-adapted simplified

structural analyses of symmetric structures.

Keywords: graphic statics, reciprocal diagram, symmetry, equilibrium

stress, discrete Airy stress function polyhedron

1. Introduction

Graphic statics is a geometry based structural design method, which has a
deep history dating back to seminal work by Maxwell, Cremona and Rankine,
and has appeared in various areas of Discrete and Computational Geometry
(Schulze and Whiteley |, 2018a)) (see also Baker | (2023)). These methods have
recently received much attention from researchers in Engineering and Archi-
tecture for their remarkable control in design, form finding and optimization
of structural solutions (see Hartz et al. | (2017) e.g.). A classical example
is the Maxwell-Cremona correspondence which, for a plane framework, es-
tablishes an equivalence between self-stresses, dual reciprocal diagrams, and
polyhedral liftings. See Maxwell | (1864, [1870)); Whiteley | (1982); |(Crapo and
Whiteley | (1993, |1994a)); Schulze and Whiteley | (2018a); |[Baker | (2023]), for
example, for details.

This paper is aimed at the applied mathematician, but it is hoped that
engineers also find the paper useful. To make the paper accessible to non-

mathematicians, we develop the theory step by step (e.g., when analysing
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structures with rotational symmetry, we first consider the simplest case of
half-turn symmetry before discussing the general case of n-fold rotational
symmetry) and we accompany the theory with examples throughout. En-
gineers and mathematicians have studied graphic statics and the rigidity of
structures separately for some time and developed different terminologies and
principles. A recent book (Connelly and Guest |, 2022) joins these two schools
of thought and provides a ‘translation’ for engineers to access the results from
mathematical rigidity theory. Another source that might be valuable for the
practicing engineer might be the recent paper Millar et al. | (2021), which
provides a basic introduction to the symmetry approach to the analysis and
design of self-stressed structures, and is specifically aimed at engineers with
no background knowledge in rigidity theory or group theory; in particular,
it contains a glossary of key terms.

Self-stresses in planar frameworks and corresponding polyhedral liftings
are very useful within engineering, such as in the design of gridshells. Often,
a designer starts with a graph, or ‘topology’, and wants to find a mesh, which
approximates a smooth curved shell, with the same topology and planar faces
(since curved glass is expensive, planar faces are desirable). Helpfully, by
definition, each polyhedral lifting arising from a self-stress has planar faces
and shares the same initial topology.

In the mathematical theory of geometric rigidity, there has recently been
a surge of interest in the rigidity analysis of symmetric frameworks (see|Con-
nelly and Guest | (2022); Schulze and Whiteley | (2018b)) e.g. for a summary of
recent developments). A fundamental result in this theory is that the rigidity

matrix (also known as the equilibrium matrix to engineers) of a symmetric
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framework can be transformed into a block-diagonalised form using meth-
ods from group representation theory (Kangwai and Guest | |2000; |Owen and
Power | 2010; [Schulze |, 2010a)). Based on this block-decomposition of the
rigidity matrix, one can break down the infinitesimal or static rigidity anal-
ysis of a symmetric framework into independent subproblems, one for each
irreducible representation of the symmetry group of the framework (Kangwai
et al. | [1999; Fowler and Guest | 2000; Owen and Power | [2010; |Schulze |,
2010a; [Schulze et al. | 2022). In the present paper, we use this approach to re-
fine the Maxwell-Cremona correspondence for symmetric plane frameworks
into a set of symmetry-adapted correspondences, one for each irreducible
representation of the symmetry group.

The starting point of the present paper is that the original framework has
a non-trivial symmetry group and has a fully-symmetric self-stress so that the
reciprocal framework (see Section for a formal definition) has the same
symmetry group as the original framework (i.e., the form and force diagram
share the same symmetry). This is a natural assumption, as it is often helpful
for engineering structures to have a fully-symmetric state of self-stress (see
Millar et al. | (2021) for a discussion on this). It is desirable for a gridshell
to be ‘self-tied’; that is, just like a bicycle wheel, all the thrust from the roof
is tied back with a tension ring. This relates to a state of self-stress in the
plane view; the horizontal component of the thrust in the interior members
is equilibriated by the perimeter tension ring. This means that the thrust
is resolved within the structure and not taken by the supporting structure.
This is critical for some roofs which rest on historic walls, such as the Great

Court roof of the British Museum (Williams | 2001). Another example is
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tension nets (or more generally, tension structures) which obtain most of their
stiffness from prestressing. The domes of David Geiger and other stadium
structures (like the new Tottenham Hotspur stadium engineered by Schlaich
Bergermann Partner (sbp)) are essentially tensegrities. These structures are
often symmetric for construction reasons and use a fully-symmetric state
of self-stress to stabilise and stiffen the structure. These are just some of
the areas where symmetric structures and symmetric states of self-stress are
powerful within engineering.

We note that even if a self-stress is not fully-symmetric, but exhibits
the symmetry of a non-trivial irreducible representation of the group, the
corresponding reciprocal framework will retain non-trivial symmetry (namely
the symmetry corresponding to the kernel of the irreducible representation).
For example, if a framework exhibits dihedral symmetry, but the self-stress
of interest has only mirror symmetry, then the reciprocal figure will share the
mirror symmetry only. In this case, the methods of this paper can still be
applied to the reciprocal pair corresponding to this self-stress and the smaller
symmetry group, as discussed in Section [0}

Symmetry is ubiquitous in engineering structures as it allows for aesthet-
ically pleasing and cost-efficient designs. For example, bespoke and unique
glass panels and nodes within gridshells can increase costs significantly so it
is desirable to have some level of modularity with repetitive components in
the structure. Including a high degree of symmetry into the design is one
way to achieve this, and hence many gridshell structures exhibit symmetry,
as shown in the examples in Figure [I}

Symmetric buildings also have useful structural engineering properties.
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Figure 1: Examples of symmetric gridshell structures: The Dutch Maritime Museum
(Ney and Partners | 2022) in Amsterdam and the Mansueto Library (Architizer | [2022) in
Chicago.

Structures tend to be loaded by dead loads (such as self-weight), imposed
loads (such as wind pressure) and self-stresses. Dead loads and self-stressing
forces tend to be ‘fully-symmetric’ meaning that the forces within the sym-
metric structure are also symmetric. Therefore, this relates to a symmetric
force diagram and polyhedral lifting (or Airy stress function). This is useful
as knowledge of the symmetry can simplify the design problem. Furthermore,

unbalanced live loads can often be deconstructed into ‘fully-symmetric’ and

‘anti-symmetric’ loads (see [McRobie at el. | (2022) e.g.) which can be more

readily considered.

The paper is organised as follows. In Section [2] we first introduce the key
concepts of graphic statics, such as infinitesimal motions and self-stresses of
bar-joint frameworks, parallel drawings, reciprocal diagrams and polyhderal
liftings. We also describe the decomposition of the motion and stress space
of a symmetric framework into subspaces corresponding to the irreducible
representations of the symmetry group. Based on this decomposition, we
then establish symmetry-adapted correspondences between infinitesimal mo-
tions, self-stresses, parallel drawings and polyhedral liftings for the symmetry

groups in the plane. We begin with a discussion of frameworks with reflection
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symmetry (Section [3)) and half-turn symmetry (Section [4)) and then describe
how the theory extends to other rotational groups (Section , as well as dihe-
dral groups (Section @ Throughout the paper, we illustrate our results with
examples. Finally, in Section [7]we show how symmetric infinitesimal motions
and self-stresses can easily be detected by Maxwell-type rigidity counts on

the quotient graph of a symmetric graph, called orbit counts.

2. Preliminaries on graphic statics and symmetry

2.1. Frameworks, rigidity, and parallel drawings

A bar-joint framework in R? consists of a set of bars of fixed lengths that
are connected at their ends by pin joints that allow arbitrary rotations in
the plane. Mathematically, this can be modelled by a bar-joint framework,
or simply framework in R%. In the case where all bar lengths are strictly
positive, this is a pair (G, p) of a finite simple graph G = (V, E) (whose edges
E and vertices V' correspond to the rigid bars and flexible joints, respectively)
and a map p : V — R? that assigns positions to the joints in the plane, with
distinct positions for the end points of each bar. More generally, we want
to allow joints that are connected by a bar to have identical positions, in
which case the corresponding bar length is zero. To accommodate this, we
define a (generalised) framework as a triple (G, p,q), where p: V — R? and
q: E — R?\ {0} are maps with the property that for all ij € E there exists
a scalar \;; € R (which is possibly zero) such that p(i) — p(j) = \i;q(ij)
(Tay | |1993)). Note that in the case where a bar has zero length, there
is still a direction vector associated with the bar, and hence the bar still

constitutes a constraint. Thus, rearranging the configuration of a framework

7
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so that adjacent vertices are assigned the same point does not change the
number of point coordinates or constraints of the structure. From a practical
perspective, one can consider the example in Figure [f[a). One might be
investigating the impact of the distance between points ps and ps3; in this
case the length can be as short as zero, but the vector is always aligned with
the y direction. This is an important part of the mathematical definition
often overlooked by engineers. If p(i) # p(j) then we may choose \;; = 1.

For simplicity, most of the discussion of this paper focuses on frameworks
with non-zero bar lengths (with the exception of the example in Section ,
but all the results in this paper immediately extend to generalised frame-
works, with the vector ¢(ij) playing the role of the vector p(i) — p(j) for a
zero-length bar.

The rigidity and flexibility analysis of frameworks is a well developed
theory with a long and rich history, which has many practical applications
(see |Connelly and Guest | (2022)); [Schulze and Whiteley | (2018a)) for example,
for a summary of results). We briefly introduce the key notions from the
linear theory of infinitesimal (or equivalently static) rigidity of frameworks.

