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Abstract9

Reciprocal diagrams are a geometric construction dating back to Maxwell

and Cremona in which a self-stressed plane framework with a planar graph is

paired with another self-stressed reciprocal framework on the dual graph. Ei-

ther one of the reciprocal frameworks is the form diagram of a self-stressable

structure and the other is the force diagram of the corresponding axial forces.

This geometric technique offers insights into the self-stresses and infinitesi-

mal motions (mechanisms) of both frameworks in the reciprocal pair. For a

symmetric framework with a fully-symmetric self-stress, we obtain an equi-

symmetric reciprocal pair of plane frameworks, as well as the associated sym-

metric discrete dual Airy stress function polyhedra. In this paper we exploit

symmetry to refine the Maxwell-Cremona correspondence by considering the

decomposition of the self-stress and motion spaces into invariant subspaces

corresponding to the irreducible representations of the symmetry group. As

such, the familiar s = m∗ + 1 relationship for the number of self-stresses

of a framework, s, and the number of mechanisms of the reciprocal, m∗, is
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reworked into a symmetry adapted version which provides greater insights

into the properties of the reciprocal framework pair. We also show how the

quotient graph of a symmetric framework and its reciprocal can be used to

efficiently detect infinitesimal motions, self-stresses and polyhedral liftings

of different symmetry types. This allows for symmetry-adapted simplified

structural analyses of symmetric structures.

Keywords: graphic statics, reciprocal diagram, symmetry, equilibrium10

stress, discrete Airy stress function polyhedron11

1. Introduction12

Graphic statics is a geometry based structural design method, which has a13

deep history dating back to seminal work by Maxwell, Cremona and Rankine,14

and has appeared in various areas of Discrete and Computational Geometry15

(Schulze and Whiteley , 2018a) (see also Baker (2023)). These methods have16

recently received much attention from researchers in Engineering and Archi-17

tecture for their remarkable control in design, form finding and optimization18

of structural solutions (see Hartz et al. (2017) e.g.). A classical example19

is the Maxwell-Cremona correspondence which, for a plane framework, es-20

tablishes an equivalence between self-stresses, dual reciprocal diagrams, and21

polyhedral liftings. See Maxwell (1864, 1870); Whiteley (1982); Crapo and22

Whiteley (1993, 1994a); Schulze and Whiteley (2018a); Baker (2023), for23

example, for details.24

This paper is aimed at the applied mathematician, but it is hoped that25

engineers also find the paper useful. To make the paper accessible to non-26

mathematicians, we develop the theory step by step (e.g., when analysing27
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structures with rotational symmetry, we first consider the simplest case of28

half-turn symmetry before discussing the general case of n-fold rotational29

symmetry) and we accompany the theory with examples throughout. En-30

gineers and mathematicians have studied graphic statics and the rigidity of31

structures separately for some time and developed different terminologies and32

principles. A recent book (Connelly and Guest , 2022) joins these two schools33

of thought and provides a ‘translation’ for engineers to access the results from34

mathematical rigidity theory. Another source that might be valuable for the35

practicing engineer might be the recent paper Millar et al. (2021), which36

provides a basic introduction to the symmetry approach to the analysis and37

design of self-stressed structures, and is specifically aimed at engineers with38

no background knowledge in rigidity theory or group theory; in particular,39

it contains a glossary of key terms.40

Self-stresses in planar frameworks and corresponding polyhedral liftings41

are very useful within engineering, such as in the design of gridshells. Often,42

a designer starts with a graph, or ‘topology’, and wants to find a mesh, which43

approximates a smooth curved shell, with the same topology and planar faces44

(since curved glass is expensive, planar faces are desirable). Helpfully, by45

definition, each polyhedral lifting arising from a self-stress has planar faces46

and shares the same initial topology.47

In the mathematical theory of geometric rigidity, there has recently been48

a surge of interest in the rigidity analysis of symmetric frameworks (see Con-49

nelly and Guest (2022); Schulze and Whiteley (2018b) e.g. for a summary of50

recent developments). A fundamental result in this theory is that the rigidity51

matrix (also known as the equilibrium matrix to engineers) of a symmetric52
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framework can be transformed into a block-diagonalised form using meth-53

ods from group representation theory (Kangwai and Guest , 2000; Owen and54

Power , 2010; Schulze , 2010a). Based on this block-decomposition of the55

rigidity matrix, one can break down the infinitesimal or static rigidity anal-56

ysis of a symmetric framework into independent subproblems, one for each57

irreducible representation of the symmetry group of the framework (Kangwai58

et al. , 1999; Fowler and Guest , 2000; Owen and Power , 2010; Schulze ,59

2010a; Schulze et al. , 2022). In the present paper, we use this approach to re-60

fine the Maxwell-Cremona correspondence for symmetric plane frameworks61

into a set of symmetry-adapted correspondences, one for each irreducible62

representation of the symmetry group.63

The starting point of the present paper is that the original framework has64

a non-trivial symmetry group and has a fully-symmetric self-stress so that the65

reciprocal framework (see Section 2.2 for a formal definition) has the same66

symmetry group as the original framework (i.e., the form and force diagram67

share the same symmetry). This is a natural assumption, as it is often helpful68

for engineering structures to have a fully-symmetric state of self-stress (see69

Millar et al. (2021) for a discussion on this). It is desirable for a gridshell70

to be ‘self-tied’; that is, just like a bicycle wheel, all the thrust from the roof71

is tied back with a tension ring. This relates to a state of self-stress in the72

plane view; the horizontal component of the thrust in the interior members73

is equilibriated by the perimeter tension ring. This means that the thrust74

is resolved within the structure and not taken by the supporting structure.75

This is critical for some roofs which rest on historic walls, such as the Great76

Court roof of the British Museum (Williams , 2001). Another example is77
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tension nets (or more generally, tension structures) which obtain most of their78

stiffness from prestressing. The domes of David Geiger and other stadium79

structures (like the new Tottenham Hotspur stadium engineered by Schlaich80

Bergermann Partner (sbp)) are essentially tensegrities. These structures are81

often symmetric for construction reasons and use a fully-symmetric state82

of self-stress to stabilise and stiffen the structure. These are just some of83

the areas where symmetric structures and symmetric states of self-stress are84

powerful within engineering.85

We note that even if a self-stress is not fully-symmetric, but exhibits86

the symmetry of a non-trivial irreducible representation of the group, the87

corresponding reciprocal framework will retain non-trivial symmetry (namely88

the symmetry corresponding to the kernel of the irreducible representation).89

For example, if a framework exhibits dihedral symmetry, but the self-stress90

of interest has only mirror symmetry, then the reciprocal figure will share the91

mirror symmetry only. In this case, the methods of this paper can still be92

applied to the reciprocal pair corresponding to this self-stress and the smaller93

symmetry group, as discussed in Section 6.94

Symmetry is ubiquitous in engineering structures as it allows for aesthet-95

ically pleasing and cost-efficient designs. For example, bespoke and unique96

glass panels and nodes within gridshells can increase costs significantly so it97

is desirable to have some level of modularity with repetitive components in98

the structure. Including a high degree of symmetry into the design is one99

way to achieve this, and hence many gridshell structures exhibit symmetry,100

as shown in the examples in Figure 1.101

Symmetric buildings also have useful structural engineering properties.102
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Figure 1: Examples of symmetric gridshell structures: The Dutch Maritime Museum
(Ney and Partners , 2022) in Amsterdam and the Mansueto Library (Architizer , 2022) in
Chicago.

Structures tend to be loaded by dead loads (such as self-weight), imposed103

loads (such as wind pressure) and self-stresses. Dead loads and self-stressing104

forces tend to be ‘fully-symmetric’ meaning that the forces within the sym-105

metric structure are also symmetric. Therefore, this relates to a symmetric106

force diagram and polyhedral lifting (or Airy stress function). This is useful107

as knowledge of the symmetry can simplify the design problem. Furthermore,108

unbalanced live loads can often be deconstructed into ‘fully-symmetric’ and109

‘anti-symmetric’ loads (see McRobie at el. (2022) e.g.) which can be more110

readily considered.111

The paper is organised as follows. In Section 2 we first introduce the key112

concepts of graphic statics, such as infinitesimal motions and self-stresses of113

bar-joint frameworks, parallel drawings, reciprocal diagrams and polyhderal114

liftings. We also describe the decomposition of the motion and stress space115

of a symmetric framework into subspaces corresponding to the irreducible116

representations of the symmetry group. Based on this decomposition, we117

then establish symmetry-adapted correspondences between infinitesimal mo-118

tions, self-stresses, parallel drawings and polyhedral liftings for the symmetry119

groups in the plane. We begin with a discussion of frameworks with reflection120
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symmetry (Section 3) and half-turn symmetry (Section 4) and then describe121

how the theory extends to other rotational groups (Section 5), as well as dihe-122

dral groups (Section 6). Throughout the paper, we illustrate our results with123

examples. Finally, in Section 7 we show how symmetric infinitesimal motions124

and self-stresses can easily be detected by Maxwell-type rigidity counts on125

the quotient graph of a symmetric graph, called orbit counts.126

2. Preliminaries on graphic statics and symmetry127

2.1. Frameworks, rigidity, and parallel drawings128

A bar-joint framework in R2 consists of a set of bars of fixed lengths that129

are connected at their ends by pin joints that allow arbitrary rotations in130

the plane. Mathematically, this can be modelled by a bar-joint framework,131

or simply framework in R2. In the case where all bar lengths are strictly132

positive, this is a pair (G, p) of a finite simple graph G = (V,E) (whose edges133

E and vertices V correspond to the rigid bars and flexible joints, respectively)134

and a map p : V → R2 that assigns positions to the joints in the plane, with135

distinct positions for the end points of each bar. More generally, we want136

to allow joints that are connected by a bar to have identical positions, in137

which case the corresponding bar length is zero. To accommodate this, we138

define a (generalised) framework as a triple (G, p, q), where p : V → R2 and139

q : E → R2 \ {0} are maps with the property that for all ij ∈ E there exists140

a scalar λij ∈ R (which is possibly zero) such that p(i) − p(j) = λijq(ij)141

(Tay , 1993). Note that in the case where a bar has zero length, there142

is still a direction vector associated with the bar, and hence the bar still143

constitutes a constraint. Thus, rearranging the configuration of a framework144
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so that adjacent vertices are assigned the same point does not change the145

number of point coordinates or constraints of the structure. From a practical146

perspective, one can consider the example in Figure 6(a). One might be147

investigating the impact of the distance between points p2 and p3; in this148

case the length can be as short as zero, but the vector is always aligned with149

the y direction. This is an important part of the mathematical definition150

often overlooked by engineers. If p(i) ̸= p(j) then we may choose λij = 1.151

For simplicity, most of the discussion of this paper focuses on frameworks152

with non-zero bar lengths (with the exception of the example in Section 6.2),153

but all the results in this paper immediately extend to generalised frame-154

works, with the vector q(ij) playing the role of the vector p(i) − p(j) for a155

zero-length bar.156

The rigidity and flexibility analysis of frameworks is a well developed157

theory with a long and rich history, which has many practical applications158

(see Connelly and Guest (2022); Schulze and Whiteley (2018a) for example,159

for a summary of results). We briefly introduce the key notions from the160

linear theory of infinitesimal (or equivalently static) rigidity of frameworks.161

An infinitesimal motion of a framework (G, p) in R2 is a function u : V →162

R2 such that163

(pi − pj) · (ui − uj) = 0 for all ij ∈ E, (2.1)

where pi = p(i), ui = u(i) for each i and the · symbol denotes the standard164

inner product on R2. Geometrically, this condition for ij ∈ E says that the165

velocity vectors ui and uj preserve the length of the bar joining pi and pj at166

first order (see Figure 2(a)). To the engineer, this is a mechanism such that167
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nodes move an infinitesimal distance but members do not change length. If168

the framework is a generalised framework (G, p, q), then the definition of an169

infinitesimal motion is as above, but for each bar ij of length zero, we have170

the condition171

q(ij) · (ui − uj) = 0. (2.2)

An infinitesimal motion u of (G, p, q) is a trivial infinitesimal motion if172

there exists a skew-symmetric matrix S and a vector t such that ui = Spi+ t173

for all i ∈ V , i.e., if u corresponds to a rigid body motion in the plane.174

(G, p, q) is infinitesimally rigid if every infinitesimal motion of (G, p, q) is175

trivial, and infinitesimally flexible otherwise. The matrix corresponding to176

the linear system in (2.1) and (2.2), with the ui being the unknowns, is the177

rigidity matrix, denoted R(p, q) (or simply R(p) if there are no zero-length178

bars), and it is well known that (G, p, q) is infinitesimally rigid if and only if179

the rank of R(p, q) is 2|V | − 3, provided that the points pi affinely span all180

of R2.181

pi pj

ui

uj

(a)

pi pj

(b)

di dj

Figure 2: A (trivial) infinitesimal motion of a single bar (a) and its corresponding parallel
displacement (b) obtained by turning the velocity vectors in (a) by 90 degrees.

A self-stress of a framework (G, p) is a function ω : E → R such that for182

each vertex i of G the following vector equation holds:183

∑
j:ij∈E

ω(ij)(pi − pj) = 0.
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In structural engineering, ω(ij)(pi − pj) is the axial force in the bar ij and184

the stress-coefficient ω(ij) is called the force-density (scalar force divided by185

the bar length) of the bar ij. The summation above says that the tensions186

and compressions in the bars balance at each node i, and hence a self-stress187

is also known as an equilibrium stress. For the engineer, a self-stress is often188

considered as a set of axial forces within a framework which are in equilibrium189

in the absence of external loads. Note that ω ∈ R|E| is a self-stress of (G, p) if190

and only if ωTR(p) = 0 (i.e. it lies in the left null space of R(p)). Analogously,191

for a generalised framework (G, p, q), ω ∈ R|E| is a self-stress of (G, p, q) if192

and only if ωTR(p, q) = 0. A framework that is infinitesimally rigid and has193

no non-trivial (i.e., non-zero) self-stress is called isostatic.194

A parallel displacement of a framework (G, p) in R2 is a function d : V →195

R2 such that196

(pi − pj)
⊥ · (di − dj) = 0 for all ij ∈ E, (2.3)

where x⊥ denotes the vector obtained from x by rotating it by 90 degrees (in197

a counterclockwise direction). A solution, d, of this linear system is called198

a parallel displacement of (G, p), because, geometrically, the condition for199

ij ∈ E says that the displacement vectors di and dj preserve the direction200

of the bar joining pi and pj at first order. In other words, if we change the201

position of pi and pj to p′i = pi + di and p′j = pj + dj, respectively, then the202

bar connecting p′i and p′j is parallel to the bar connecting pi and pj. (See203

Figure 2(b)). The framework (G, p′) is called a parallel redrawing of (G, p)204

since corresponding bars are parallel to each other (Schulze and Whiteley205

, 2018a; Whiteley , 1996). Note that all the above definitions can again206
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immediately be extended to generalised frameworks.207

It is well known that u : V → R2 is an infinitesimal motion of (G, p)208

if and only if d : V → R2 defined by di = u⊥
i is a parallel displacement of209

(G, p). See Figures 2(a) and (b). So a parallel drawing and an infinitesimal210

motion or mechanism are directly related to each other. Moreover, the triv-211

ial infinitesimal motions of a framework (G, p) correspond to trivial parallel212

displacements of (G, p), which are always present for any framework (G, p):213

an infinitesimal translation by t corresponds to a translational parallel dis-214

placement by t⊥ (i.e., a translation in the perpendicular direction), and an215

infinitesimal rotation about the origin corresponds to a dilational parallel dis-216

placement towards the origin. Because of this correspondence, which has its217

roots in drafting techniques from the 19th century, all the combinatorial and218

geometric results for infinitesimal rigidity immediately transfer to parallel219

drawings in R2 (Schulze and Whiteley , 2018a; Whiteley , 1996).220

2.2. Reciprocal diagrams and polyhedral liftings221

In this section, we shall introduce reciprocal diagrams for frameworks222

whose bars all have strictly positive length. However, as mentioned above, it223

is immediate to extend this discussion to generalised frameworks that may224

also have bars of length zero.225

Suppose a framework (G, p) on a planar graph G has a self-stress ω. Then,226

if we we cycle around a joint pi, placing the vectors ω(ij)(pi−pj) end to end,227

we obtain a closed polygon. The length of each of these vectors is the force228

in the bar. This polygon is equivalent to the common ‘closed force polygon’229

in engineering which states that the sum of forces at a node must be equal230
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to zero. These polygons for the joints of (G, p) can be fitted together to form231

a framework on the dual graph G∗, called a reciprocal diagram of (G, p),232

whose edges are parallel to the corresponding edges of (G, p). See Figure 3.233

Furthermore, each node corresponds to a unique closed polygon within the234

reciprocal diagram.235

In structural engineering, the original framework is usually called a form236

diagram and the reciprocal diagram is called the force diagram, because each237

bar in the form diagram has a corresponding bar in the force diagram whose238

length is the force in the bar. The form diagram describes the structural239

geometry whilst the force diagram describes the forces within the structure.240

The relationship between the form and force diagram is the same as the rela-241

tionship between the force and form diagram (it is a two-way relationship).242

Therefore, the force diagram could be the structure and the form diagram243

would describe the forces within that structure. As such, it is common to244

manipulate both diagrams simultaneously so that the engineer has control of245

both the structural form and the forces within it. This is powerful in design246

as the designer can modify one diagram and see the corresponding impact247

on the other.248

A self-stress of the 2D form diagram corresponds to a vertical lifting249

of the form diagram to a 3-dimensional polyhedral surface, known as the250

Airy stress function (Airy , 1862; Maxwell , 1864, 1870). Engineers may be251

familiar with Airy stress functions in the continuum mechanics setting where252

the stresses in the solid are given by the second derivatives of the stress253

function. A discrete version also exists but is only commonly considered in254

the field of graphic statics (Mitchell et al. , 2016). Here, the force in each255
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p1 p2

p3

p4

(a)

p4

p3
p1 p2

(b)

p4

p2

p1
p3

(c)

Figure 3: (a) A plane framework (G, p) with a self-stress. (b) At each vertex, the equilib-
rium of forces of the self-stress yields a closed polygon of forces. (c) These polygons can be
assembled into a drawing of the dual graph (top); if all polygons are rotated by 90 degrees,
we obtain the (orthogonal) reciprocal framework of (G, p) (bottom).
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bar is given by the change of the normals of the two faces that are adjacent256

to the corresponding edge in the discrete Airy stress function which lifts the257

framework in the horizontal plane vertically to 3-space. See Maxwell (1864,258

1870); Borcea and Streinu (2015) for details. The reciprocal diagram can259

only be constructed if the stress function has planar faces (Maxwell noted260

that the form diagram must be a projection of a plane-faced polyhedron for261

it to possess a state of self-stress). Such techniques can then be applied to262

gridshells; it is desirable that they have planar faces so by considering the263

gridshell as an Airy stress function, it is known that it has planar faces if a264

reciprocal diagram can be constructed (this was done in Adriaenssens et al.265

(2012) for the Dutch Maritime Museum shown in Figure 1, for example).266

To make a connection to 3-dimensional polyhedral liftings of pairs of267

reciprocal diagrams, Maxwell rotated the reciprocal diagram by 90 degrees.268

He showed that (G, p) is then the vertical projection of a polyhedron if and269

only if the reciprocal diagram (G∗, q) is the vertical projection of the polar270

dual of this polyhedron (Maxwell , 1864; Crapo and Whiteley , 1993, 1994a;271

Schulze and Whiteley , 2018a). Moreover, (G∗, q) has the property that the272

coordinates of the point qi which is dual to the face Fi of (G, p) is the gradient273

of the plane given by Fi (Konstantatou , 2018).274

This motivates the following definition. For a framework (G, p) in R2
275

with a self-stress ω, the corresponding (orthogonal) reciprocal framework or276

simply reciprocal framework of (G, p) is the framework (G∗, q) in R2, where277

G∗ is the dual graph of G, and every edge ij of (G∗, q) is orthogonal to the278

corresponding edge in (G, p) and has length ||ω(ij)(pi−pj)||; i.e. the length of279

the corresponding line in the reciprocal diagram is the force in the bar. Note280
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Figure 4: A form diagram and its reciprocal, together with their Airy stress functions
(figure adapted from Mitchell et al. (2016)).

that (G∗, q) is unique up to dilation and translations. This is often called the281

Maxwell construction as opposed to the Cremona construction where lines282

remain parallel in the force diagram.283

Recall that an infinitesimal motion of a framework is a nodal motion284

which causes no member extensions in the first order. This may be referred285

to as a ‘mechanism’ in mathematical and engineering literature. Let m and286

m∗ be the dimensions of the spaces of non-trivial infinitesimal motions of287

a framework and its reciprocal, respectively. Similarly, let s and s∗ be the288

dimensions of the spaces of self-stresses of a framework and its reciprocal,289

respectively. Simply, the framework has m mechanisms and s states of self-290

stress and similarly the reciprocal has m∗ mechanisms and s∗ states of self-291

stress. Then, for s, s∗ ≥ 1, we have the key relationships: s = m∗ + 1 and292

s∗ = m+ 1 so that m+ s = m∗ + s∗ (Crapo and Whiteley , 1994a; McRobie293

et al. , 2015). In this paper, we will obtain symmetry-adapted versions of294

these relationships.295
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2.3. Symmetric frameworks296

Let Γ be a finite group and let τ : Γ → O(R2) be a homomorphism,297

where O(R2) denotes the orthogonal group of R2. In other words, for each298

γ ∈ Γ, τ(γ) is an isometry of R2 (i.e., a rotation, reflection or combinations299

thereof). We refer to τ(Γ) as a symmetry group and call its elements τ(γ),300

γ ∈ Γ, symmetry operations. We use a version of the standard Schoenflies301

notation for symmetry groups and operations in the plane (Altmann and302

Herzig , 1994).303

The relevant symmetry operations are the identity, denoted by id, rota-304

tions by 2π
n
, n ∈ N, about the origin, denoted by Cn, and reflections in lines305

through the origin, denoted by σ.306

The symmetry groups that can be created from these operations are the307

infinite sets Cn and Cnv for all n ∈ N. Cn is the cyclic group generated by308

Cn, and Cnv is the dihedral group generated by a pair {Cn, σ}. The reflection309

group C1v is usually denoted by Cs. It is recommended that readers unfamiliar310

with this refer to Millar et al. (2021) for a further description of this.311

A graph G = (V,E) is called Γ-symmetric (with respect to ϕ) if there312

exists a homomorphism (i.e. group action) ϕ : Γ → Aut(G), where Aut(G)313

denotes the automorphism group of G. For simplicity, we usually denote314

ϕ(γ)(i) as γi for any γ ∈ Γ and i ∈ V . Note that each automorphism ϕ(γ)315

of G induces a permutation of the edges of G, and we again simply write γe316

for ϕ(γ)e for any γ ∈ Γ and e ∈ E.317

For a Γ-symmetric graph G, a framework (G, p) in R2 is called τ(Γ)-
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symmetric if

τ(γ)pi = pγi for all i ∈ V and all γ ∈ Γ.