An infinitesimal motion of a framework (G, p) in R? is a function u : V' —
R? such that

(i — ;) - (w; —u;) =0 forallij € B, (2.1)

where p; = p(i), u; = u(i) for each i and the - symbol denotes the standard
inner product on R2. Geometrically, this condition for ij € F says that the
velocity vectors u; and u; preserve the length of the bar joining p; and p; at

first order (see Figure[2(a)). To the engineer, this is a mechanism such that



168

170

171

172

173

174

175

176

177

178

179

180

181

182

183

nodes move an infinitesimal distance but members do not change length. If
the framework is a generalised framework (G, p, q), then the definition of an
infinitesimal motion is as above, but for each bar ij of length zero, we have

the condition

q(ij) - (u; —u;) = 0. (2.2)

An infinitesimal motion u of (G, p,q) is a trivial infinitesimal motion if
there exists a skew-symmetric matrix S and a vector ¢ such that u; = Sp; +1
for all ¢ € V, i.e., if u corresponds to a rigid body motion in the plane.
(G,p,q) is infinitesimally rigid if every infinitesimal motion of (G,p,q) is
trivial, and infinitesimally flexible otherwise. The matrix corresponding to
the linear system in and , with the u; being the unknowns, is the
rigidity matriz, denoted R(p,q) (or simply R(p) if there are no zero-length
bars), and it is well known that (G, p, ¢) is infinitesimally rigid if and only if
the rank of R(p,q) is 2|V| — 3, provided that the points p; affinely span all
of R?.

Figure 2: A (trivial) infinitesimal motion of a single bar (a) and its corresponding parallel
displacement (b) obtained by turning the velocity vectors in (a) by 90 degrees.

A self-stress of a framework (G, p) is a function w : £ — R such that for

each vertex ¢ of G the following vector equation holds:

> w(ig)(pi —py) = 0.

YEYIS)
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In structural engineering, w(ij)(p; — p;) is the axial force in the bar ij and
the stress-coefficient w(ij) is called the force-density (scalar force divided by
the bar length) of the bar ij. The summation above says that the tensions
and compressions in the bars balance at each node ¢, and hence a self-stress
is also known as an equilibrium stress. For the engineer, a self-stress is often
considered as a set of axial forces within a framework which are in equilibrium
in the absence of external loads. Note that w € Rl is a self-stress of (G, p) if
and only if w” R(p) = 0 (i.e. it lies in the left null space of R(p)). Analogously,
for a generalised framework (G, p,q), w € R!"l is a self-stress of (G,p,q) if
and only if wTR(p,q) = 0. A framework that is infinitesimally rigid and has
no non-trivial (i.e., non-zero) self-stress is called isostatic.

A parallel displacement of a framework (G, p) in R? is a function d : V' —
R? such that

(pi—p;)t - (di—d;) =0 for all ij € E, (2.3)

where x1 denotes the vector obtained from z by rotating it by 90 degrees (in
a counterclockwise direction). A solution, d, of this linear system is called
a parallel displacement of (G,p), because, geometrically, the condition for
1j € E says that the displacement vectors d; and d; preserve the direction
of the bar joining p; and p; at first order. In other words, if we change the
position of p; and p; to p; = p; + d; and p; = p; + d;, respectively, then the
bar connecting p; and p;- is parallel to the bar connecting p; and p;. (See
Figure 2[b)). The framework (G,p') is called a parallel redrawing of (G, p)
since corresponding bars are parallel to each other (Schulze and Whiteley

. 2018a; Whiteley | [1996). Note that all the above definitions can again

10
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immediately be extended to generalised frameworks.

It is well known that u : V' — R? is an infinitesimal motion of (G, p)
if and only if d : V' — R? defined by d; = u;" is a parallel displacement of
(G,p). See Figures [2(a) and (b). So a parallel drawing and an infinitesimal
motion or mechanism are directly related to each other. Moreover, the triv-
ial infinitesimal motions of a framework (G, p) correspond to trivial parallel
displacements of (G, p), which are always present for any framework (G, p):
an infinitesimal translation by ¢ corresponds to a translational parallel dis-
placement by t* (i.e., a translation in the perpendicular direction), and an
infinitesimal rotation about the origin corresponds to a dilational parallel dis-
placement towards the origin. Because of this correspondence, which has its
roots in drafting techniques from the 19** century, all the combinatorial and
geometric results for infinitesimal rigidity immediately transfer to parallel

drawings in R? (Schulze and Whiteley | 2018a; Whiteley |, [1996)).

2.2. Reciprocal diagrams and polyhedral liftings

In this section, we shall introduce reciprocal diagrams for frameworks
whose bars all have strictly positive length. However, as mentioned above, it
is immediate to extend this discussion to generalised frameworks that may
also have bars of length zero.

Suppose a framework (G, p) on a planar graph G has a self-stress w. Then,
if we we cycle around a joint p;, placing the vectors w(ij)(p; —p;) end to end,
we obtain a closed polygon. The length of each of these vectors is the force
in the bar. This polygon is equivalent to the common ‘closed force polygon’

in engineering which states that the sum of forces at a node must be equal

11



231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

to zero. These polygons for the joints of (G, p) can be fitted together to form
a framework on the dual graph G*, called a reciprocal diagram of (G,p),
whose edges are parallel to the corresponding edges of (G, p). See Figure
Furthermore, each node corresponds to a unique closed polygon within the
reciprocal diagram.

In structural engineering, the original framework is usually called a form
diagram and the reciprocal diagram is called the force diagram, because each
bar in the form diagram has a corresponding bar in the force diagram whose
length is the force in the bar. The form diagram describes the structural
geometry whilst the force diagram describes the forces within the structure.
The relationship between the form and force diagram is the same as the rela-
tionship between the force and form diagram (it is a two-way relationship).
Therefore, the force diagram could be the structure and the form diagram
would describe the forces within that structure. As such, it is common to
manipulate both diagrams simultaneously so that the engineer has control of
both the structural form and the forces within it. This is powerful in design
as the designer can modify one diagram and see the corresponding impact
on the other.

A self-stress of the 2D form diagram corresponds to a vertical lifting
of the form diagram to a 3-dimensional polyhedral surface, known as the
Airy stress function (Airy |, |1862; |Maxwell | 1864, 1870). Engineers may be
familiar with Airy stress functions in the continuum mechanics setting where
the stresses in the solid are given by the second derivatives of the stress
function. A discrete version also exists but is only commonly considered in

the field of graphic statics (Mitchell et al. | [2016)). Here, the force in each

12
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Figure 3: (a) A plane framework (G,p) with a self-stress. (b) At each vertex, the equilib-
rium of forces of the self-stress yields a closed polygon of forces. (c) These polygons can be

assembled into a drawing of the dual graph (top); if all polygons are rotated by 90 degrees,
we obtain the (orthogonal) reciprocal framework of (G,p) (bottom,).
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bar is given by the change of the normals of the two faces that are adjacent
to the corresponding edge in the discrete Airy stress function which lifts the
framework in the horizontal plane vertically to 3-space. See Maxwell | (1864,
1870)); [Borcea and Streinu | (2015) for details. The reciprocal diagram can
only be constructed if the stress function has planar faces (Maxwell noted
that the form diagram must be a projection of a plane-faced polyhedron for
it to possess a state of self-stress). Such techniques can then be applied to
gridshells; it is desirable that they have planar faces so by considering the
gridshell as an Airy stress function, it is known that it has planar faces if a
reciprocal diagram can be constructed (this was done in |Adriaenssens et al.
(2012)) for the Dutch Maritime Museum shown in Figure [I} for example).

To make a connection to 3-dimensional polyhedral liftings of pairs of
reciprocal diagrams, Maxwell rotated the reciprocal diagram by 90 degrees.
He showed that (G, p) is then the vertical projection of a polyhedron if and
only if the reciprocal diagram (G*,q) is the vertical projection of the polar
dual of this polyhedron (Maxwell | [1864; Crapo and Whiteley | 1993, |1994a;
Schulze and Whiteley |, 2018a). Moreover, (G*, q) has the property that the
coordinates of the point ¢; which is dual to the face F; of (G, p) is the gradient
of the plane given by F; (Konstantatou |, 2018]).

This motivates the following definition. For a framework (G,p) in R?
with a self-stress w, the corresponding (orthogonal) reciprocal framework or
simply reciprocal framework of (G,p) is the framework (G*,q) in R?, where
G* is the dual graph of G, and every edge ij of (G*,q) is orthogonal to the
corresponding edge in (G, p) and has length ||w(ij)(p;—p;)||; i.e. the length of

the corresponding line in the reciprocal diagram is the force in the bar. Note

14
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Dual stress
function

Airy stress
function

Form diagram

Force diagram

Figure 4: A form diagram and its reciprocal, together with their Airy stress functions
(figure adapted from Mitchell et al. | (2016)).

that (G*, q) is unique up to dilation and translations. This is often called the
Maxwell construction as opposed to the Cremona construction where lines
remain parallel in the force diagram.

Recall that an infinitesimal motion of a framework is a nodal motion
which causes no member extensions in the first order. This may be referred
to as a ‘mechanism’ in mathematical and engineering literature. Let m and
m* be the dimensions of the spaces of non-trivial infinitesimal motions of
a framework and its reciprocal, respectively. Similarly, let s and s* be the
dimensions of the spaces of self-stresses of a framework and its reciprocal,
respectively. Simply, the framework has m mechanisms and s states of self-
stress and similarly the reciprocal has m* mechanisms and s* states of self-

stress. Then, for s,s* > 1, we have the key relationships: s = m* + 1 and

5" =m+1 so that m +s = m*+ s* (Crapo and Whiteley |, |1994a; McRobie|

2015)). In this paper, we will obtain symmetry-adapted versions of

these relationships.
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2.3. Symmetric frameworks

Let I be a finite group and let 7 : I' — O(R?) be a homomorphism,
where O(R?) denotes the orthogonal group of R2. In other words, for each
v €T, 7(7) is an isometry of R? (i.e., a rotation, reflection or combinations
thereof). We refer to 7(I") as a symmetry group and call its elements 7(7),
v € I', symmetry operations. We use a version of the standard Schoenflies
notation for symmetry groups and operations in the plane (Altmann and
Herzig |, 1994).

The relevant symmetry operations are the identity, denoted by id, rota-
tions by 27”, n € N, about the origin, denoted by C,,, and reflections in lines
through the origin, denoted by o.

The symmetry groups that can be created from these operations are the
infinite sets €, and C,, for all n € N. €, is the cyclic group generated by
C,,, and @, is the dihedral group generated by a pair {C,,, 0}. The reflection
group Cy, is usually denoted by C,. It is recommended that readers unfamiliar
with this refer to [Millar et al. | (2021)) for a further description of this.

A graph G = (V, E) is called I'-symmetric (with respect to ¢) if there
exists a homomorphism (i.e. group action) ¢ : I' = Aut(G), where Aut(G)
denotes the automorphism group of GG. For simplicity, we usually denote
&(v)(i) as ~yi for any v € T" and i« € V. Note that each automorphism ¢()
of G induces a permutation of the edges of GG, and we again simply write ye
for ¢(v)e for any v € I" and e € E.