See Figures 5(a) and (b) for examples of Cs-symmetric frameworks, where318

Cs = τ(Z2) for Z2 = {0, 1}.319

The definition of a τ(Γ)-symmetric generalised framework (G, p, q) is as320

above, with the added condition that if a bar e = ij has length zero (i.e.,321

pi = pj), then τ(γ)(qe) = −qe if γi = j and γj = i, and τ(γ)(qe) = qγe322

otherwise.323

A representation of a group Γ is a homomorphism from Γ to the general324

linear group of some (real or complex) vector space. The dimension of the325

representation is the dimension of that vector space. Every group has a326

set of irreducible representations, which can be found in standard tables327

(see Altmann and Herzig (1994) for example). We denote the irreducible328

representations (over the complex numbers) of a group by ρ0, . . . , ρr, where ρ0329

always denotes the trivial (or fully-symmetric) representation which assigns330

1 to each element of the group.331

In this paper, we will focus on Abelian groups Γ, i.e. groups whose332

group operations are commutative. These are the groups that only have333

one-dimensional irreducible representations over the complex numbers. In334

other words, ρt(γ) is a (possibly complex) scalar for any t ∈ {0, . . . , r} and335

γ ∈ Γ. In this case, the number of elements in Γ equals r + 1, the number336

of irreducible representations. (The groups corresponding to Cnv, n ≥ 3, are337

not Abelian and will be considered in Section 6.3.) So suppose ρ0, . . . , ρr338
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are all one-dimensional. Then, for a τ(Γ)-symmetric framework (G, p) and339

t ∈ {0, . . . , r}, an assignment x : V → C2 of (velocity or displacement)340

vectors, with one vector xi = x(i) to each joint pi of (G, p), is called ρt-341

symmetric if342

τ(γ)xi = ρt(γ)xγi for all γ ∈ Γ and all i ∈ V. (2.4)

Similarly, an assignment ω : E → R of scalars, with one scalar ωe = ω(e) to343

each edge e, is called ρt-symmetric if344

ωe = ρt(γ)ωγe for all γ ∈ Γ and all e ∈ E. (2.5)

In particular, an assignment of velocity or displacement vectors to the vertices345

of a τ(Γ)-symmetric framework (G, p) is called fully-symmetric if it is ρ0-346

symmetric. Such a fully-symmetric vector assignment has the property that347

the vectors remain unchanged under all symmetry operations of τ(Γ) since348

ρ0(γ) = 1 for all γ ∈ Γ. See Figure 5(a) and (d) for an example of a fully-349

symmetric infinitesimal motion and a fully-symmetric parallel displacement,350

respectively.351

Similarly, an assignment of scalars to the edges of (G, p) (say the set352

of force-densities in the framework) is called fully-symmetric if it is ρ0-353

symmetric. Such a fully-symmetric scalar assignment has the property that354

all edges in the same edge orbit under the group action are given the same355

scalar.356

Example 2.1. Consider the frameworks with Cs symmetry in Figures 5(a)357
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and (b). The reflection group Cs has two irreducible representations. One is358

the fully-symmetric representation ρ0 and the other one is the anti-symmetric359

representation ρ1 that assigns 1 to the identity operation and −1 to the re-360

flection. The framework in (a) has a fully-symmetric infinitesimal motion,361

whereas the one in (b) has a ρ1-symmetric or anti-symmetric infinitesimal362

motion, since the velocity vectors are all reversed by the reflection (recall363

Equation (2.4)). Turning the velocity vectors in (a) and (b) by 90 degrees364

in counterclockwise direction gives parallel displacement vectors resulting in365

parallel drawings of the frameworks in (a) and (b). The displacement (and366

hence the resulting parallel drawing) in (c) is anti-symmetric, whereas the367

one in (d) is fully-symmetric.368

(a) (b) (c) (d)

Figure 5: (a),(b): Two frameworks in R2 with the same underlying graph G and reflection
symmetry Cs (but with different homomorphisms ϕ : V → Aut(G)). The framework in
(a) has a fully-symmetric infinitesimal motion and the one in (b) has an anti-symmetric
infinitesimal motion. The corresponding parallel displacement vectors for the motions in
(a) and (b) are anti-symmetric (c) and fully-symmetric (d), respectively.

Let (G, p) be a τ(Γ)-symmetric framework and let ρ0, . . . , ρr be the irre-369

ducible representations of τ(Γ). Then the space of non-trivial infinitesimal370

motions of (G, p), M , can be written as the direct sum M = M0 ⊕ · · · ⊕Mr,371

where for each t = 0, . . . , r, Mt is the space of ρt-symmetric non-trivial372

infinitesimal motions of (G, p). Similarly, the space of trivial infinitesimal373
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motions of (G, p), T , can be written as T = T0 ⊕ · · · ⊕ Tr, where Tt is the374

space of ρt-symmetric trivial infinitesimal motions of (G, p) (Schulze , 2010a).375

We denote the dimension of the space Mt as mt, so that m =
∑r

t=0mt.376

Analogously, the space of non-trivial parallel displacements of (G, p), D,377

can be written as D = D0 ⊕ · · · ⊕Dr, where for each t = 0, . . . , r, Dt is the378

space of ρt-symmetric non-trivial parallel displacements of (G, p). Further,379

the space of trivial parallel displacements of (G, p), C, can be written as380

C = C0⊕· · ·⊕Cr, where for each t = 0, . . . , r, Ct is the space of ρt-symmetric381

trivial parallel displacements of (G, p). A parallel drawing of (G, p) resulting382

from a ρt-symmetric parallel displacement is also called ρt-symmetric.383

Finally, the space of self-stresses of (G, p), S, can also be written as384

S = S0⊕· · ·⊕Sr, where for each t = 0, . . . , r, St is the space of ρt-symmetric385

self-stresses of (G, p) (Schulze , 2010a). We denote the dimension of the space386

St as st, so that s =
∑r

t=0 st. This means that all fully symmetric states of387

self-stress lie in S0 and all states of self-stress with symmetry t lie in St. The388

same applies to non-trivial infinitesimal motions or parallel displacements.389

3. Mirror symmetry390

3.1. Refined Maxwell-Cremona correspondence for mirror symmetry391

For frameworks with reflection symmetry, turning vectors by 90 degrees392

takes fully-symmetric parallel drawings to anti-symmetric infinitesimal mo-393

tions and vice versa.394

Theorem 3.1. Let (G, p) be a plane framework with reflection symmetry395

group Cs. Then396
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� (G, p) has a non-trivial fully-symmetric infinitesimal motion if and only397

if it has a non-trivial anti-symmetric parallel drawing.398

� (G, p) has a non-trivial anti-symmetric infinitesimal motion if and only399

if it has a non-trivial fully-symmetric parallel drawing.400

Proof. Let Cs = τ(Z2) for Z2 = {0, 1}. Suppose that the mirror line

of the reflection σ ∈ Cs is the y-axis and that the image of a vertex i of G

under the action induced by the reflection is the vertex i′. In other words,

ϕ(1)i = i′. Then, by Equation (2.4), an infinitesimal motion u : V → R2 is

fully-symmetric if

−1 0

0 1

ui = ui′ for all i ∈ V.

If we turn each ui by 90 degrees in counterclockwise direction, then the veloc-

ity vector ui = (xi, yi)
T becomes the displacement vector di =

0 −1

1 0

ui =

(−yi, xi)
T for each i, and hence we have

ui =

 0 1

−1 0

 di

for each i. Thus, we have

di′ =

0 −1

1 0

ui′ =

 0 −1

−1 0

ui =

 0 −1

−1 0


 0 1

−1 0

 di = −

−1 0

0 1

 di for all i ∈ V,

which says that the parallel drawing corresponding to the displacement d :401
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V → R2 is anti-symmetric. Similarly, we see that u is anti-symmetric if and402

only if d is fully-symmetric.403

Finally, note that if we consider the space of trivial infinitesimal motions404

(where the mirror line is again assumed to be the y-axis), then we have the405

following correspondences:406

� A fully-symmetric infinitesimal translation (along the y-axis) corre-407

sponds to an anti-symmetric trivial parallel drawing (translated draw-408

ing);409

� An anti-symmetric infinitesimal translation (along the x-axis) corre-410

sponds to a fully-symmetric trivial parallel drawing (translated draw-411

ing);412

� An anti-symmetric infinitesimal rotation corresponds to a fully-symmetric413

dilation.414

This gives the result. □415

Recall that m and m∗ denote the dimensions of the spaces of non-trivial416

infinitesimal motions of a framework and its reciprocal, respectively. Simi-417

larly, s and s∗ denote the dimensions of the spaces of self-stresses of a frame-418

work and its reciprocal, respectively. If the framework has reflection symme-419

try, then the motion space M and stress space S decompose as M = M0⊕M1420

and S = S0 ⊕ S1, where M0 and S0 are the spaces of fully-symmetric non-421

trivial infinitesimal motions and self-stresses, respectively, and M1 and S1422

are the spaces of anti-symmetric non-trivial infinitesimal motions and self-423

stresses, respectively (recall Section 2 for the definitions). This means sym-424

metric states of self-stress lie in S0 and antisymmetric states of self-stress425

22



lie in S1 (the same logic applies to the space of infinitesimal motions). The426

dimension of Mt and St are denoted by mt and st, respectively. Similarly,427

if the reciprocal framework has reflection symmetry, then the motion space428

M∗ and stress space S∗ decompose as M∗ = M∗
0 ⊕M∗

1 and S∗ = S∗
0 ⊕S∗

1 and429

the dimensions of the spaces M∗
t and S∗

t are denoted by m∗
t and s∗t .430

It is known from Steinitz’s theorem that the graphs of three-dimensional431

convex polyhedra are exactly the vertex 3-connected planar graphs. (See432

Grünbaum (2003), for example.) In the following we will make the assump-433

tion that the graphs under consideration are such polyhedral graphs. This434

is a standard assumption in graphic statics, as one is usually interested in435

polyhedral liftings of the graphs into 3-space.436

Corollary 3.2. Let G be a polyhedral graph and let (G, p) be a plane frame-437

work with reflection symmetry, σ. If (G, p) has a fully-symmetric non-trivial438

self-stress, then the corresponding reciprocal framework (G∗, q) also has re-439

flection symmetry and a fully-symmetric non-trivial self-stress. In addition,440

we have:441

� s0 = m∗
1 + 1 and s∗0 = m1 + 1;442

� s1 = m∗
0 and s∗1 = m0.443

Proof. Let (G, p) be a Cs-symmetric framework with a fully-symmetric444

self-stress ω. Recall from Section 2.2 that the reciprocal framework of (G, p)445

corresponding to ω, (G∗, q), is obtained by forming a closed polygon for each446

vertex of (G, p) in such a way that each edge ij of the polygon is perpendicular447

to the original edge of (G, p) and has length ||ω(ij)(pi−pj)||. These polygons448

23



are then assembled edge to edge to obtain (G∗, q). Recall also Figure 3.449

Since ω is fully-symmetric, the polygon corresponding to a vertex that lies450

on the mirror line has the same reflection symmetry as (G, p). Moreover, the451

polygons corresponding to vertices of (G, p) that are images of each other452

under the reflection are also images of each other under the reflection. Thus,453

by construction, (G∗, q) is also Cs-symmetric.454

Note that, by the theory of reciprocal frameworks, (G, p) has a non-455

trivial self-stress if and only if it has a reciprocal framework (see (Crapo and456

Whiteley , 1993, Theorem 3.2), for example). So since (G, p) is the reciprocal457

framework of (G∗, q), it follows that (G∗, q) has a non-trivial self-stress, and458

by the symmetry of (G, p) and the argument from above used in reverse, this459

self-stress is also fully-symmetric.460

It remains to show that any additional independent fully-symmetric self-461

stress of (G∗, q) contributing to s∗0 corresponds to a non-trivial anti-symmetric462

infinitesimal motion of (G, p) contributing to m1. (Analogously it then fol-463

lows that any additional independent fully-symmetric self-stress of (G, p)464

contributing to s0 corresponds to a non-trivial anti-symmetric infinitesimal465

motion of (G∗, q) contributing to m∗
1.) If (G∗, q) has another fully-symmetric466

non-trivial self-stress, then this corresponds to a non-trivial fully-symmetric467

parallel drawing of (G, p) (again by the construction of reciprocals). By468

Theorem 3.1, this in turn corresponds to a non-trivial anti-symmetric in-469

finitesimal motion of (G, p). Thus, we have s∗0 = m1 + 1 (and analogously,470

s0 = m∗
1 + 1). This means that the number of symmetric states of self-stress471

in the reciprocal figure is equal to the number of anti-symmetric infinitesimal472

motions of the original framework, plus one.473

24



Similarly, Theorem 3.1 also gives the other two equations. □474

Combining the equations in Corollary 3.2, we obtain s0+m0 = s∗1+m∗
1+1475

and s1 +m1 = s∗0 +m∗
0 − 1.476

As observed by Maxwell in 1864, a plane framework on a polyhedral477

graph has a self-stress if and only if it is the vertical projection of a plane-478

faced polyhedron in 3-space (Maxwell , 1864, 1870). The force in each bar is479

given by the change in slope over the corresponding edge in the polyhedron480

(positive weights correspond to convex dihedral angles and negative weights481

to concave dihedral angles). See e.g. Maxwell (1870); Borcea and Streinu482

(2015). Therefore, a fully-symmetric self-stress corresponds to a polyhedral483

lifting (or discrete Airy stress function) that has the same symmetry group (in484

3-space) as the original plane framework. Moreover, in the case of reflection485

symmetry, an anti-symmetric self-stress corresponds to a polyhderal lifting486

that no longer has reflection symmetry, but is anti-symmetric in the sense487

that the reflection exchanges convex and concave dihedral angles.488

By Corollary 3.2, it follows that any anti-symmetric non-trivial infinites-489

imal motion (or fully-symmetric non-trivial parallel drawing) of the recipro-490

cal framework corresponds to a mirror-symmetric polyhedral lifting of the491

original framework. Similarly, any fully-symmetric non-trivial infinitesimal492

motion (or anti-symmetric non-trivial parallel drawing) of the reciprocal493

framework corresponds to an anti-symmetric polyhedral lifting of the original494

framework.495

We will see in Section 7 how fully-symmetric and anti-symmetric infinites-496

imal motions can be found very efficiently via Maxwell-type counts on the497
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corresponding quotient graphs.498

3.2. Example499

p1 p′1

p2

p3

p4 p′4

a

b

c c′d

σ
(a)

a

b

c′ c
d

σ
(b)

σ
(c)

σ
(d)

Figure 6: The self-stressed Cs-symmetric plane framework with a fully-symmetric self-
stress in (a) has the reciprocal framework (b). This reciprocal framework in (b) has two
fully-symmetric self-stresses, i.e. s∗0 = 2. Since we have s∗0 = m1 + 1 by Corollary 3.2 the
additional self-stress shows up as a fully-symmetric parallel drawing (c) and a correspond-
ing anti-symmetric infinitesimal motion (m1 = 1) in the original framework (d).

The underlying graph of the framework in Figure 6(a) is the planar graph500

corresponding to a triangular prism in 3-space. While basic plane rigidity501

results show that such a graph G = (V,E) with |E| = 9, |V | = 6, and502

|E| = 2|V | − 3 is isostatic (i.e., infinitesimally rigid with no self-stress or s =503

m = 0) for a generic configuration, with mirror symmetry the resulting count504

of vertex and edge orbits (see Schulze and Whiteley (2011) and Examples 7.2505

and 7.5 in Section 7) or an analysis via the symmetry-extended Maxwell rule506

(Fowler and Guest , 2000; Schulze , 2010a), predicts a fully-symmetric self-507

stress and an anti-symmetric infinitesimal motion (s = m = 1). Note that508

this is a Desargues configuration.509

Drawn with mirror symmetry as in Figure 6(a), where the reflection is510

denoted by σ, this framework has a reciprocal framework shown in (b) that511
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also has reflection symmetry, as guaranteed by Corollary 3.2. Note that the512

reciprocal, with count |E| = 9, |V | = 5, and |E| = 9 > 7 = 2|V | − 3, has a513

2-dimensional space of self-stresses, which are both fully-symmetric. By the514

discussion above, this larger space of fully-symmetric self-stresses of the re-515

ciprocal framework guarantees that there is a non-trivial fully-symmetric par-516

allel drawing of the original framework (Figure 6(c)). This fully-symmetric517

parallel drawing corresponds to a non-trivial infinitesimal motion of the orig-518

inal framework that is anti-symmetric (Figure 6(d)).519

Overall, we have s0 = m1 = 1, s1 = m0 = 0, s∗0 = 2, s∗1 = 0 and520

m∗
0 = m∗

1 = 0 for this example.521

Note that since s0 = 1 and s∗0 = 2, the original framework has one522

polyhedral lifting with reflection symmetry, whereas the reciprocal framework523

has two such liftings.524

4. Half-turn symmetry525

4.1. Refined Maxwell-Cremona correspondence for half-turn symmetry526

Since the group C2 has the same underlying abstract group Z2 as Cs,527

it has also only two irreducible representations, namely the fully-symmetric528

representation ρ0 and the anti-symmetric representation ρ1 which assigns529

1 to the identity operation and −1 to the half-turn. For frameworks with530

half-turn symmetry in the plane, turning vectors by 90 degrees preserves531

the symmetry type of the corresponding infinitesimal motions and parallel532

drawings.533

Theorem 4.1. Let (G, p) be a plane framework with half-turn symmetry534

group C2. Then535
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� (G, p) has a non-trivial fully-symmetric infinitesimal motion if and only536

if it has a non-trivial fully-symmetric parallel drawing.537

� (G, p) has a non-trivial anti-symmetric infinitesimal motion if and only538

if it has a non-trivial anti-symmetric parallel drawing.539

Proof. Let C2 = τ(Z2) for Z2 = {0, 1}. Let the image of a vertex i

of G under the action induced by the half-turn be denoted by i′. In other

words, ϕ(1)i = i′. By Equation (2.4), an infinitesimal motion u : V → R2 is

fully-symmetric if

−1 0

0 −1

ui = −ui = ui′ for all i ∈ V.

If we turn each ui by 90 degrees in counterclockwise direction, then the veloc-

ity vector ui = (xi, yi)
T becomes the displacement vector di =

0 −1

1 0

ui =

(−yi, xi)
T for each i, and hence we have

ui =

 0 1

−1 0

 di

for each i. Thus, we have

di′ =

0 −1

1 0

ui′ =

 0 1

−1 0

ui =

 0 1

−1 0


 0 1

−1 0

 di = −di for all i ∈ V,

which says that the parallel drawing corresponding to the displacement d :540

V → R2 is also fully-symmetric. Similarly, it is easy to verify that u is541
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anti-symmetric if and only if d is also.542

Finally, note that if we consider the space of trivial infinitesimal motions,543

then we have the following correspondences:544

� A fully-symmetric infinitesimal rotation corresponds to a fully-symmetric545

dilation;546

� An anti-symmetric infinitesimal translation corresponds to an anti-547

symmetric parallel drawing (translated drawing).548

This gives the result. □549

From Theorem 4.1 we obtain:550

Corollary 4.2. Let G be a polyhedral graph and let (G, p) be a plane frame-551

work with half-turn symmetry. If (G, p) has a fully-symmetric non-trivial552

self-stress, then the corresponding reciprocal framework (G∗, q) also has half-553

turn symmetry and a fully-symmetric non-trivial self-stress. In addition, we554

have:555

� s0 = m∗
0 + 1 and s∗0 = m0 + 1;556

� s1 = m∗
1 and s∗1 = m1.557

Proof. Let (G, p) be a C2-symmetric framework with a fully-symmetric558

self-stress ω. As in the proof of Corollary 3.2, we consider the construc-559

tion of the reciprocal using polygons of forces for each vertex. Since ω is560

fully-symmetric, the polygon of forces corresponding to a vertex that lies on561

the centre of rotation (the origin) must have half-turn symmetry. The poly-562

gons corresponding to vertices of (G, p) that are images of each other under563
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the half-turn are also images of each other under the half-turn. Thus, by564

construction, (G∗, q) is also C2-symmetric.565

As shown in (Crapo and Whiteley , 1993, Theorem 3.2), (G, p) has a non-566

trivial self-stress if and only if it has a reciprocal framework. So since (G, p)567

is the reciprocal framework of (G∗, q), it follows that (G∗, q) has a non-trivial568

self-stress, and by the symmetry of (G, p) and the argument from above used569

in reverse, this self-stress is also fully-symmetric.570

It remains to show that any additional independent fully-symmetric self-571

stress of (G∗, q) contributing to s∗0 corresponds to a non-trivial fully-symmetric572

infinitesimal motion of (G, p) contributing to m0. (Analogously it then fol-573

lows that any additional independent fully-symmetric self-stress of (G, p)574

contributing to s0 corresponds to a non-trivial fully-symmetric infinitesimal575

motion of (G∗, q) contributing to m∗
0.) If (G∗, q) has another fully-symmetric576

non-trivial self-stress, then this corresponds to a non-trivial fully-symmetric577

parallel drawing of (G, p) (again by the construction of reciprocals). By578

Theorem 4.1, this in turn corresponds to a non-trivial fully-symmetric in-579

finitesimal motion of (G, p). Thus, we have s∗0 = m0 + 1 (and analogously,580

s0 = m∗
0 + 1). This means that the number of fully-symmetric states of581

self stress in the reciprocal figure is equal to the number of fully-symmetric582

infinitesimal motions of the original framework, plus one.583

Similarly, Theorem 4.1 also gives the other two equations. □584

Combining the equations in Corollary 4.2, we obtain s0 +m0 = s∗1 +m∗
1585

and s1 +m1 = s∗0 +m∗
0.586

As in the reflection case, a fully-symmetric self-stress in a plane framework587
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with half-turn symmetry on a polyhedral graph corresponds to a polyhedral588

lifting that also has half-turn symmetry. Moreover, an anti-symmetric self-589

stress corresponds to a polyhedral lifting that is anti-symmetric, in the sense590

that the half-turn exchanges convex and concave dihedral angles.591

By Corollary 4.2, it follows that any fully-symmetric non-trivial infinites-592

imal motion (or fully-symmetric non-trivial parallel drawing) of the recip-593

rocal framework corresponds to a half-turn-symmetric polyhedral lifting of594

the original framework. Similarly, any anti-symmetric non-trivial infinitesi-595

mal motion (or anti-symmetric non-trivial parallel drawing) of the reciprocal596

framework corresponds to an anti-symmetric polyhedral lifting of the original597

framework.598

For an efficient method for finding fully- and anti-symmetric infinitesimal599

motions, we again refer the reader to Section 7.600

4.2. Example601

a

a′
b

b′

c

p1

p′1

p2

p′2

p0

(a)

b a′

b′a

c

(b)

Figure 7: The self-stressed C2-symmetric plane framework with a fully-symmetric self-
stress in (a) has the reciprocal framework (b). The reciprocal also has C2 symmetry and
a fully-symmetric self-stress.