For a [-symmetric graph G, a framework (G,p) in R? is called 7(T')-

16
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symmetric if

7(yV)pi = pyi  foralli €V and all y €T

See Figures [f[a) and (b) for examples of C,-symmetric frameworks, where
Cs = 7(Zy) for Zy = {0, 1}.

The definition of a 7(I")-symmetric generalised framework (G, p,q) is as
above, with the added condition that if a bar e = ij has length zero (i.e.,
pi = pj), then 7(y)(q.) = —q. if vi = j and vj = 4, and 7(7)(¢c) = ¢se
otherwise.

A representation of a group I' is a homomorphism from I' to the general
linear group of some (real or complex) vector space. The dimension of the
representation is the dimension of that vector space. Every group has a
set of irreducible representations, which can be found in standard tables
(see Altmann and Herzig | (1994) for example). We denote the irreducible
representations (over the complex numbers) of a group by py, . . ., p,, where pg
always denotes the trivial (or fully-symmetric) representation which assigns
1 to each element of the group.

In this paper, we will focus on Abelian groups I', i.e. groups whose
group operations are commutative. These are the groups that only have
one-dimensional irreducible representations over the complex numbers. In
other words, p¢(7) is a (possibly complex) scalar for any ¢t € {0,...,r} and
~v € I'. In this case, the number of elements in I' equals » + 1, the number
of irreducible representations. (The groups corresponding to C,,, n > 3, are

not Abelian and will be considered in Section ) So suppose po, .. ., Pr
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are all one-dimensional. Then, for a 7(I')-symmetric framework (G,p) and
t € {0,...,r}, an assignment z : V — C? of (velocity or displacement)
vectors, with one vector x; = x(i) to each joint p; of (G,p), is called p;-

symmetric if

T(v)x; = pr(y)xy; forallyel and alli e V. (2.4)

Similarly, an assignment w : £ — R of scalars, with one scalar w, = w(e) to

each edge e, is called p;-symmetric if

We = pt(y)wye forall y €eI'and all e € E. (2.5)

In particular, an assignment of velocity or displacement vectors to the vertices
of a 7(I')-symmetric framework (G,p) is called fully-symmetric if it is po-
symmetric. Such a fully-symmetric vector assignment has the property that
the vectors remain unchanged under all symmetry operations of 7(I') since
po(v) = 1 for all v € I'. See Figure [f(a) and (d) for an example of a fully-
symmetric infinitesimal motion and a fully-symmetric parallel displacement,
respectively.

Similarly, an assignment of scalars to the edges of (G,p) (say the set
of force-densities in the framework) is called fully-symmetric if it is po-
symmetric. Such a fully-symmetric scalar assignment has the property that
all edges in the same edge orbit under the group action are given the same

scalar.

Example 2.1. Consider the frameworks with C, symmetry in Figures @( a)
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and (b). The reflection group Cs has two irreducible representations. One is
the fully-symmetric representation py and the other one is the anti-symmetric
representation py that assigns 1 to the identity operation and —1 to the re-
flection. The framework in (a) has a fully-symmetric infinitesimal motion,
whereas the one in (b) has a py-symmetric or anti-symmetric infinitesimal
motion, since the velocity vectors are all reversed by the reflection (recall
Equation (2.4)). Turning the velocity vectors in (a) and (b) by 90 degrees
in counterclockwise direction gives parallel displacement vectors resulting in
parallel drawings of the frameworks in (a) and (b). The displacement (and
hence the resulting parallel drawing) in (c) is anti-symmetric, whereas the

one in (d) is fully-symmetric.

Figure 5: (a),(b): Two frameworks in R? with the same underlying graph G and reflection
symmetry €, (but with different homomorphisms ¢ : V' — Aut(G)). The framework in
(a) has a fully-symmetric infinitesimal motion and the one in (b) has an anti-symmetric
infinitesimal motion. The corresponding parallel displacement vectors for the motions in
(a) and (b) are anti-symmetric (¢) and fully-symmetric (d), respectively.

Let (G,p) be a 7(I')-symmetric framework and let py, ..., p, be the irre-
ducible representations of 7(I'). Then the space of non-trivial infinitesimal
motions of (G, p), M, can be written as the direct sum M = My @ --- & M,,

where for each t = 0,...,r, M, is the space of p;-symmetric non-trivial

infinitesimal motions of (G,p). Similarly, the space of trivial infinitesimal
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motions of (G,p), T, can be written as T' = Ty @ - - - @ T,., where T, is the
space of pi-symmetric trivial infinitesimal motions of (G, p) (Schulze | 2010a).
We denote the dimension of the space M; as my, so that m = Z;O My
Analogously, the space of non-trivial parallel displacements of (G, p), D,
can be written as D = Dy @ --- @ D,, where for each t =0,...,r, D, is the
space of pi-symmetric non-trivial parallel displacements of (G, p). Further,
the space of trivial parallel displacements of (G,p), C, can be written as
C=Cyd---dC,, where for each t =0, ..., 7, C} is the space of p;-symmetric
trivial parallel displacements of (G, p). A parallel drawing of (G, p) resulting
from a p;-symmetric parallel displacement is also called p;-symmetric.
Finally, the space of self-stresses of (G,p), S, can also be written as
S=85® --®S,, where foreach t =0,...,r, S; is the space of p;-symmetric
self-stresses of (G, p) (Schulze |, 2010a)). We denote the dimension of the space
S; as sg, so that s = Z;O s¢. This means that all fully symmetric states of
self-stress lie in Sy and all states of self-stress with symmetry ¢ lie in .S;. The

same applies to non-trivial infinitesimal motions or parallel displacements.

3. Mirror symmetry

3.1. Refined Mazwell-Cremona correspondence for mirror symmetry

For frameworks with reflection symmetry, turning vectors by 90 degrees
takes fully-symmetric parallel drawings to anti-symmetric infinitesimal mo-

tions and vice versa.

Theorem 3.1. Let (G,p) be a plane framework with reflection symmetry

group Cy. Then
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307 e (G,p) has a non-trivial fully-symmetric infinitesimal motion if and only

308 if it has a non-trivial anti-symmetric parallel drawing.
399 e (G,p) has a non-trivial anti-symmetric infinitesimal motion if and only
400 if it has a non-trivial fully-symmetric parallel drawing.

Proof. Let C5 = 7(Zs) for Zy = {0,1}. Suppose that the mirror line
of the reflection o € €y is the y-axis and that the image of a vertex ¢ of G
under the action induced by the reflection is the vertex 7. In other words,
¢(1)i = 4'. Then, by Equation , an infinitesimal motion u : V — R? is

fully-symmetric if

-1 0
U; = Uyt forall s € V.

0 1

If we turn each u; by 90 degrees in counterclockwise direction, then the veloc-

-1
ity vector u; = (z;,v;)7 becomes the displacement vector d; = w; =
1 0
(—ys, ;)T for each i, and hence we have
0 1
Ui = di
-1 0
for each i. Thus, we have
0 —1 0 -1 0 -1 0 1 -1 0
di’ = Uy = U; = dz = — dz for all ¢ c ‘/,
1 0 -1 0 -1 0 -1 0 0 1

w1 which says that the parallel drawing corresponding to the displacement d :
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V — R? is anti-symmetric. Similarly, we see that u is anti-symmetric if and
only if d is fully-symmetric.

Finally, note that if we consider the space of trivial infinitesimal motions
(where the mirror line is again assumed to be the y-axis), then we have the

following correspondences:

e A fully-symmetric infinitesimal translation (along the y-axis) corre-

sponds to an anti-symmetric trivial parallel drawing (translated draw-
ing);
e An anti-symmetric infinitesimal translation (along the z-axis) corre-

sponds to a fully-symmetric trivial parallel drawing (translated draw-
ing);

e An anti-symmetric infinitesimal rotation corresponds to a fully-symmetric

dilation.
This gives the result. 0

Recall that m and m* denote the dimensions of the spaces of non-trivial
infinitesimal motions of a framework and its reciprocal, respectively. Simi-
larly, s and s* denote the dimensions of the spaces of self-stresses of a frame-
work and its reciprocal, respectively. If the framework has reflection symme-
try, then the motion space M and stress space S decompose as M = My® M,
and S = Sy @ 51, where M, and Sy are the spaces of fully-symmetric non-
trivial infinitesimal motions and self-stresses, respectively, and M; and S;
are the spaces of anti-symmetric non-trivial infinitesimal motions and self-
stresses, respectively (recall Section [2| for the definitions). This means sym-

metric states of self-stress lie in Sy and antisymmetric states of self-stress
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lie in S; (the same logic applies to the space of infinitesimal motions). The
dimension of M, and S; are denoted by m; and s;, respectively. Similarly,
if the reciprocal framework has reflection symmetry, then the motion space
M* and stress space S* decompose as M* = Mj ® M and S* = S;@ ST and
the dimensions of the spaces M;" and S} are denoted by m; and sj.

It is known from Steinitz’s theorem that the graphs of three-dimensional
convex polyhedra are exactly the vertex 3-connected planar graphs. (See
Griinbaum | (2003)), for example.) In the following we will make the assump-
tion that the graphs under consideration are such polyhedral graphs. This
is a standard assumption in graphic statics, as one is usually interested in

polyhedral liftings of the graphs into 3-space.

Corollary 3.2. Let G be a polyhedral graph and let (G, p) be a plane frame-
work with reflection symmetry, o. If (G, p) has a fully-symmetric non-trivial
self-stress, then the corresponding reciprocal framework (G*,q) also has re-
flection symmetry and a fully-symmetric non-trivial self-stress. In addition,

we have:
e sop=m]+1and sj =my +1;
e 51 =mg and s] = my.

Proof. Let (G,p) be a Cg-symmetric framework with a fully-symmetric
self-stress w. Recall from Section that the reciprocal framework of (G, p)
corresponding to w, (G*,q), is obtained by forming a closed polygon for each
vertex of (G, p) in such a way that each edge ij of the polygon is perpendicular

to the original edge of (G, p) and has length ||w(ij)(p; —p;)||- These polygons
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are then assembled edge to edge to obtain (G*,q). Recall also Figure
Since w is fully-symmetric, the polygon corresponding to a vertex that lies
on the mirror line has the same reflection symmetry as (G, p). Moreover, the
polygons corresponding to vertices of (G,p) that are images of each other
under the reflection are also images of each other under the reflection. Thus,
by construction, (G*, q) is also Cs-symmetric.

Note that, by the theory of reciprocal frameworks, (G,p) has a non-
trivial self-stress if and only if it has a reciprocal framework (see (Crapo and
Whiteley | 1993, Theorem 3.2), for example). So since (G, p) is the reciprocal
framework of (G*, ¢), it follows that (G*,¢) has a non-trivial self-stress, and
by the symmetry of (G, p) and the argument from above used in reverse, this
self-stress is also fully-symmetric.

It remains to show that any additional independent fully-symmetric self-
stress of (G*, ¢) contributing to s§ corresponds to a non-trivial anti-symmetric
infinitesimal motion of (G, p) contributing to m;. (Analogously it then fol-
lows that any additional independent fully-symmetric self-stress of (G, p)
contributing to sy corresponds to a non-trivial anti-symmetric infinitesimal
motion of (G*, q) contributing to mj.) If (G*, ¢) has another fully-symmetric
non-trivial self-stress, then this corresponds to a non-trivial fully-symmetric
parallel drawing of (G,p) (again by the construction of reciprocals). By
Theorem [3.1], this in turn corresponds to a non-trivial anti-symmetric in-
finitesimal motion of (G, p). Thus, we have s§ = m; + 1 (and analogously,
so = mj + 1). This means that the number of symmetric states of self-stress
in the reciprocal figure is equal to the number of anti-symmetric infinitesimal

motions of the original framework, plus one.
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Similarly, Theorem [3.1] also gives the other two equations. O

Combining the equations in Corollary [3.2] we obtain sq+my = s;+mj+1

and s; +my = s; +mg — 1.

As observed by Maxwell in 1864, a plane framework on a polyhedral
graph has a self-stress if and only if it is the vertical projection of a plane-
faced polyhedron in 3-space (Maxwell | 1864}, 1870). The force in each bar is
given by the change in slope over the corresponding edge in the polyhedron
(positive weights correspond to convex dihedral angles and negative weights
to concave dihedral angles). See e.g. [Maxwell | (1870)); Borcea and Streinu
(2015)). Therefore, a fully-symmetric self-stress corresponds to a polyhedral
lifting (or discrete Airy stress function) that has the same symmetry group (in
3-space) as the original plane framework. Moreover, in the case of reflection
symmetry, an anti-symmetric self-stress corresponds to a polyhderal lifting
that no longer has reflection symmetry, but is anti-symmetric in the sense
that the reflection exchanges convex and concave dihedral angles.

By Corollary [3.2] it follows that any anti-symmetric non-trivial infinites-
imal motion (or fully-symmetric non-trivial parallel drawing) of the recipro-
cal framework corresponds to a mirror-symmetric polyhedral lifting of the
original framework. Similarly, any fully-symmetric non-trivial infinitesimal
motion (or anti-symmetric non-trivial parallel drawing) of the reciprocal
framework corresponds to an anti-symmetric polyhedral lifting of the original
framework.

We will see in Section [7lhow fully-symmetric and anti-symmetric infinites-

imal motions can be found very efficiently via Maxwell-type counts on the
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corresponding quotient graphs.

3.2. Example

Figure 6: The self-stressed Cs-symmetric plane framework with a fully-symmetric self-
stress in (a) has the reciprocal framework (b). This reciprocal framework in (b) has two
fully-symmetric self-stresses, i.e. s = 2. Since we have sj = m; + 1 by Corollary the
additional self-stress shows up as a fully-symmetric parallel drawing (c) and a correspond-
ing anti-symmetric infinitesimal motion (m; = 1) in the original framework (d).

The underlying graph of the framework in Figure @(a) is the planar graph
corresponding to a triangular prism in 3-space. While basic plane rigidity
results show that such a graph G = (V, E) with |E| = 9, |V| = 6, and
|E| = 2|V| — 3 is isostatic (i.e., infinitesimally rigid with no self-stress or s =
m = 0) for a generic configuration, with mirror symmetry the resulting count
of vertex and edge orbits (see[Schulze and Whiteley | (2011)) and Examples
and in Section|7)) or an analysis via the symmetry-extended Maxwell rule
(Fowler and Guest |, [2000; Schulze | 2010a)), predicts a fully-symmetric self-
stress and an anti-symmetric infinitesimal motion (s = m = 1). Note that
this is a Desargues configuration.

Drawn with mirror symmetry as in Figure [f[a), where the reflection is

denoted by o, this framework has a reciprocal framework shown in (b) that
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also has reflection symmetry, as guaranteed by Corollary Note that the
reciprocal, with count |E| =9, |[V| =5, and |[E| =9 > 7 =2|V| -3, has a
2-dimensional space of self-stresses, which are both fully-symmetric. By the
discussion above, this larger space of fully-symmetric self-stresses of the re-
ciprocal framework guarantees that there is a non-trivial fully-symmetric par-
allel drawing of the original framework (Figure [6{c)). This fully-symmetric
parallel drawing corresponds to a non-trivial infinitesimal motion of the orig-
inal framework that is anti-symmetric (Figure [6](d)).

Overall, we have s9 = m; =1, sy = mg = 0, s§; = 2, s§ = 0 and
mg = mj = 0 for this example.

Note that since sp = 1 and s = 2, the original framework has one
polyhedral lifting with reflection symmetry, whereas the reciprocal framework

has two such liftings.

4. Half-turn symmetry

4.1. Refined Maxwell-Cremona correspondence for half-turn symmetry
Since the group G, has the same underlying abstract group Z, as Cj,
it has also only two irreducible representations, namely the fully-symmetric
representation py, and the anti-symmetric representation p; which assigns
1 to the identity operation and —1 to the half-turn. For frameworks with
half-turn symmetry in the plane, turning vectors by 90 degrees preserves
the symmetry type of the corresponding infinitesimal motions and parallel

drawings.

Theorem 4.1. Let (G,p) be a plane framework with half-turn symmetry

group Co. Then
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536 e (G,p) has a non-trivial fully-symmetric infinitesimal motion if and only

537 if it has a non-trivial fully-symmetric parallel drawing.
538 e (G,p) has a non-trivial anti-symmetric infinitesimal motion if and only
539 if it has a non-trivial anti-symmetric parallel drawing.

Proof. Let Cy = 7(Zs) for Zs = {0,1}. Let the image of a vertex i
of G under the action induced by the half-turn be denoted by i'. In other
words, ¢(1)i = 4'. By Equation ({2.4)), an infinitesimal motion u : V' — R? is

fully-symmetric if

uw; = —u; =uy forallieV.
0 -1

If we turn each u; by 90 degrees in counterclockwise direction, then the veloc-

-1
ity vector u; = (x;, yi)T becomes the displacement vector d; = u; =
1 0
(—ys, ;)T for each i, and hence we have
0 1
U; = d@
-1 0
for each 7. Thus, we have
0 —1 0 1 0 1 0 1
di/ = Uiy = U; = dz = —dl for all i € V,
1 0 -1 0 -1 0 (=1 0

ss0 which says that the parallel drawing corresponding to the displacement d :

s V. — R? is also fully-symmetric. Similarly, it is easy to verify that wu is
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anti-symmetric if and only if d is also.
Finally, note that if we consider the space of trivial infinitesimal motions,

then we have the following correspondences:

e A fully-symmetric infinitesimal rotation corresponds to a fully-symmetric

dilation;

e An anti-symmetric infinitesimal translation corresponds to an anti-

symmetric parallel drawing (translated drawing).

This gives the result. 0

From Theorem [4.1] we obtain:

Corollary 4.2. Let G be a polyhedral graph and let (G, p) be a plane frame-
work with half-turn symmetry. If (G,p) has a fully-symmetric non-trivial
self-stress, then the corresponding reciprocal framework (G*,q) also has half-
turn symmetry and a fully-symmetric non-trivial self-stress. In addition, we

have:
o 5o =mgy+ 1 and s; = mg +1;
e sy =mj] and s] =m;.

Proof. Let (G,p) be a Cy-symmetric framework with a fully-symmetric
self-stress w. As in the proof of Corollary [3.2] we consider the construc-
tion of the reciprocal using polygons of forces for each vertex. Since w is
fully-symmetric, the polygon of forces corresponding to a vertex that lies on
the centre of rotation (the origin) must have half-turn symmetry. The poly-

gons corresponding to vertices of (G, p) that are images of each other under
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the half-turn are also images of each other under the half-turn. Thus, by
construction, (G*,q) is also Cy-symmetric.

As shown in (Crapo and Whiteley |, |1993, Theorem 3.2), (G, p) has a non-
trivial self-stress if and only if it has a reciprocal framework. So since (G, p)
is the reciprocal framework of (G*, q), it follows that (G*, ¢) has a non-trivial
self-stress, and by the symmetry of (G, p) and the argument from above used
in reverse, this self-stress is also fully-symmetric.

It remains to show that any additional independent fully-symmetric self-
stress of (G*, ¢) contributing to s§ corresponds to a non-trivial fully-symmetric
infinitesimal motion of (G, p) contributing to my. (Analogously it then fol-
lows that any additional independent fully-symmetric self-stress of (G, p)
contributing to sy corresponds to a non-trivial fully-symmetric infinitesimal
motion of (G*, q) contributing to mg.) If (G*, ¢) has another fully-symmetric
non-trivial self-stress, then this corresponds to a non-trivial fully-symmetric
parallel drawing of (G,p) (again by the construction of reciprocals). By
Theorem [.T], this in turn corresponds to a non-trivial fully-symmetric in-
finitesimal motion of (G, p). Thus, we have s§ = mo + 1 (and analogously,
sop = my + 1). This means that the number of fully-symmetric states of
self stress in the reciprocal figure is equal to the number of fully-symmetric
infinitesimal motions of the original framework, plus one.

Similarly, Theorem [.1] also gives the other two equations. O

Combining the equations in Corollary [4.2] we obtain so + mg = s} + mj]

and s; +my = s; + my.

As in the reflection case, a fully-symmetric self-stress in a plane framework
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with half-turn symmetry on a polyhedral graph corresponds to a polyhedral
lifting that also has half-turn symmetry. Moreover, an anti-symmetric self-
stress corresponds to a polyhedral lifting that is anti-symmetric, in the sense
that the half-turn exchanges convex and concave dihedral angles.