The underlying graph G = (V,E) of the framework in Figure 7(a) is602
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the planar graph corresponding to a quadrilateral pyramid in 3-space. Since603

|E| = 8 > 7 = 2|V | − 3, basic plane rigidity results show that the framework604

in Figure 7(a) must have a self-stress (s = 1). Note that this framework has605

half-turn symmetry, and a symmetry analysis such as the one described in606

Section 7 (see Theorem 7.1) shows that the framework has a fully-symmetric607

self-stress (since |E| = 4 > 3 = 2|V ′| − 1 in this case, with the notation from608

Theorem 7.1).609

By the discussion above, the reciprocal framework corresponding to this610

self-stress also has half-turn symmetry and a fully-symmetric self-stress. See611

Figure 7(b). Since neither framework of the reciprocal pair has an infinites-612

imal motion, we have s0 = s∗0 = 1 and s1 = s∗1 = 0, by Corollary 4.2. The613

polyhedral lifting corresponding to the fully-symmetric self-stress for either614

framework retains the half-turn symmetry.615

5. Rotational symmetry Cn, n ≥ 3, in the plane616

5.1. Refined Maxwell-Cremona correspondence for rotational symmetry617

Let Zn = {0, . . . , n − 1} and for each γ ∈ Zn, let τ(γ) be the matrix618

representing the rotation about the origin by γ2π/n in the counterclockwise619

direction, i.e. τ(γ) =

cos γ2π
n

− sin γ2π
n

sin γ2π
n

cos γ2π
n

. This gives the symmetry group620

Cn = τ(Zn).621

When we work with complex numbers, the group Cn has n irreducible622

1-dimensional representations whose characters are denoted by ρt for t =623

0, . . . , n− 1. The representation ρt is defined by ρt(γ) = ϵtγ, where ϵ denotes624

the complex root of unity e
2π

√
−1

n .625
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Recall from Section 2.3 that for a Cn-symmetric framework (G, p), an626

assignment x : V → C2 satisfying τ(γ)xi = ϵtγxγi for all γ ∈ Zn and i ∈ V is627

called ρt-symmetric.628

Theorem 5.1. Let (G, p) be a plane framework with symmetry group Cn,629

n ≥ 3. Then for t ∈ {1, . . . , n − 1}, (G, p) has a non-trivial ρt-symmetric630

infinitesimal motion if and only if it has a non-trivial ρt-symmetric parallel631

drawing.632

Proof. Let t ∈ {0, 1, . . . , n − 1} and suppose the infinitesimal motion u633

is ρt-symmetric. As before, we have di =

0 −1

1 0

ui for all i ∈ V . For all634

γ ∈ Zn and i ∈ V we have635

dγi =

0 −1

1 0

uγi =

0 −1

1 0

 ϵ−tγτ(γ)ui

=

0 −1

1 0

 ϵ−tγτ(γ)

 0 1

−1 0

 di

= ϵ−tγτ(γ)di,

where the last equality holds because

0 −1

1 0

 τ(γ)

 0 1

−1 0

 = τ(γ). Thus,636

d is also ρt-symmetric as claimed.637

Finally, note that if we consider the space of trivial infinitesimal motions,638

then we have the following correspondences:639

� A fully-symmetric infinitesimal rotation corresponds to a fully-symmetric640

dilation;641
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� The space of infinitesimal translations is spanned by a ρ1- and a ρn−1-642

symmetric translation. These translations assign (1,
√
−1)T and (1,−

√
−1)T643

to each joint, respectively (Schulze and Tanigawa , 2015). A ρt-symmetric644

infinitesimal translation corresponds to a ρt-symmetric parallel drawing645

(translated drawing) for each t.646

This gives the result. □647

From Theorem 5.1 we obtain:648

Corollary 5.2. Let G be a polyhedral graph and let (G, p) be a plane frame-649

work with Cn symmetry for n ≥ 3. If (G, p) has a fully-symmetric non-trivial650

self-stress, then the corresponding reciprocal framework (G∗, q) also has Cn651

symmetry and a fully-symmetric non-trivial self-stress. In addition, we have:652

� s0 = m∗
0 + 1 and s∗0 = m0 + 1;653

� st = m∗
t and s∗t = mt for each t ∈ {1, . . . , n− 1}.654

We omit the proof as it is analogous to the proofs of Corollaries 3.2 and655

4.2.656

Note that when we work with real numbers, rather than complex numbers,657

then for each t ∈ {1, . . . , n − 1}, the pair of representations ρt and ρn−t658

of Cn combine to a 2-dimensional irreducible representation (see Altmann659

and Herzig (1994), for example). Since velocity or parallel displacement660

vectors in practical applications do not have complex entries, it is natural to661

consider these 2-dimensional real irreducible representations by pairing up ρt662

and ρn−t and adding up the corresponding counts in Corollary 5.2 for each663
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t. However, the complexification of the vector spaces reveals the even more664

refined symmetry-adapted counts given above.665

5.2. Example666
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Figure 8: (a) A C3-symmetric framework with a fully-symmetric self-stress (and a fully-
symmetric infinitesimal motion shown in (b)). The reciprocal framework shown in (c) also
has C3 symmetry. It has two (non-adjacent) coincident vertices at the origin (namely the
ones corresponding to the faces c and d in (a)) as well as overlapping edges, so that not
all vertices and edges are shown in the figure.

Consider the underlying graph G = (V,E) of the framework (G, p) in667

Figure 8(a). It has |E| = 15 and |V | = 9, and hence it satisfies the isostatic668

count |E| = 2|V |−3. For generic configurations, the framework is in fact iso-669

static (s = m = 0). However, if realised with C3 symmetry as in Figure 8(a),670
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the framework (G, p) has a fully-symmetric self-stress and a fully-symmetric671

infinitesimal motion, so that s0 = m0 = 1 and st = mt = 0 for t = 1, 2.672

Note that the C3 symmetry is not enough to destroy isostaticity; in fact,673

almost all realisations of G as a plane framework with C3 symmetry re-674

main isostatic. Thus, even the symmetry-extended Maxwell rule (Fowler675

and Guest , 2000; Schulze , 2010a) or the results in Section 7 applied to676

the symmetry group C3 do not predict any infinitesimal motion or self-stress677

of (G, p). The infinitesimal motion and self-stress of (G, p) appear because678

the set of four points p1, p3, p
′
2, p

′
3 (and symmetrically, the sets p′1, p

′
3, p

′′
2, p

′′
3679

and p′′1, p
′′
3, p2, p3) forms a parallelogram, so that the triangle p1p2p3 and its680

two symmetric copies can each rotate in a symmetric fashion (Schulze and681

Whiteley , 2011).682

We may construct the reciprocal framework (G∗, q) of (G, p) correspond-683

ing to the fully-symmetric self-stress; see Figure 8(c). By Corollary 5.2, it684

also has C3 symmetry and it has two fully-symmetric self-stresses: s∗0 = 2.685

Moreover, we may conclude from Corollary 5.2 that m∗
0 = 0 and s∗t = m∗

t = 0686

for t = 1, 2. The additional fully-symmetric self-stress in (G∗, q) appears,687

because it corresponds to a fully-symmetric parallel drawing of the original688

framework (G, p), which in turn corresponds to a fully-symmetric infinitesi-689

mal motion of (G, p), by Theorem 5.1.690

Conversely, using the orbit counts in Section 7, we can detect that the691

framework (G∗, q) has two fully-symmetric self-stresses (since |E| = 5, with692

E = {ab, ab′, ac, ad, bd} and 2|V ′|−1 = 3 in the notation of Theorem 7.1). Us-693

ing Corollary 5.2, this tells us that the framework (G, p) has a fully-symmetric694

infinitesimal motion, since m0 = s∗0 − 1. Similarly, since m∗
0 = 0, we see that695
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(G, p) has exactly one fully-symmetric state of self-stress.696

Note that since s0 = 1 and s∗0 = 2, the original framework has one697

polyhedral lifting with C3 symmetry, whereas the reciprocal framework has698

two such liftings.699

6. Dihedral symmetry in the plane700

We now discuss the dihedral groups which are commonly found in engi-701

neering structures. We begin with the dihedral group C2v of order 4, which is702

special among the dihedral groups as it is the only dihedral group that only703

has one-dimensional irreducible representations over the complex numbers.704

6.1. Refined Maxwell-Cremona correspondence for C2v705

The characters of the four irreducible representations of C2v are shown706

in Table 1. The reflections σx and σy are the reflections in the x-axis and707

y-axis, respectively. For readers unfamiliar with this notation, please refer708

to Millar et al. (2021) for a full description.709

C2v id C2 σx σy

ρ0 1 1 1 1
ρ1 1 1 -1 -1
ρ2 1 -1 1 -1
ρ3 1 -1 -1 1

Table 1: The irreducible representations of C2v.

Theorem 6.1. Let (G, p) be a plane framework with symmetry group C2v.710

Then711
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� (G, p) has a non-trivial fully-symmetric infinitesimal motion if and only712

if it has a non-trivial ρ1-symmetric parallel drawing and vice versa.713

� (G, p) has a non-trivial ρ2-symmetric infinitesimal motion if and only714

if it has a non-trivial ρ3-symmetric parallel drawing and vice versa.715

Proof. This is an immediate consequence of Theorems 3.1 and 4.1. □716

Corollary 6.2. Let G be a polyhedral graph and let (G, p) be a plane frame-717

work with C2v symmetry. If (G, p) has a fully-symmetric non-trivial self-718

stress, then the corresponding reciprocal framework (G∗, q) also has C2v sym-719

metry and a fully-symmetric non-trivial self-stress. In addition, we have:720

� s0 = m∗
1 + 1 and s∗0 = m1 + 1;721

� s1 = m∗
0 and s∗1 = m0;722

� s2 = m∗
3 and s∗2 = m3;723

� s3 = m∗
2 and s∗3 = m2.724

The proof of Corollary 6.2 is again analogous to the one of Corollaries 3.2725

and 4.2, so we omit the details. If (G, p) has a fully-symmetric self-stress,726

then, by construction, (G∗, q) also has C2v symmetry and a fully-symmetric727

self-stress. If (G∗, q) has an additional independent fully-symmetric non-728

trivial self-stress, then this corresponds to a non-trivial fully-symmetric par-729

allel drawing of (G, p). By Theorem 6.1, this in turn corresponds to a non-730

trivial ρ1-symmetric infinitesimal motion of (G, p). Thus, we have s∗0 = m1+1731

(and analogously, s0 = m∗
1 + 1).732
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Similarly, if (G∗, q) has an additional independent ρ1-, ρ2-, or ρ3-symmetric733

non-trivial self-stress, then this corresponds to a non-trivial ρ1-, ρ2-, or ρ3-734

symmetric parallel drawing of (G, p), respectively. By Theorem 6.1, these in735

turn correspond to non-trivial ρ0-, ρ3- and ρ2-symmetric infinitesimal motions736

of (G, p), respectively.737

6.2. Example738

b1

b2

b3

b4

a1

a2

a3

a4

c1

c2

c3

c4

d1

d2

e1

e2

f

Figure 9: A framework with C2v symmetry which has 2 fully-symmetric self-stresses, a
ρ2-symmetric self-stress and a ρ1-symmetric infinitesimal motion.