By Corollary it follows that any fully-symmetric non-trivial infinites-
imal motion (or fully-symmetric non-trivial parallel drawing) of the recip-
rocal framework corresponds to a half-turn-symmetric polyhedral lifting of
the original framework. Similarly, any anti-symmetric non-trivial infinitesi-
mal motion (or anti-symmetric non-trivial parallel drawing) of the reciprocal
framework corresponds to an anti-symmetric polyhedral lifting of the original
framework.

For an efficient method for finding fully- and anti-symmetric infinitesimal

motions, we again refer the reader to Section [7]

4.2. Example

(b)

Figure 7: The self-stressed Cs-symmetric plane framework with a fully-symmetric self-
stress in (a) has the reciprocal framework (b). The reciprocal also has Co symmetry and
a fully-symmetric self-stress.

The underlying graph G = (V, E) of the framework in Figure [fj(a) is
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the planar graph corresponding to a quadrilateral pyramid in 3-space. Since
|E| =8 > 7 =2|V|— 3, basic plane rigidity results show that the framework
in Figure [7[a) must have a self-stress (s = 1). Note that this framework has
half-turn symmetry, and a symmetry analysis such as the one described in
Section [7] (see Theorem shows that the framework has a fully-symmetric
self-stress (since |E| = 4 > 3 = 2|V’| — 1 in this case, with the notation from
Theorem |7.1]).

By the discussion above, the reciprocal framework corresponding to this
self-stress also has half-turn symmetry and a fully-symmetric self-stress. See
Figure (b) Since neither framework of the reciprocal pair has an infinites-
imal motion, we have sg = s5 = 1 and s; = s{ = 0, by Corollary §.2 The
polyhedral lifting corresponding to the fully-symmetric self-stress for either

framework retains the half-turn symmetry.

5. Rotational symmetry €,,, n > 3, in the plane

5.1. Refined Mazwell-Cremona correspondence for rotational symmetry

Let Z, = {0,...,n — 1} and for each v € Z,, let 7(y) be the matrix

representing the rotation about the origin by 727 /n in the counterclockwise

S ) cos % —sin 727” o
direction, i.e. () = . This gives the symmetry group
sin 22T cos 22T
n n

Cn = T7(Zy).

When we work with complex numbers, the group C,, has n irreducible
1-dimensional representations whose characters are denoted by p; for t =
0,...,n—1. The representation p; is defined by p;(7) = €7, where € denotes

the complex root of unity e
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Recall from Section that for a C,-symmetric framework (G,p), an
assignment x : V' — C? satisfying 7(y)z; = €., for all v € Z,, and i € V' is

called p;-symmetric.

Theorem 5.1. Let (G,p) be a plane framework with symmetry group C,,
n > 3. Then fort € {1,....,n — 1}, (G,p) has a non-trivial p;-symmetric
infinitesimal motion if and only if it has a non-trivial p;-symmetric parallel

drawing.

Proof. Let t € {0,1,...,n — 1} and suppose the infinitesimal motion u

is pi-symmetric. As before, we have d; = - u; for all + € V. For all
1 0

v € Z, and © € V we have

0 —1 0 —1
dy; = Uy; = e (Y)u;
1 0 1 0
0 —1 0 1
= € WT(’V) d;
1 0 -1 0
= P,
0 —1 0
where the last equality holds because 7(7) = 7(7). Thus,
1 0 -1 0

d is also p;-symmetric as claimed.
Finally, note that if we consider the space of trivial infinitesimal motions,

then we have the following correspondences:

e A fully-symmetric infinitesimal rotation corresponds to a fully-symmetric

dilation;
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e The space of infinitesimal translations is spanned by a p;- and a p,_1-

symmetric translation. These translations assign (1,v/—1)7 and (1, —/—1)T

to each joint, respectively (Schulze and Tanigawa |, 2015)). A p;-symmetric
infinitesimal translation corresponds to a p;-symmetric parallel drawing

(translated drawing) for each t¢.

This gives the result. O

From Theorem [5.1] we obtain:

Corollary 5.2. Let G be a polyhedral graph and let (G, p) be a plane frame-
work with C,, symmetry forn > 3. If (G,p) has a fully-symmetric non-trivial
self-stress, then the corresponding reciprocal framework (G*,q) also has C,

symmetry and a fully-symmetric non-trivial self-stress. In addition, we have:
e so =mgy+ 1 and s;=mg+ 1;

e s, =m; and s; =my for eacht € {1,...,n—1}.

We omit the proof as it is analogous to the proofs of Corollaries [3.2| and

4.2

Note that when we work with real numbers, rather than complex numbers,
then for each ¢t € {1,...,n — 1}, the pair of representations p; and p,_;
of ©, combine to a 2-dimensional irreducible representation (see Altmann
and Herzig | (1994), for example). Since velocity or parallel displacement
vectors in practical applications do not have complex entries, it is natural to
consider these 2-dimensional real irreducible representations by pairing up p;

and p,_; and adding up the corresponding counts in Corollary for each
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s t. However, the complexification of the vector spaces reveals the even more

s refined symmetry-adapted counts given above.

o6 0.2. Example

Y4

Figure 8: (a) A C3-symmetric framework with a fully-symmetric self-stress (and a fully-
symmetric infinitesimal motion shown in (b)). The reciprocal framework shown in (c) also
has C3 symmetry. It has two (non-adjacent) coincident vertices at the origin (namely the
ones corresponding to the faces ¢ and d in (a)) as well as overlapping edges, so that not
all vertices and edges are shown in the figure.

667 Consider the underlying graph G = (V| E) of the framework (G,p) in
s Figure[§(a). It has |E| = 15 and |V| = 9, and hence it satisfies the isostatic
s count |E| = 2|V|—3. For generic configurations, the framework is in fact iso-

o0 static (s =m = 0). However, if realised with €3 symmetry as in Figure [§(a),
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the framework (G, p) has a fully-symmetric self-stress and a fully-symmetric
infinitesimal motion, so that so =mg=1and s, =m; =0fort =1,2.

Note that the C3 symmetry is not enough to destroy isostaticity; in fact,
almost all realisations of G as a plane framework with C3 symmetry re-
main isostatic. Thus, even the symmetry-extended Maxwell rule (Fowler
and Guest , 2000; Schulze | 2010a)) or the results in Section (7] applied to
the symmetry group €3 do not predict any infinitesimal motion or self-stress
of (G,p). The infinitesimal motion and self-stress of (G, p) appear because
the set of four points py, ps, ph, py (and symmetrically, the sets p!, ph, p§, ps
and pY, p4, pe, p3) forms a parallelogram, so that the triangle pipsps and its
two symmetric copies can each rotate in a symmetric fashion (Schulze and
Whiteley |, 20O11).

We may construct the reciprocal framework (G*,q) of (G, p) correspond-
ing to the fully-symmetric self-stress; see Figure [§c). By Corollary [5.2] it
also has C3 symmetry and it has two fully-symmetric self-stresses: sj = 2.
Moreover, we may conclude from Corollary [5.2)that m§ = 0 and s; = m; =0
for t = 1,2. The additional fully-symmetric self-stress in (G*,q) appears,
because it corresponds to a fully-symmetric parallel drawing of the original
framework (G, p), which in turn corresponds to a fully-symmetric infinitesi-
mal motion of (G, p), by Theorem .

Conversely, using the orbit counts in Section [7] we can detect that the
framework (G*,¢q) has two fully-symmetric self-stresses (since |E| = 5, with
E = {ab,al,ac, ad,bd} and 2|V’|—1 = 3 in the notation of Theorem. Us-
ing Corollary 5.2} this tells us that the framework (G, p) has a fully-symmetric

infinitesimal motion, since my = s;; — 1. Similarly, since m§ = 0, we see that
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(G, p) has exactly one fully-symmetric state of self-stress.
Note that since s = 1 and sj = 2, the original framework has one
polyhedral lifting with C3 symmetry, whereas the reciprocal framework has

two such liftings.

6. Dihedral symmetry in the plane

We now discuss the dihedral groups which are commonly found in engi-
neering structures. We begin with the dihedral group Cs, of order 4, which is
special among the dihedral groups as it is the only dihedral group that only

has one-dimensional irreducible representations over the complex numbers.

6.1. Refined Maxwell-Cremona correspondence for Cy,

The characters of the four irreducible representations of Cy, are shown
in Table . The reflections o, and o, are the reflections in the z-axis and
y-axis, respectively. For readers unfamiliar with this notation, please refer

to |[Millar et al. | (2021)) for a full description.

va H id ‘ CQ ‘ Oy ‘ Oy
oo | L] 1] 1]1
o | L] 1 [-1]-1
o | L[ -1 ] 1]-1
ps | 1 [-1[-1]1

Table 1: The irreducible representations of Cg,,.

Theorem 6.1. Let (G,p) be a plane framework with symmetry group Co,.
Then
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e (G,p) has a non-trivial fully-symmetric infinitesimal motion if and only

if it has a non-trivial pi-symmetric parallel drawing and vice versa.

e (G,p) has a non-trivial ps-symmetric infinitesimal motion if and only

if it has a non-trivial ps-symmetric parallel drawing and vice versa.

Proof. This is an immediate consequence of Theorems [3.1]and [£.1 O

Corollary 6.2. Let G be a polyhedral graph and let (G, p) be a plane frame-
work with Cy, symmetry. If (G,p) has a fully-symmetric non-trivial self-
stress, then the corresponding reciprocal framework (G*, q) also has Cy, sym-

metry and a fully-symmetric non-trivial self-stress. In addition, we have:
o sop=mj+1 and sj=my +1;
e 5 =my and s} = myg;
® sy =mj and S5 = ms;
® s3 =mj5 and S5 = Mma.

The proof of Corollary is again analogous to the one of Corollaries
and , so we omit the details. If (G,p) has a fully-symmetric self-stress,
then, by construction, (G*, q) also has Cs, symmetry and a fully-symmetric
self-stress. If (G*,¢) has an additional independent fully-symmetric non-
trivial self-stress, then this corresponds to a non-trivial fully-symmetric par-
allel drawing of (G, p). By Theorem [6.1] this in turn corresponds to a non-
trivial p;-symmetric infinitesimal motion of (G, p). Thus, we have s§ = m;+1

(and analogously, sg = m} + 1).
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Similarly, if (G*, ¢) has an additional independent p;-, ps-, or p3-symmetric
non-trivial self-stress, then this corresponds to a non-trivial p;-, ps-, or ps-
symmetric parallel drawing of (G, p), respectively. By Theorem , these in
turn correspond to non-trivial pg-, p3- and po-symmetric infinitesimal motions

of (G, p), respectively.

6.2. Example

Figure 9: A framework with Gy, symmetry which has 2 fully-symmetric self-stresses, a
po-symmetric self-stress and a p;-symmetric infinitesimal motion.

We illustrate Corollary by applying it to the framework shown in
Figure [9

The underlying graph G = (V. E) of the framework (G,p) in Figure [J]
has |V| = 16 and |E| = 31, and hence we have |E| = 2|V| — 1. Thus, (G, p)
must have at least two independent self-stresses (s > 2). A more detailed
symmetry analysis using the group Cs, reveals that (G,p) has two fully-
symmetric self-stresses and another po-symmetric self-stress, as well as a p;-
symmetric infinitesimal motion. This can be seen by applying the symmetry-
extended Maxwell rule (Fowler and Guest |, 2000; Millar et al. | 2021; [Schulze
et al. || 2022; |Schulze | 2010a), but it can also be verified more directly

using the orbit counts described in Section [7] (see Example for a detailed
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discussion of this example). So for (G,p) we have sy = 2, s = 1 and
s1 =583 =0, as well as m; =1 and mg = my = ms = 0.

For each of the three self-stresses, we may construct the corresponding
reciprocal diagram. Since two of the self-stresses are fully-symmetric, two of
the reciprocal frameworks again have Gy, symmetry, by Corollary (see
Figure [10[(a) and (b)). The third self-stress is py-symmetric and hence (by
definition of p9) it is fully-symmetric with respect to the reflection in the hori-
zontal mirror (but anti-symmetric with respect to the vertical mirror and the
half-turn). Thus, the corresponding reciprocal framework only has C; sym-
metry, where the reflection in €, is in the horizontal mirror (see Figure[L0|(c)).
Note that all three reciprocal frameworks are generalised frameworks, as they
contain bars of length zero.

A state of self-stress of the original framework can be any linear combina-
tion of the three states of self-stress. The corresponding reciprocal diagram
is a linear combination of the three individual reciprocal diagrams; the nodal
coordinates are combined linearly and the framework bars are drawn between
them. All bars remain perpendicular to the original bars of the framework.
Therefore, the reciprocal is not unique (if there is only one state of self-stress
then the reciprocal is unique up to translation and scaling). Furthermore,
if we restrict to the two fully-symmetric states of self-stress, then any linear
combination results in a reciprocal diagram which is also fully-symmetric.
The same applies generally for p,-symmetric self-stresses.

If we consider a fully-symmetric self-stress of (G,p), then, by Corol-
lary [6.2} for the corresponding reciprocal framework (Figure [10[(a) and (b))

we may conclude that s§ =2 and s7 = s5 = s5 =0, as well as m] =mj; =1
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Figure 10: The reciprocal (generalised) frameworks of the example in Figure @] correspond-
ing to the two fully-symmetric self-stresses (a), (b) and the py-symmetric self-stress (c).
Note that each reciprocal framework has some coincident vertices and overlapping edges,
as well as edges of length zero, so not all vertices and edges are shown in the figure. The
labelled vertices correspond to the faces with the same labels in the original framework in

Figure [9}
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and m§ = m3 = 0. In other words, the reciprocal framework has two fully-
symmetric self-stresses as well as a p;- and ps-symmetric infinitesimal mo-
tion. The additional fully-symmetric self-stress in the reciprocal framework
appears, because it corresponds to a fully-symmetric parallel drawing of the
original framework (G, p), which in turn corresponds to a p;-symmetric in-
finitesimal motion of (G, p), by Theorem |6.1

Conversely, using the orbit counts in Section [7} we can detect that the
reciprocal framework has two fully-symmetric self-stresses and an infinitesi-
mal motion of symmetry type p; and ps (see Example for details), from
which we can deduce the rigidity properties of the original framework (G, p)
using Corollary

As mentioned above, the third self-stress of (G, p) is not fully-symmetric
but pe-symmetric. The kernel of p, (i.e. the subgroup of Gy, consisting of all
elements that are mapped to 1 under ps) is the reflection group C,. In this
case, we can still use our methods to analyse the reciprocal pair using the G,
symmetry (see Figure [10[c)). For the C,-symmetric reciprocal framework of
(G, p) corresponding to the po-symmetric self-stress of (G, p), the symmetry
analysis carried out in Example shows that it has two-fully-symmetric
self-stresses and two anti-symmetric infinitesimal motions. Thus, we can use
Corollary [3.2to detect that (G, p) has three fully-symmetric self-stresses, and
hence three mirror-symmetric polyhedral liftings, and one anti-symmetric

infinitesimal motion (s = 3, m} =1, s = mg = 0).
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6.3. The groups C,,, n >3

The analysis above immediately extends to dihedral groups of higher
order. A key difference to the groups discussed so far is that the dihedral
groups C,, with n > 3 also have 2-dimensional irreducible representations
over the complex numbers.

For example, the group €s,, which is the symmetry group of an equilat-
eral triangle in the plane and consists of the identity, two counter-clockwise
rotations about the origin by 120 and 240 degrees, and three reflections, has
three irreducible representations: the 1-dimensional fully-symmetric repre-
sentation py that assigns 1 to each group element, the 1-dimensional repre-
sentation p; that assigns 1 to the identity and the two rotations, and —1 to
the three reflections, and the 2-dimensional representation ps that assigns to
each of the six isometries in Cs, the corresponding 2 x 2 orthogonal matrix
(with respect to a fixed basis of R?).

As for the symmetry groups discussed above, given a 7(I')-symmetric
framework (G, p), where 7(I') = €, for some n > 3, the spaces M and D of
non-trivial infinitesimal motions and parallel displacements of (G, p) can be
decomposed as M = My ® - ® M, and D = Dy & --- & D,,, where v’ + 1
is the number of conjugacy classes of 7(I') and M, and D; are the spaces of
p-Symmetric non-trivial infinitesimal motions and parallel displacements of
(G, p), respectively. The same is true for the spaces of trivial infinitesimal
motions and parallel displacements. For the 1-dimensional representations
pt, such pi-symmetric vector assignments have been defined in Section
To extend this definition to 2-dimensional representations, we need some

further terminology from group representation theory.
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For a group representation ® : I' — GL(C"), a subspace U C C" is called
O-invariant if ®(y)(U) C U for all y € I'. For a 7(I')-symmetric framework
(G,p), we let Py : I' — GL(CV!) be the representation that sends each
element v of I' to the permutation matrix Py (y) = [0;~@]i,» that describes
how 7(y) permutes the vertices of (G,p). (Here § denotes the Kronecker
delta.) The representation Py ® 7 : I' — GL(C?Vl) is the representation
that assigns to each group element v of I" the Kronecker product of the
permutation matrix Py (7) and the orthogonal matrix (). The spaces M,
and D; are then the (Py ® 7)-invariant subspaces corresponding to p;. For
the 1-dimensional representations p; this definition simplifies as described in
Section [2.3] We refer the reader to Kangwai and Guest | (2000); [Schulze
(2010a) for further details.

Similarly, the space S of self-stresses of (G,p) can be decomposed as
S=8®:--®S,, where S; is the Pg-invariant subspace corresponding to
p, for t =0,...,7", and Pg : ' — GL(C¥l) is the representation that sends
each element v of T' to the permutation matrix Pg() that describes how
7(y) permutes the edges of (G, p).

It is a routine calculation to verify the following result for the symmetry

group Cs,.

Theorem 6.3. Let (G,p) be a plane framework with symmetry group Cs,.
Then

e (G,p) has a non-trivial fully-symmetric infinitesimal motion if and only

if it has a non-trivial pi-symmetric parallel drawing and vice versa.

e (G,p) has a non-trivial ps-symmetric infinitesimal motion if and only

44



846

847

848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

if it has a non-trivial ps-symmetric parallel drawing.
Thus, we obtain the following result.

Corollary 6.4. Let G be a polyhedral graph and let (G, p) be a plane frame-
work with Cs, symmetry. If (G,p) has a fully-symmetric non-trivial self-
stress, then the corresponding reciprocal framework (G*,q) also has Cs, sym-

metry and a fully-symmetric non-trivial self-stress. In addition, we have:
o so =mj+ 1 and s =mi +1;
e 5 =my and s} = myg;
o 5y =m5 and s5 = ma.

The corresponding results for dihedral groups C,, with n > 4 can be

obtained analogously in a straightforward fashion.

7. Orbit counts and simplified construction of reciprocal

As we have seen, it is often useful to be able to detect p;-symmetric in-
finitesimal motions or self-stresses in symmetric frameworks. An efficient and
powerful tool to do this is the symmetry-extended Maxwell rule, which was
first established by Fowler and Guest in 2000 and is described in [Fowler and
Guest | (2000); Schulze | (2010a); [Schulze et al. | (2022). This rule is based on
group representation theory and considers all symmetry types correspond-
ing to the irreducible representations of the symmetry group simultaneously.
Alternatively, one may focus on a particular irreducible representation p;
and employ a simpler and more direct analysis of whether there exist p;-

symmetric infinitesimal motions or self-stresses. In this section, we describe
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how this can be done using the concept of a quotient graph (or orbit graph),
starting with the fully-symmetric case (t = 0). We again focus on the case
where all bar lengths are strictly positive. However, Example [7.9] shows how

these counts can also be applied to generalised frameworks.

7.1. Fully-symmetric orbit counts

If a framework has no non-trivial pp-symmetric (or fully-symmetric) in-
finitesimal motions (but possibly other types of non-trivial infinitesimal mo-
tions), then the framework is said to be forced symmetric infinitesimally rigid.
Further, if the framework is forced symmetric infinitesimally rigid and has
no non-trivial fully-symmetric self-stresses, then it is called forced symmetric
isostatic (Jordan et al. || 2016} Schulze and Whiteley |, |2018b)).

Necessary conditions for a 7(I')-symmeric framework (G, p) to be forced
symmetric isostatic in the plane have been established in Schulze and White-
ley | (2011)); |[Jordan et al. | (2016]). These conditions are Maxwell-type counts
for the quotient graph G = G /T of G, which is defined as follows.

Let G be a I'-symmetric graph (with respect to ¢). Then the vertex
set of the quotient graph G of G is the set of vertex orbits of G under the
action of I'. In other words, each vertex v of G represents the set of vertices
{6(7)(v)|y € T} of G (the vertex orbit of v). Similarly, the edge set of G
is the set of edge orbits of G under the action of I', with the edge e of G
representing its edge orbit {¢(y)(e)|y € I'}.