We illustrate Corollary 6.2 by applying it to the framework shown in739

Figure 9.740

The underlying graph G = (V,E) of the framework (G, p) in Figure 9741

has |V | = 16 and |E| = 31, and hence we have |E| = 2|V | − 1. Thus, (G, p)742

must have at least two independent self-stresses (s ≥ 2). A more detailed743

symmetry analysis using the group C2v reveals that (G, p) has two fully-744

symmetric self-stresses and another ρ2-symmetric self-stress, as well as a ρ1-745

symmetric infinitesimal motion. This can be seen by applying the symmetry-746

extended Maxwell rule (Fowler and Guest , 2000; Millar et al. , 2021; Schulze747

et al. , 2022; Schulze , 2010a), but it can also be verified more directly748

using the orbit counts described in Section 7 (see Example 7.8 for a detailed749
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discussion of this example). So for (G, p) we have s0 = 2, s2 = 1 and750

s1 = s3 = 0, as well as m1 = 1 and m0 = m2 = m3 = 0.751

For each of the three self-stresses, we may construct the corresponding752

reciprocal diagram. Since two of the self-stresses are fully-symmetric, two of753

the reciprocal frameworks again have C2v symmetry, by Corollary 6.2 (see754

Figure 10(a) and (b)). The third self-stress is ρ2-symmetric and hence (by755

definition of ρ2) it is fully-symmetric with respect to the reflection in the hori-756

zontal mirror (but anti-symmetric with respect to the vertical mirror and the757

half-turn). Thus, the corresponding reciprocal framework only has Cs sym-758

metry, where the reflection in Cs is in the horizontal mirror (see Figure 10(c)).759

Note that all three reciprocal frameworks are generalised frameworks, as they760

contain bars of length zero.761

A state of self-stress of the original framework can be any linear combina-762

tion of the three states of self-stress. The corresponding reciprocal diagram763

is a linear combination of the three individual reciprocal diagrams; the nodal764

coordinates are combined linearly and the framework bars are drawn between765

them. All bars remain perpendicular to the original bars of the framework.766

Therefore, the reciprocal is not unique (if there is only one state of self-stress767

then the reciprocal is unique up to translation and scaling). Furthermore,768

if we restrict to the two fully-symmetric states of self-stress, then any linear769

combination results in a reciprocal diagram which is also fully-symmetric.770

The same applies generally for ρt-symmetric self-stresses.771

If we consider a fully-symmetric self-stress of (G, p), then, by Corol-772

lary 6.2, for the corresponding reciprocal framework (Figure 10(a) and (b))773

we may conclude that s∗0 = 2 and s∗1 = s∗2 = s∗3 = 0, as well as m∗
1 = m∗

3 = 1774
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b1, b2 b3, b4

a1
d1

a3

a2 a4
d2

ci ei
f

(a)

c1 c3
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b1, b3, e1

b2, b4, e2

ai di, f

(b)
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bidi, ei ci, f

(c)

Figure 10: The reciprocal (generalised) frameworks of the example in Figure 9 correspond-
ing to the two fully-symmetric self-stresses (a), (b) and the ρ2-symmetric self-stress (c).
Note that each reciprocal framework has some coincident vertices and overlapping edges,
as well as edges of length zero, so not all vertices and edges are shown in the figure. The
labelled vertices correspond to the faces with the same labels in the original framework in
Figure 9.
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and m∗
0 = m∗

2 = 0. In other words, the reciprocal framework has two fully-775

symmetric self-stresses as well as a ρ1- and ρ3-symmetric infinitesimal mo-776

tion. The additional fully-symmetric self-stress in the reciprocal framework777

appears, because it corresponds to a fully-symmetric parallel drawing of the778

original framework (G, p), which in turn corresponds to a ρ1-symmetric in-779

finitesimal motion of (G, p), by Theorem 6.1.780

Conversely, using the orbit counts in Section 7, we can detect that the781

reciprocal framework has two fully-symmetric self-stresses and an infinitesi-782

mal motion of symmetry type ρ1 and ρ3 (see Example 7.9 for details), from783

which we can deduce the rigidity properties of the original framework (G, p)784

using Corollary 6.2.785

As mentioned above, the third self-stress of (G, p) is not fully-symmetric786

but ρ2-symmetric. The kernel of ρ2 (i.e. the subgroup of C2v consisting of all787

elements that are mapped to 1 under ρ2) is the reflection group Cs. In this788

case, we can still use our methods to analyse the reciprocal pair using the Cs789

symmetry (see Figure 10(c)). For the Cs-symmetric reciprocal framework of790

(G, p) corresponding to the ρ2-symmetric self-stress of (G, p), the symmetry791

analysis carried out in Example 7.9 shows that it has two-fully-symmetric792

self-stresses and two anti-symmetric infinitesimal motions. Thus, we can use793

Corollary 3.2 to detect that (G, p) has three fully-symmetric self-stresses, and794

hence three mirror-symmetric polyhedral liftings, and one anti-symmetric795

infinitesimal motion (s∗0 = 3, m∗
1 = 1, s∗1 = m∗

0 = 0).796
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6.3. The groups Cnv, n ≥ 3797

The analysis above immediately extends to dihedral groups of higher798

order. A key difference to the groups discussed so far is that the dihedral799

groups Cnv with n ≥ 3 also have 2-dimensional irreducible representations800

over the complex numbers.801

For example, the group C3v, which is the symmetry group of an equilat-802

eral triangle in the plane and consists of the identity, two counter-clockwise803

rotations about the origin by 120 and 240 degrees, and three reflections, has804

three irreducible representations: the 1-dimensional fully-symmetric repre-805

sentation ρ0 that assigns 1 to each group element, the 1-dimensional repre-806

sentation ρ1 that assigns 1 to the identity and the two rotations, and −1 to807

the three reflections, and the 2-dimensional representation ρ2 that assigns to808

each of the six isometries in C3v the corresponding 2 × 2 orthogonal matrix809

(with respect to a fixed basis of R2).810

As for the symmetry groups discussed above, given a τ(Γ)-symmetric811

framework (G, p), where τ(Γ) = Cnv for some n ≥ 3, the spaces M and D of812

non-trivial infinitesimal motions and parallel displacements of (G, p) can be813

decomposed as M = M0 ⊕ · · · ⊕Mr′ and D = D0 ⊕ · · · ⊕Dr′ , where r′ + 1814

is the number of conjugacy classes of τ(Γ) and Mt and Dt are the spaces of815

ρt-symmetric non-trivial infinitesimal motions and parallel displacements of816

(G, p), respectively. The same is true for the spaces of trivial infinitesimal817

motions and parallel displacements. For the 1-dimensional representations818

ρt, such ρt-symmetric vector assignments have been defined in Section 2.3.819

To extend this definition to 2-dimensional representations, we need some820

further terminology from group representation theory.821

43



For a group representation Φ : Γ → GL(Cn), a subspace U ⊆ Cn is called822

Φ-invariant if Φ(γ)(U) ⊆ U for all γ ∈ Γ. For a τ(Γ)-symmetric framework823

(G, p), we let PV : Γ → GL(C|V |) be the representation that sends each824

element γ of Γ to the permutation matrix PV (γ) = [δi,γ(i′)]i,i′ that describes825

how τ(γ) permutes the vertices of (G, p). (Here δ denotes the Kronecker826

delta.) The representation PV ⊗ τ : Γ → GL(C2|V |) is the representation827

that assigns to each group element γ of Γ the Kronecker product of the828

permutation matrix PV (γ) and the orthogonal matrix τ(γ). The spaces Mt829

and Dt are then the (PV ⊗ τ)-invariant subspaces corresponding to ρt. For830

the 1-dimensional representations ρt this definition simplifies as described in831

Section 2.3. We refer the reader to Kangwai and Guest (2000); Schulze832

(2010a) for further details.833

Similarly, the space S of self-stresses of (G, p) can be decomposed as834

S = S0 ⊕ · · · ⊕ Sr′ , where St is the PE-invariant subspace corresponding to835

ρt, for t = 0, . . . , r′, and PE : Γ → GL(C|E|) is the representation that sends836

each element γ of Γ to the permutation matrix PE(γ) that describes how837

τ(γ) permutes the edges of (G, p).838

It is a routine calculation to verify the following result for the symmetry839

group C3v.840

Theorem 6.3. Let (G, p) be a plane framework with symmetry group C3v.841

Then842

� (G, p) has a non-trivial fully-symmetric infinitesimal motion if and only843

if it has a non-trivial ρ1-symmetric parallel drawing and vice versa.844

� (G, p) has a non-trivial ρ2-symmetric infinitesimal motion if and only845
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if it has a non-trivial ρ2-symmetric parallel drawing.846

Thus, we obtain the following result.847

Corollary 6.4. Let G be a polyhedral graph and let (G, p) be a plane frame-848

work with C3v symmetry. If (G, p) has a fully-symmetric non-trivial self-849

stress, then the corresponding reciprocal framework (G∗, q) also has C3v sym-850

metry and a fully-symmetric non-trivial self-stress. In addition, we have:851

� s0 = m∗
1 + 1 and s∗0 = m1 + 1;852

� s1 = m∗
0 and s∗1 = m0;853

� s2 = m∗
2 and s∗2 = m2.854

The corresponding results for dihedral groups Cnv with n ≥ 4 can be855

obtained analogously in a straightforward fashion.856

7. Orbit counts and simplified construction of reciprocal857

As we have seen, it is often useful to be able to detect ρt-symmetric in-858

finitesimal motions or self-stresses in symmetric frameworks. An efficient and859

powerful tool to do this is the symmetry-extended Maxwell rule, which was860

first established by Fowler and Guest in 2000 and is described in Fowler and861

Guest (2000); Schulze (2010a); Schulze et al. (2022). This rule is based on862

group representation theory and considers all symmetry types correspond-863

ing to the irreducible representations of the symmetry group simultaneously.864

Alternatively, one may focus on a particular irreducible representation ρt865

and employ a simpler and more direct analysis of whether there exist ρt-866

symmetric infinitesimal motions or self-stresses. In this section, we describe867
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how this can be done using the concept of a quotient graph (or orbit graph),868

starting with the fully-symmetric case (t = 0). We again focus on the case869

where all bar lengths are strictly positive. However, Example 7.9 shows how870

these counts can also be applied to generalised frameworks.871

7.1. Fully-symmetric orbit counts872

If a framework has no non-trivial ρ0-symmetric (or fully-symmetric) in-873

finitesimal motions (but possibly other types of non-trivial infinitesimal mo-874

tions), then the framework is said to be forced symmetric infinitesimally rigid.875

Further, if the framework is forced symmetric infinitesimally rigid and has876

no non-trivial fully-symmetric self-stresses, then it is called forced symmetric877

isostatic (Jordán et al. , 2016; Schulze and Whiteley , 2018b).878

Necessary conditions for a τ(Γ)-symmeric framework (G, p) to be forced879

symmetric isostatic in the plane have been established in Schulze and White-880

ley (2011); Jordán et al. (2016). These conditions are Maxwell-type counts881

for the quotient graph G = G/Γ of G, which is defined as follows.882

Let G be a Γ-symmetric graph (with respect to ϕ). Then the vertex883

set of the quotient graph G of G is the set of vertex orbits of G under the884

action of Γ. In other words, each vertex v of G represents the set of vertices885

{ϕ(γ)(v)| γ ∈ Γ} of G (the vertex orbit of v). Similarly, the edge set of G886

is the set of edge orbits of G under the action of Γ, with the edge e of G887

representing its edge orbit {ϕ(γ)(e)| γ ∈ Γ}.888

Note that G is a multi-graph which may contain parallel edges and loops.889

In particular, an edge orbit may be represented by a loop in G, since an edge890

in G may connect a vertex with another vertex in the same vertex orbit. See891
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Figure 11: A plane framework (G, p) with Cs symmetry and a fully symmetric self-stress
(a). The quotient graph of G is shown in (b). Since p4 and p′4 are images of each other
under the reflection, the corresponding vertices form one vertex orbit, which is represented
by the vertex labelled 4 in the quotient graph. The same is true for p1 and p′1. Each of the
vertices 2 and 3 forms a vertex orbit of size 1 (since p2 and p3 are fixed by the reflection).
The underlying graph of the Cs-symmetric reciprocal framework in (c) has the quotient
graph (d).