Note that G is a multi-graph which may contain parallel edges and loops.
In particular, an edge orbit may be represented by a loop in G, since an edge

in G may connect a vertex with another vertex in the same vertex orbit. See
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Figure 11: A plane framework (G, p) with C; symmetry and a fully symmetric self-stress
(a). The quotient graph of G is shown in (b). Since ps and p), are images of each other
under the reflection, the corresponding vertices form one vertex orbit, which is represented
by the vertex labelled 4 in the quotient graph. The same is true for p; and p). Each of the
vertices 2 and 3 forms a vertex orbit of size 1 (since ps and p3 are fixed by the reflection).
The underlying graph of the Cs-symmetric reciprocal framework in (c) has the quotient

graph (d).
Figure [11[a) and (b) for an example of a Cs,-symmetric framework and its
corresponding quotient graph.

For a I'-symmetric graph (with respect to ¢), we say that a vertex i
is unshifted by an element v in I' if ¢(7)(i) = i. For a 7(I')-symmetric
framework (G, p) (with no coincident joints) a vertex ¢ of G is unshifted by
a reflection if and only if the joint p; lies on the mirror line of the reflection.
(This is the case for the joints p, and ps in Figure[11j(a).) Similarly, a vertex
of GG is unshifted by a rotation if and only if the vertex lies on the centre of
rotation (i.e. the origin). The set of vertices of the quotient graph G that
correspond to vertices that are unshifted by a reflection ¢ or a rotation C),,
n > 2, are denoted by V,, and V,,, respectively. The set of ‘free’ vertices of G
that correspond to orbits of vertices that are not unshifted is denoted by V".
In Figure [11[(b) we have |V'| = {1,4} and |V, | = {2,3} and in Figure [11](d)
we have |V'| = {c¢} and |V,| = {a, b, d}, for example.
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The theorem below summarizes necessary counts for symmetric frame-
works to be forced symmetric isostatic. For the case when the group action
is free on the vertex set (i.e. no vertices are unshifted by non-trivial sym-
metry operations), these counts can be found in |Jordan et al. | (2016). Here
we extend these counts to allow for vertices that are unshifted by non-trivial
symmetry operations.

In the following, for sets A and B of vertices, we write A\ B for the set

of vertices that lie in A but not in B.

Theorem 7.1. Let (G,p) be a 7(I')-symmetric forced symmetric isostatic
framework in the plane and let G = (V, E) be the quotient graph of G. Then
the following hold.

If 7(T') = C, then |E| = 2|V'| + |V,| — 1.

If 7(T) = €., n>2, then |E| =2|V'| — 1.

If 7(T) = Copy, n > 1 then |E| = 2|V'| + |V, \ Va| + |V2\ Va|, where o

and o’ are two reflections lying in different conjugacy classes of Cap,.

If 7(T') = Clantiyw, n > 1, then |E| = 2|V'| 4+ |V, \ Vanyi|, where o is

any reflection of Ciapy1yo-

Intuitively, the term 2|V’| reflects the fact that each representative of a
vertex orbit has two degrees of freedom in the plane. The velocity vectors
of all other vertices in the same vertex orbit are uniquely determined by the
velocity vector of the representative vertex since we restrict our attention to
fully-symmetric velocity assignments. Similarly, the term |V, | arises from the

fact that each vertex that is unshifted by a reflection has only one degree of
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freedom, as the vertex has to remain on the mirror line of the reflection (so
the velocity vector has to lie along the mirror line). In the forced symmetric
rigidity setting, a vertex that is unshifted by a rotation must remain at
the origin and hence has no degree of freedom. Finally, the dimension of
the space of fully-symmetric trivial infinitesimal motions is 1 for Cg (the
translation along the mirror) and for €, (rotation about the origin), but 0
for the dihedral groups C,,,.

Theorem |7.1{can be proved using the definition of the orbit rigidity matrix
given in Schulze and Whiteley | (2011) and a straightforward adaptation of
the proof given in Jordan et al. | (2016]) for the case when the group action
is free on the vertex set. We refer the reader to La Porta | (2024)); La Porta

and Schulze | (2023)) for details.

Example 7.2. The quotient graph in Figure (b) has |[E| =6, |[V'| =2 and
\V,| = 2. Thus, |E| —2|V'| — |V,| + 1 = 1, showing that the framework in
Figure[11(a) has a fully-symmetric self-stress.

Similarly, the quotient graph in Figure (d) has |E| = 6, |[V'| =1 and
\V,| = 3. Thus, |E| —2|V'| — |V,| + 1 = 2, showing that the reciprocal

framework in Figure ( c) has two fully-symmetric self-stresses.

Remark 7.3. There are further necessary conditions for forced symmetric
isostaticity which are given in terms of sparsity counts of the group-labelled
quotient graph (also known as a quotient gain graph) of the underlying graph
of the framework (Schulze and Whiteley | [2011; |Jordan et al. | [2016; [Schulze
and Tanigawa | 2015)). A symmetric framework is called symmetry-generic if

it is realised as generic as possible with the given symmetry constraints. For
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the groups €y, €, and Cint1)w, n € N, it was shown in |Jordan et al. | (2016)
that the counts in Theorem together with the sparsity counts on the
corresponding quotient gain graphs are also sufficient for symmetry-generic
forced symmetric isostaticity in the plane (in the case when the group action
is free on the vertex set). See also Bernstein | (2022)). This is not the case for
the groups Cy,,, n € N, with Bottema’s mechanism (Bottema | [1960) being

a classical counterexample.

7.2. Anti-symmetric orbit counts

Analogous to the forced symmetric (or pp-symmetric) rigidity analysis one
can carry out a pi-symmetric rigidity analysis for each . We demonstrate
this for the Abelian symmetry groups in the plane, which only have one-
dimensional irreducible representations over the complex numbers, i.e. for
the groups Cs, C,, n > 2, and Cy,. (For the non-Abelian groups, this type of
orbit counting becomes more difficult as it requires a modified definition of
a ‘quotient graph’.)

If a framework has no non-trivial p;-symmetric infinitesimal motions (but
possibly other types of non-trivial infinitesimal motions), then the framework
is said to be p;-symmetric infinitesimally rigid. Further, if the framework is
pr-symmetric infinitesimally rigid and has no non-trivial p;-symmetric self-
stresses, then it is called p;-symmetric isostatic.

We first consider the reflection and half-turn group which both only have
the two irreducible representations py and p;. The following theorem is a
straightforward extension of the results obtained in [Schulze and Tanigawa

(2015)) for the case when the group action is free on the vertex set. We again
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refer the reader to|La Porta | (2024)); |La Porta and Schulze | (2023) for details.

For a quotient graph G = (V,FE), we denote G, = (V,E;) to be the
multigraph obtained from G by removing all loops that correspond to edges
in GG joining a vertex with its image under a reflection of half-turn symmetry,

and all edges joining vertices in V, for a reflection o.

Theorem 7.4. Let (G,p) be a pi-symmetric isostatic framework with sym-
metry group Cy or Cq in the plane, and let G = (V, E) be the quotient graph
of G. Then the following hold for G,.

o If7(T') = @, then |E,| =2|V'| + |V,| — 2.
o If7(T') = Cy then |E,| = 2|V'| + 2|Va| — 2.

The reason for removing the loops and the edges joining vertices in V
from G in the counts above is that these edges do not constitute a constraint
when we restrict to anti-symmetric velocity assignments (see Figure for
an illustration and Schulze and Tanigawa | (2015); |Schulze et al. | (2022); |La
Porta and Schulze | (2023), for example, for details.) The term |V,| arises
from the fact that each vertex that is unshifted by a reflection has only one
degree of freedom, as the corresponding velocity vector in a p;-symmetric
infinitesimal motion has to lie perpendicular to the mirror line. Also, the
term —2 reflects the fact that there is a 2-dimensional space of trivial p;-

symmetric infinitesimal motions for both €, and Cs.

Example 7.5. The graph G, corresponding to the quotient graph in Fig-
ure (b) has |E,| = 3. Moreover, it has |V'| = 2 and |V,| = 2. Thus,
|Ey| —2|V'| —|V,| +2 = —1, showing that the framework in Figure (a) has

a p1-symmetric (or anti-symmetric) infinitesimal motion.

o1



1001 The graph corresponding to the quotient graph in Figure ( d) has |E,| =
we 3, |V'| =1 and |V,|=3. Thus, |E,|—2|V'| —|V,|+2 = 0. So the framework

w03 10 Figure (c) counts to be anti-symmetric isostatic.

(f)

Figure 12: (a), (b): Anti-symmetric velocity vectors applied to a bar which joins vertices
that are images of each other under a reflection (and hence corresponds to a loop in the
quotient graph) (a) or are both unshifted by a reflection (b). By definition, any anti-
symmetric velocity assignment yields an infinitesimal motion of such bars; hence these
bars do not impose any constraint when restricting to anti-symmetric velocity assignments.
Similarly, any anti-symmetric velocity assignment on a bar that joins a vertex and its image
under a half-turn symmetry (and hence corresponds to a loop in the quotient graph) does
not impose any constraint when restricting to anti-symmetric velocity assignments (c). In
contrast, fully-symmetric velocity assignments can stretch (d) or compress these bars (e),

(f).
1004 The rotation group C,,, n > 3, has the irreducible representations py, . . ., pp_1
wos  (recall Section [5)). It was shown in [Schulze and Tanigawa | (2015) that the
s space of infinitesimal translations can be written as the direct sum of a one-
oz dimensional space of p;-symmetric translations and a one-dimensional space
wee  of p,_1-symmetric translations. (The space of infinitesimal rotations is po-
w00 Symmetric.)

1010 Also, if n is even and p; maps the half-turn in €, to —1, then any edge
o that joins a vertex with its image under the half-turn symmetry does not

w12 constitute a constraint when we restrict to p;-symmetric velocity assignments
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(recall Figure (c)) Thus, for t € {1,...,n — 1}, we define Ey, as follows.
Ey, is the whole edge set E of the quotient graph G of G in the cases when
n is even and p; maps the half-turn to 1, or when n is odd. If n is even and
pr maps the half-turn to —1, then E,, is obtained from E by removing all
loops corresponding to edges of G that join a vertex with its image under

the half-turn symmetry. This gives the following result.

Theorem 7.6. Let (G,p) be a p,-symmetric isostatic framework with sym-
metry group C, in the plane, wheret € {1,...,n—1} and let G = (V,E) be

the quotient graph of G. Then the following hold.
o Ift=1,mn—1 then|E,|=2|V'|+|V.| - 1.

o Ifte{2,...,n—2} then |E,|=2|V'|.

Finally, for the dihedral group G5, we have the four irreducible represen-
tations po, p1, p2, p3 (recall Section . As usual, let the reflections in the
z- and y-axis be called o, and o, respectively. It is well known (Altmann
and Herzig | 1994) that for Cy,, the one-dimensional space of infinitesimal
rotations is p;-symmetric, and the 2-dimensional space of infinitesimal trans-
lations decomposes into a one-dimensional space of po-symmetric translations
and a one-dimensional space of ps-symmetric translations.

We let By, be the edge set that is obtained from the edge set E of the
quotient graph G of G by removing all loops that correspond to edges in G
joining a vertex with its image under o, or under o,, and all edges joining
vertices in V,, or V, . Similarly, we let E@z be the edge set that is obtained

from E by removing all loops that correspond to edges in G joining a vertex
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with its image under o, or under the half-turn Cs, and all edges joining
vertices in V;, . Finally, we let Ey, be the edge set that is obtained from F
by removing all loops that correspond to edges in GG joining a vertex with its

image under o, or under Cy, and all edges joining vertices in V.

Theorem 7.7. Let (G,p) be a pi-symmetric isostatic framework with sym-
metry group Co, in the plane, where t € {1,2,3} and let G = (V,E) be the

quotient graph of G. Then the following hold.
o I[ft =1 then |Ey|=2|V'|+ |V, \ Va| + |V,, \ Va| — 1.
o Ift =2 then |E,| =2\V'|+ [Va| + |V, \ Va| + |V, \ Vo| — 1.

o Ift =3 then |Ey| =2|V'| + |Va| + [V, \ Va| + |V, \ Va| — 1.

A proof can be found in La Porta | (2024). We will illustrate these counts
by applying them to the framework with Gy, symmetry shown in Figures [J]
and [13](a).

Since for any symmetry group that only has one-dimensional irreducible
representations (over the complex numbers), the information for detecting in-
finitesimal motions and self-stresses of various symmetry types are encoded
in the quotient graphs, we may carry out the entire analysis of the graphic
statics of symmetric frameworks via these quotient graphs. In particular, in-
stead of analysing a pair of symmetric reciprocal frameworks, we may simply
analyse the corresponding pair of quotient reciprocals (like the pair shown in
Figure [L1}(b) and (d), for example).

We conclude this section with an analysis of the framework shown in

Figure [13[(a) and its reciprocals shown in Figure [10] via the orbit counts on
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the corresponding quotient graphs.

Figure 13: The framework (G, p) with Gy, symmetry from Figure@and its quotient graph.

Example 7.8. We analyse the framework in Figure (b) Let us first con-
sider the counts for forced symmetric infinitesimal rigidity given in Theo-
rem . The quotient graph in Figure (b) has |E| =10, |V'| = 2, |Va| =0,
Vool = 3 and |V,,| = 1. Since Vo = 0, we have |V, \ Va| = |V;| for each
reflection o. Thus, |E|—2|V'|—|V,,|—|V,,| = 2, showing that the framework
(G,p) in Figure[13(a) has two fully-symmetric self-stresses.

Let us now consider the anti-symmetric orbit counts for t = 1,2 and 3
given in Theorem[7.7]

We first consider t = 1. Since the quotient graph of G has two loops
corresponding to edges joining images of vertices under o, and two edges
joining vertices in V,,, we have |Ey| = 10 — 4 = 6. So the count for p; is
|Eo| =2\V'| = Vo | = |Vo, | +1=6—4—3—1+1= —1, showing that (G,p)
has a p1-symmetric infinitesimal motion.

Fort = 2, we have |Ey,| —2|V'| — |V,,| — |V,

+1=8-4-3-1+1=1,

Yy

indicating that (G, p) has a py-symmetric self-stress.
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1075 Finally, fort = 3, we have |Ep|—2|V'|—=|V,, |=| Vo, |41 = T—4—3—1+1 =

we 0. So we have an isostatic count for ps-symmetric infinitesimal rigidity.

()

Figure 14: The quotient graphs of the reciprocal frameworks shown in Figure

wrr  Example 7.9. Consider the generalised reciprocal framework with Co, sym-
wis metry shown in Figure [10(a). Its quotient graph is shown in Figure [1f|(a).
wre  The vertex orbits are represented by the six vertices a1, by, cq,dq,e1, f and the
wso edge orbits are represented by the 10 edges aidy, ayf, aiby, biby, biey, bicy,
wa 101, c1f, diey, ejer, where biby, cic; and eyey; are loops. (Since there are
ws2  coincident vertices and overlapping edges, as well as edges of length zero, not
wss  all vertices and edges are shown in the figure.)

1084 By considering the underlying graph of the reciprocal framework in Fig-
1085 UTE (a), which is dual to the underlying graph of the framework in Fig-
ws ure [13(a), we see that V' = {ay,bi,e1}, Vo = {f}, Vo, \ Vo = 0 and
wsr Vy, \ Vo = {di,e1}. So for the py-symmetric count we obtain |E| — 2|V'| —

56



1088

1089

1090

1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

1107

1108

1109

1110

1111

Vo, \ Va| = |V, \ V2| =10 =6 — 0 — 2 = 2, indicating that the framework has
two po-symmetric self-stresses.

For py we obtain |Eg, | — 2|V'| = Vo, \ Va| = [V5, \ Va| =1 =6—-6—0—
241 = —1, since By, is obtained from E by removing the three loops and the
edge dyey. This shows that the framework has a pi-symmetric infinitesimal
motion.

Since By, = E \ {eie1,dier} and Vo = {f}, the py count is isostatic:
|Ee,| = 2\V'| = [Va| = Vo, \ Va| = Vo, \ Vo| +1=8—-6—-1—-0—-2+1=0.

Finally, since By, = E \ {e1e1, cic1,bibi}, the ps count is |Eq,| — 2|V'| —
Va| = Vo, \ Vo = [Vo, \ Va| +1=7—-6—-1—-0—2+1= —1 indicating that
the framework has a ps-symmetric infinitesimal motion.

The symmetric counts for the quotient graph in Figure ( b) are exactly
the same as for the quotient graph in Figure (a).

The reciprocal framework shown in Figure ( c) only has Cs symmetry
and its quotient graph is shown in Figure ( c). So here we apply the counts
from Theorems and . For py we obtain |E| — 2|V'| — |V,| +1 =
18 =16 — 1+ 1 =2 since V, = {f}. So we detect two fully-symmetric self-
stresses. For p; we obtain |Ey| —2|V'| — |V,| +2=13-16—-1+2 = -2,

indicating that the framework has two anti-symmetric infinitesimal motions.

8. Conclusions, extensions, and further work

We have shown that for a symmetric framework with a fully-symmetric
self-stress the graphic statics analysis of the equi-symmetric reciprocal pair of
frameworks can be refined using the decomposition of the spaces of infinites-

imal motions and self-stresses into invariant subspaces corresponding to the
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irreducible representations of the symmetry group. This refined symmetry-
adapted analysis provides additional insights that cannot be obtained from
the corresponding non-symmetric analysis, and it can be carried out very
efficiently via Maxwell-type counts on the quotient graphs of the symmet-
ric frameworks. Even if the original framework has a self-stress that is not
fully-symmetric but only symmetric with respect to a non-trivial irreducible
representation of the symmetry group, our methods can be applied to the
corresponding reciprocal pair with the smaller symmetry given by the kernel
of this representation.

It is typical for a paper like this to extend their concepts to higher di-
mensions. This is not trivial in this case as reciprocity in higher dimensions
is more complex; for example, in R? points are dual to volumes/cells, as is
discussed in [Konstantatou | (2018]). In fact, no existing papers discuss the
s* = m + 1 relationship in higher dimensional space although this is impor-
tant in R3. As this is a significant area where basic and symmetry adapted
counts can be obtained, this is left to future work.

This paper limits itself to frameworks as plane projections of spherical
polyhedra, as is common within graphic statics. The study of frameworks cor-
responding to toroidal polyhedra is more complex and little explored (Crapo
and Whiteley | [1994b; Erickson and Lin | 2021} [Fowler and Guest , 2002) and
a full investigation, including symmetry adapted reciprocal counts is also left
to future work.

Finally, we note that if for a given framework there exists a continuous
motion of the reciprocal framework, then this motion corresponds to a con-

tinuous path of parallel drawings of the reciprocal, which in turn yields a
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continuous path of polyhedral liftings of the original framework. This sug-
gests some potential applications to kinematic architecture and transformable
designs (see e.g. the work of Hoberman Associates).

One known result from the rigidity theory of symmetric frameworks is
that for ‘symmetry-generic’ frameworks (i.e., for frameworks whose vertices
are positioned as generic as possible with the given symmetry constraints), a
fully-symmetric infinitesimal motion always extends to a continuous (finite)
symmetry-preserving motion (Schulze |, |2010bj; |Kangwai and Guest |, |1999).
This is true for any symmetry group in any dimension. Thus, if we detect
a fully-symmetric non-trivial infinitesimal motion in a reciprocal framework,
then, provided the reciprocal framework is sufficiently generic, there is a
continuous motion of the reciprocal which preserves the symmetry, which
then yields a continuous path of (fully- or anti-symmetric, depending on the
symmetry group) polyhedral liftings of the original framework. To apply
this result, we would need to find a reciprocal framework that is sufficiently
generic with respect to some symmetry group and has both a fully-symmetric
self-stress (by construction) and a fully-symmetric infinitesimal motion. Such
examples are easy to construct by violating Maxwell-type (orbit) counts on
subgraphs, so that the self-stress and the infinitesimal motion are localised
to separate parts of the framework, but it remains an open problem to find
non-trivial examples, where the continuous symmetry-preserving motion of
the reciprocal leads to a continuous path of proper polyhedral liftings of the
whole framework.

However, there are also other types of examples one may consider. The

framework in Figure (a), for example, is non-generic with Cs-symmetry (as
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discussed in Section and it has a fully-symmetric self-stress as well as a
fully-symmetric infinitesimal motion that extends to a continuous symmetry-
preserving motion, as shown in [Schulze and Whiteley | (2011)). It would be
interesting to find similar examples where both frameworks of the reciprocal

pair are planar with no coincident points.
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