Figure 11(a) and (b) for an example of a Cs-symmetric framework and its892

corresponding quotient graph.893

For a Γ-symmetric graph (with respect to ϕ), we say that a vertex i894

is unshifted by an element γ in Γ if ϕ(γ)(i) = i. For a τ(Γ)-symmetric895

framework (G, p) (with no coincident joints) a vertex i of G is unshifted by896

a reflection if and only if the joint pi lies on the mirror line of the reflection.897

(This is the case for the joints p2 and p3 in Figure 11(a).) Similarly, a vertex898

of G is unshifted by a rotation if and only if the vertex lies on the centre of899

rotation (i.e. the origin). The set of vertices of the quotient graph G that900

correspond to vertices that are unshifted by a reflection σ or a rotation Cn,901

n ≥ 2, are denoted by Vσ and Vn, respectively. The set of ‘free’ vertices of G902

that correspond to orbits of vertices that are not unshifted is denoted by V ′.903

In Figure 11(b) we have |V ′| = {1, 4} and |Vσ| = {2, 3} and in Figure 11(d)904

we have |V ′| = {c} and |Vσ| = {a, b, d}, for example.905
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The theorem below summarizes necessary counts for symmetric frame-906

works to be forced symmetric isostatic. For the case when the group action907

is free on the vertex set (i.e. no vertices are unshifted by non-trivial sym-908

metry operations), these counts can be found in Jordán et al. (2016). Here909

we extend these counts to allow for vertices that are unshifted by non-trivial910

symmetry operations.911

In the following, for sets A and B of vertices, we write A \ B for the set912

of vertices that lie in A but not in B.913

Theorem 7.1. Let (G, p) be a τ(Γ)-symmetric forced symmetric isostatic914

framework in the plane and let G = (V ,E) be the quotient graph of G. Then915

the following hold.916

� If τ(Γ) = Cs then |E| = 2|V ′|+ |Vσ| − 1.917

� If τ(Γ) = Cn, n ≥ 2, then |E| = 2|V ′| − 1.918

� If τ(Γ) = C2nv, n ≥ 1 then |E| = 2|V ′| + |Vσ \ V2| + |V ′
σ \ V2|, where σ919

and σ′ are two reflections lying in different conjugacy classes of C2nv.920

� If τ(Γ) = C(2n+1)v, n ≥ 1, then |E| = 2|V ′| + |Vσ \ V2n+1|, where σ is921

any reflection of C(2n+1)v.922

Intuitively, the term 2|V ′| reflects the fact that each representative of a923

vertex orbit has two degrees of freedom in the plane. The velocity vectors924

of all other vertices in the same vertex orbit are uniquely determined by the925

velocity vector of the representative vertex since we restrict our attention to926

fully-symmetric velocity assignments. Similarly, the term |Vσ| arises from the927

fact that each vertex that is unshifted by a reflection has only one degree of928
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freedom, as the vertex has to remain on the mirror line of the reflection (so929

the velocity vector has to lie along the mirror line). In the forced symmetric930

rigidity setting, a vertex that is unshifted by a rotation must remain at931

the origin and hence has no degree of freedom. Finally, the dimension of932

the space of fully-symmetric trivial infinitesimal motions is 1 for Cs (the933

translation along the mirror) and for Cn (rotation about the origin), but 0934

for the dihedral groups Cnv.935

Theorem 7.1 can be proved using the definition of the orbit rigidity matrix936

given in Schulze and Whiteley (2011) and a straightforward adaptation of937

the proof given in Jordán et al. (2016) for the case when the group action938

is free on the vertex set. We refer the reader to La Porta (2024); La Porta939

and Schulze (2023) for details.940

Example 7.2. The quotient graph in Figure 11(b) has |E| = 6, |V ′| = 2 and941

|Vσ| = 2. Thus, |E| − 2|V ′| − |Vσ| + 1 = 1, showing that the framework in942

Figure 11(a) has a fully-symmetric self-stress.943

Similarly, the quotient graph in Figure 11(d) has |E| = 6, |V ′| = 1 and944

|Vσ| = 3. Thus, |E| − 2|V ′| − |Vσ| + 1 = 2, showing that the reciprocal945

framework in Figure 11(c) has two fully-symmetric self-stresses.946

Remark 7.3. There are further necessary conditions for forced symmetric947

isostaticity which are given in terms of sparsity counts of the group-labelled948

quotient graph (also known as a quotient gain graph) of the underlying graph949

of the framework (Schulze and Whiteley , 2011; Jordán et al. , 2016; Schulze950

and Tanigawa , 2015). A symmetric framework is called symmetry-generic if951

it is realised as generic as possible with the given symmetry constraints. For952
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the groups Cs, Cn and C(2n+1)v, n ∈ N, it was shown in Jordán et al. (2016)953

that the counts in Theorem 7.1 together with the sparsity counts on the954

corresponding quotient gain graphs are also sufficient for symmetry-generic955

forced symmetric isostaticity in the plane (in the case when the group action956

is free on the vertex set). See also Bernstein (2022). This is not the case for957

the groups C2nv, n ∈ N, with Bottema’s mechanism (Bottema , 1960) being958

a classical counterexample.959

7.2. Anti-symmetric orbit counts960

Analogous to the forced symmetric (or ρ0-symmetric) rigidity analysis one961

can carry out a ρt-symmetric rigidity analysis for each t. We demonstrate962

this for the Abelian symmetry groups in the plane, which only have one-963

dimensional irreducible representations over the complex numbers, i.e. for964

the groups Cs, Cn, n ≥ 2, and C2v. (For the non-Abelian groups, this type of965

orbit counting becomes more difficult as it requires a modified definition of966

a ‘quotient graph’.)967

If a framework has no non-trivial ρt-symmetric infinitesimal motions (but968

possibly other types of non-trivial infinitesimal motions), then the framework969

is said to be ρt-symmetric infinitesimally rigid. Further, if the framework is970

ρt-symmetric infinitesimally rigid and has no non-trivial ρt-symmetric self-971

stresses, then it is called ρt-symmetric isostatic.972

We first consider the reflection and half-turn group which both only have973

the two irreducible representations ρ0 and ρ1. The following theorem is a974

straightforward extension of the results obtained in Schulze and Tanigawa975

(2015) for the case when the group action is free on the vertex set. We again976
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refer the reader to La Porta (2024); La Porta and Schulze (2023) for details.977

For a quotient graph G = (V ,E), we denote Gℓ = (V ,Eℓ) to be the978

multigraph obtained from G by removing all loops that correspond to edges979

in G joining a vertex with its image under a reflection of half-turn symmetry,980

and all edges joining vertices in Vσ for a reflection σ.981

Theorem 7.4. Let (G, p) be a ρ1-symmetric isostatic framework with sym-982

metry group Cs or C2 in the plane, and let G = (V ,E) be the quotient graph983

of G. Then the following hold for Gℓ.984

� If τ(Γ) = Cs then |Eℓ| = 2|V ′|+ |Vσ| − 2.985

� If τ(Γ) = C2 then |Eℓ| = 2|V ′|+ 2|V2| − 2.986

The reason for removing the loops and the edges joining vertices in Vσ987

from G in the counts above is that these edges do not constitute a constraint988

when we restrict to anti-symmetric velocity assignments (see Figure 12 for989

an illustration and Schulze and Tanigawa (2015); Schulze et al. (2022); La990

Porta and Schulze (2023), for example, for details.) The term |Vσ| arises991

from the fact that each vertex that is unshifted by a reflection has only one992

degree of freedom, as the corresponding velocity vector in a ρ1-symmetric993

infinitesimal motion has to lie perpendicular to the mirror line. Also, the994

term −2 reflects the fact that there is a 2-dimensional space of trivial ρ1-995

symmetric infinitesimal motions for both Cs and C2.996

Example 7.5. The graph Gℓ corresponding to the quotient graph in Fig-997

ure 11(b) has |Eℓ| = 3. Moreover, it has |V ′| = 2 and |Vσ| = 2. Thus,998

|Eℓ|− 2|V ′|− |Vσ|+2 = −1, showing that the framework in Figure 11(a) has999

a ρ1-symmetric (or anti-symmetric) infinitesimal motion.1000
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The graph corresponding to the quotient graph in Figure 11(d) has |Eℓ| =1001

3, |V ′| = 1 and |Vσ| = 3. Thus, |Eℓ|−2|V ′|− |Vσ|+2 = 0. So the framework1002

in Figure 11(c) counts to be anti-symmetric isostatic.1003

(a) (b)

⟲

(c) (d) (e)

⟲

(f)

Figure 12: (a), (b): Anti-symmetric velocity vectors applied to a bar which joins vertices
that are images of each other under a reflection (and hence corresponds to a loop in the
quotient graph) (a) or are both unshifted by a reflection (b). By definition, any anti-
symmetric velocity assignment yields an infinitesimal motion of such bars; hence these
bars do not impose any constraint when restricting to anti-symmetric velocity assignments.
Similarly, any anti-symmetric velocity assignment on a bar that joins a vertex and its image
under a half-turn symmetry (and hence corresponds to a loop in the quotient graph) does
not impose any constraint when restricting to anti-symmetric velocity assignments (c). In
contrast, fully-symmetric velocity assignments can stretch (d) or compress these bars (e),
(f).

The rotation group Cn, n ≥ 3, has the irreducible representations ρ0, . . . , ρn−11004

(recall Section 5). It was shown in Schulze and Tanigawa (2015) that the1005

space of infinitesimal translations can be written as the direct sum of a one-1006

dimensional space of ρ1-symmetric translations and a one-dimensional space1007

of ρn−1-symmetric translations. (The space of infinitesimal rotations is ρ0-1008

symmetric.)1009

Also, if n is even and ρt maps the half-turn in Cn to −1, then any edge1010

that joins a vertex with its image under the half-turn symmetry does not1011

constitute a constraint when we restrict to ρt-symmetric velocity assignments1012
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(recall Figure 12(c)). Thus, for t ∈ {1, . . . , n − 1}, we define Eℓt as follows.1013

Eℓt is the whole edge set E of the quotient graph G of G in the cases when1014

n is even and ρt maps the half-turn to 1, or when n is odd. If n is even and1015

ρt maps the half-turn to −1, then Eℓt is obtained from E by removing all1016

loops corresponding to edges of G that join a vertex with its image under1017

the half-turn symmetry. This gives the following result.1018

Theorem 7.6. Let (G, p) be a ρt-symmetric isostatic framework with sym-1019

metry group Cn in the plane, where t ∈ {1, . . . , n− 1} and let G = (V ,E) be1020

the quotient graph of G. Then the following hold.1021

� If t = 1, n− 1 then |Eℓt | = 2|V ′|+ |Vn| − 1.1022

� If t ∈ {2, . . . , n− 2} then |Eℓt | = 2|V ′|.1023

Finally, for the dihedral group C2v we have the four irreducible represen-1024

tations ρ0, ρ1, ρ2, ρ3 (recall Section 6.1). As usual, let the reflections in the1025

x- and y-axis be called σx and σy, respectively. It is well known (Altmann1026

and Herzig , 1994) that for C2v, the one-dimensional space of infinitesimal1027

rotations is ρ1-symmetric, and the 2-dimensional space of infinitesimal trans-1028

lations decomposes into a one-dimensional space of ρ2-symmetric translations1029

and a one-dimensional space of ρ3-symmetric translations.1030

We let Eℓ1 be the edge set that is obtained from the edge set E of the1031

quotient graph G of G by removing all loops that correspond to edges in G1032

joining a vertex with its image under σx or under σy, and all edges joining1033

vertices in Vσx or Vσy . Similarly, we let Eℓ2 be the edge set that is obtained1034

from E by removing all loops that correspond to edges in G joining a vertex1035
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with its image under σy or under the half-turn C2, and all edges joining1036

vertices in Vσy . Finally, we let Eℓ3 be the edge set that is obtained from E1037

by removing all loops that correspond to edges in G joining a vertex with its1038

image under σx or under C2, and all edges joining vertices in Vσx .1039

Theorem 7.7. Let (G, p) be a ρt-symmetric isostatic framework with sym-1040

metry group C2v in the plane, where t ∈ {1, 2, 3} and let G = (V ,E) be the1041

quotient graph of G. Then the following hold.1042

� If t = 1 then |Eℓ1| = 2|V ′|+ |Vσx \ V2|+ |Vσy \ V2| − 1.1043

� If t = 2 then |Eℓ2| = 2|V ′|+ |V2|+ |Vσx \ V2|+ |Vσy \ V2| − 1.1044

� If t = 3 then |Eℓ3| = 2|V ′|+ |V2|+ |Vσx \ V2|+ |Vσy \ V2| − 1.1045

A proof can be found in La Porta (2024). We will illustrate these counts1046

by applying them to the framework with C2v symmetry shown in Figures 91047

and 13(a).1048

Since for any symmetry group that only has one-dimensional irreducible1049

representations (over the complex numbers), the information for detecting in-1050

finitesimal motions and self-stresses of various symmetry types are encoded1051

in the quotient graphs, we may carry out the entire analysis of the graphic1052

statics of symmetric frameworks via these quotient graphs. In particular, in-1053

stead of analysing a pair of symmetric reciprocal frameworks, we may simply1054

analyse the corresponding pair of quotient reciprocals (like the pair shown in1055

Figure 11(b) and (d), for example).1056

We conclude this section with an analysis of the framework shown in1057

Figure 13(a) and its reciprocals shown in Figure 10 via the orbit counts on1058
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the corresponding quotient graphs.1059

b1

b2

b3

b4

a1

a2

a3

a4

c1

c2

c3

c4

d1

d2

e1

e2

f

(a) (b)

Figure 13: The framework (G, p) with C2v symmetry from Figure 9 and its quotient graph.

Example 7.8. We analyse the framework in Figure 13(b). Let us first con-1060

sider the counts for forced symmetric infinitesimal rigidity given in Theo-1061

rem 7.1. The quotient graph in Figure 13(b) has |E| = 10, |V ′| = 2, |V2| = 0,1062

|Vσx| = 3 and |Vσy | = 1. Since V2 = ∅, we have |Vσ \ V2| = |Vσ| for each1063

reflection σ. Thus, |E|−2|V ′|−|Vσx|−|Vσy | = 2, showing that the framework1064

(G, p) in Figure 13(a) has two fully-symmetric self-stresses.1065

Let us now consider the anti-symmetric orbit counts for t = 1, 2 and 31066

given in Theorem 7.7.1067

We first consider t = 1. Since the quotient graph of G has two loops1068

corresponding to edges joining images of vertices under σy and two edges1069

joining vertices in Vσx, we have |Eℓ1| = 10 − 4 = 6. So the count for ρ1 is1070

|Eℓ1| − 2|V ′| − |Vσx| − |Vσy |+1 = 6− 4− 3− 1+ 1 = −1, showing that (G, p)1071

has a ρ1-symmetric infinitesimal motion.1072

For t = 2, we have |Eℓ2|−2|V ′|− |Vσx|− |Vσy |+1 = 8−4−3−1+1 = 1,1073

indicating that (G, p) has a ρ2-symmetric self-stress.1074
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Finally, for t = 3, we have |Eℓ3|−2|V ′|−|Vσx|−|Vσy |+1 = 7−4−3−1+1 =1075

0. So we have an isostatic count for ρ3-symmetric infinitesimal rigidity.1076

b1

a1
d1

c1, e1, f

(a)

c1
b1, e1

a1 d1, f

(b)

a2, a3

b1, b3d1, e1 c1, c3, f

(c)

Figure 14: The quotient graphs of the reciprocal frameworks shown in Figure 10.

Example 7.9. Consider the generalised reciprocal framework with C2v sym-1077

metry shown in Figure 10(a). Its quotient graph is shown in Figure 14(a).1078

The vertex orbits are represented by the six vertices a1, b1, c1, d1, e1, f and the1079

edge orbits are represented by the 10 edges a1d1, a1f , a1b1, b1b1, b1e1, b1c1,1080

c1c1, c1f , d1e1, e1e1, where b1b1, c1c1 and e1e1 are loops. (Since there are1081

coincident vertices and overlapping edges, as well as edges of length zero, not1082

all vertices and edges are shown in the figure.)1083

By considering the underlying graph of the reciprocal framework in Fig-1084

ure 10(a), which is dual to the underlying graph of the framework in Fig-1085

ure 13(a), we see that V ′ = {a1, b1, c1}, V2 = {f}, Vσx \ V2 = ∅ and1086

Vσy \ V2 = {d1, e1}. So for the ρ0-symmetric count we obtain |E| − 2|V ′| −1087
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|Vσx \ V2| − |Vσy \ V2| = 10− 6− 0− 2 = 2, indicating that the framework has1088

two ρ0-symmetric self-stresses.1089

For ρ1 we obtain |Eℓ1 | − 2|V ′| − |Vσx \ V2| − |Vσy \ V2| − 1 = 6− 6− 0−1090

2+1 = −1, since Eℓ1 is obtained from E by removing the three loops and the1091

edge d1e1. This shows that the framework has a ρ1-symmetric infinitesimal1092

motion.1093

Since Eℓ2 = E \ {e1e1, d1e1} and V2 = {f}, the ρ2 count is isostatic:1094

|Eℓ2| − 2|V ′| − |V2| − |Vσx \ V2| − |Vσy \ V2|+ 1 = 8− 6− 1− 0− 2 + 1 = 0.1095

Finally, since Eℓ3 = E \ {e1e1, c1c1, b1b1}, the ρ3 count is |Eℓ3| − 2|V ′| −1096

|V2| − |Vσx \ V2| − |Vσy \ V2|+ 1 = 7− 6− 1− 0− 2 + 1 = −1 indicating that1097

the framework has a ρ3-symmetric infinitesimal motion.1098

The symmetric counts for the quotient graph in Figure 14(b) are exactly1099

the same as for the quotient graph in Figure 14(a).1100

The reciprocal framework shown in Figure 10(c) only has Cs symmetry1101

and its quotient graph is shown in Figure 14(c). So here we apply the counts1102

from Theorems 7.1 and 7.4. For ρ0 we obtain |E| − 2|V ′| − |Vσ| + 1 =1103

18 − 16 − 1 + 1 = 2 since Vσ = {f}. So we detect two fully-symmetric self-1104

stresses. For ρ1 we obtain |Eℓ| − 2|V ′| − |Vσ| + 2 = 13 − 16 − 1 + 2 = −2,1105

indicating that the framework has two anti-symmetric infinitesimal motions.1106

8. Conclusions, extensions, and further work1107

We have shown that for a symmetric framework with a fully-symmetric1108

self-stress the graphic statics analysis of the equi-symmetric reciprocal pair of1109

frameworks can be refined using the decomposition of the spaces of infinites-1110

imal motions and self-stresses into invariant subspaces corresponding to the1111
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irreducible representations of the symmetry group. This refined symmetry-1112

adapted analysis provides additional insights that cannot be obtained from1113

the corresponding non-symmetric analysis, and it can be carried out very1114

efficiently via Maxwell-type counts on the quotient graphs of the symmet-1115

ric frameworks. Even if the original framework has a self-stress that is not1116

fully-symmetric but only symmetric with respect to a non-trivial irreducible1117

representation of the symmetry group, our methods can be applied to the1118

corresponding reciprocal pair with the smaller symmetry given by the kernel1119

of this representation.1120

It is typical for a paper like this to extend their concepts to higher di-1121

mensions. This is not trivial in this case as reciprocity in higher dimensions1122

is more complex; for example, in R3 points are dual to volumes/cells, as is1123

discussed in Konstantatou (2018). In fact, no existing papers discuss the1124

s∗ = m + 1 relationship in higher dimensional space although this is impor-1125

tant in R3. As this is a significant area where basic and symmetry adapted1126

counts can be obtained, this is left to future work.1127

This paper limits itself to frameworks as plane projections of spherical1128

polyhedra, as is common within graphic statics. The study of frameworks cor-1129

responding to toroidal polyhedra is more complex and little explored (Crapo1130

and Whiteley , 1994b; Erickson and Lin , 2021; Fowler and Guest , 2002) and1131

a full investigation, including symmetry adapted reciprocal counts is also left1132

to future work.1133

Finally, we note that if for a given framework there exists a continuous1134

motion of the reciprocal framework, then this motion corresponds to a con-1135

tinuous path of parallel drawings of the reciprocal, which in turn yields a1136
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continuous path of polyhedral liftings of the original framework. This sug-1137

gests some potential applications to kinematic architecture and transformable1138

designs (see e.g. the work of Hoberman Associates).1139

One known result from the rigidity theory of symmetric frameworks is1140

that for ‘symmetry-generic’ frameworks (i.e., for frameworks whose vertices1141

are positioned as generic as possible with the given symmetry constraints), a1142

fully-symmetric infinitesimal motion always extends to a continuous (finite)1143

symmetry-preserving motion (Schulze , 2010b; Kangwai and Guest , 1999).1144

This is true for any symmetry group in any dimension. Thus, if we detect1145

a fully-symmetric non-trivial infinitesimal motion in a reciprocal framework,1146

then, provided the reciprocal framework is sufficiently generic, there is a1147

continuous motion of the reciprocal which preserves the symmetry, which1148

then yields a continuous path of (fully- or anti-symmetric, depending on the1149

symmetry group) polyhedral liftings of the original framework. To apply1150

this result, we would need to find a reciprocal framework that is sufficiently1151

generic with respect to some symmetry group and has both a fully-symmetric1152

self-stress (by construction) and a fully-symmetric infinitesimal motion. Such1153

examples are easy to construct by violating Maxwell-type (orbit) counts on1154

subgraphs, so that the self-stress and the infinitesimal motion are localised1155

to separate parts of the framework, but it remains an open problem to find1156

non-trivial examples, where the continuous symmetry-preserving motion of1157

the reciprocal leads to a continuous path of proper polyhedral liftings of the1158

whole framework.1159

However, there are also other types of examples one may consider. The1160

framework in Figure 8(a), for example, is non-generic with C3-symmetry (as1161
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discussed in Section 5.2) and it has a fully-symmetric self-stress as well as a1162

fully-symmetric infinitesimal motion that extends to a continuous symmetry-1163

preserving motion, as shown in Schulze and Whiteley (2011). It would be1164

interesting to find similar examples where both frameworks of the reciprocal1165

pair are planar with no coincident points.1166
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