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Summary. Post-selection inference has recently been proposed as a way of quantifying
uncertainty about detected changepoints. The idea is to run a changepoint detection
algorithm, and then re-use the same data to perform a test for a change near each of the
detected changes. By defining the p-value for the test appropriately, so that it is conditional
on the information used to choose the test, this approach will produce valid p-values. We
show how to improve the power of these procedures by conditioning on less information.
This gives rise to an ideal post-selection p-value that is intractable but can be approximated
by Monte Carlo. We show that for any Monte Carlo sample size, this procedure produces
valid p-values, and empirically that noticeable increase in power is possible with only very
modest Monte Carlo sample sizes. Our procedure is easy to implement given existing
post-selection inference methods, as we just need to generate perturbations of the data
set and re-apply the post-selection method to each of these. On genomic data consisting
of human GC content, our procedure increases the number of significant changepoints
that are detected when compared to the method of Jewell et al. (2022) or a MOSUM
procedure.

Keywords: Binary segmentation; Breakpoint; Fused Lasso; Penalised likelihood;
Post-Selection p-value

1. Introduction

Detecting abrupt changes in time-series, or other ordered, data has been one of the most
active research areas of the past decade. It has applications in bioinformatics (e.g. Braun
et al., 2000; Olshen et al., 2004), computer performance (Barrett et al., 2017), climate
science (Reeves et al., 2007; Shi et al., 2022a), cyber security (Heard and Turcotte, 2014;
Fearnhead and Rigaill, 2019), neuroscience (Aston and Kirch, 2012; Jewell et al., 2020),
and industrial process monitoring (Maleki et al., 2016) amongst many others. There
has been a wide range of methods that have been proposed, dealing with detecting
different types of change, such as change in mean, variance or slope; different algorithms
for searching for multiple changepoints, including binary segmentation and its variants
(Olshen et al., 2004; Fryzlewicz, 2014; Baranowski et al., 2019), moving window methods
(Hao et al., 2013; Eichinger and Kirch, 2018; Meier et al., 2021), L1 penalised regression
methods (Kim et al., 2009; Tibshirani, 2014), and dynamic programming approaches to
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maximising an L0 penalised likelihood (e.g. Killick et al., 2012; Maidstone et al., 2017);
and for different types of data, such as high-dimensional data (Wang and Samworth,
2018), network data (Wang et al., 2021), and general non-Euclidean data (Song and
Chen, 2022; Dubey and Müller, 2020). See Truong et al. (2020), Fearnhead and Rigaill
(2020) and Shi et al. (2022b) for an overview of this area.

There has been much less work looking at quantifying the uncertainty of estimated
changepoints. Whilst Bayesian methods (e.g. Fearnhead, 2006) that sample from a
posterior over the number and location of the changepoints naturally give measures of
uncertainty, assessing uncertainty for non-Bayesian methods is more challenging. Cur-
rent work in this area includes the SMUCE method (Frick et al., 2014; Li et al., 2016;
Pein et al., 2017), and global methods that try to give regions that produce sets of
intervals, all of which must include a change at a pre-specified significance level (Fang
et al., 2020; Fryzlewicz, 2021, 2023). These latter methods have advantages of being
adaptive – with the size of intervals reflecting the uncertainty in the location of possible
changes. However they do not give measures of uncertainty for specific detected changes
as the methods we consider below do. There are also methods that apply tests for a
change in multiple short windows of data, such as the MOSUM procedure (Eichinger
and Kirch, 2018) or tests based on self-normalisation (Zhao et al., 2022). These can give
p-values for the presence of a change in each window, but converting these to p-values
for specific detected changes is challenging due to the multiple testing that has been
performed. One can apply a Bonferroni correction for the p-values, but this may lead
to conservative p-values and a consequent loss of power – something we observe in our
empirical results for MOSUM (see Section 4.2).

A different approach is to first estimate the changepoints, and then assign a measure
of significance to each detected change. The challenge here is to avoid so-called double
peeking at the data (Zhao et al., 2021), where you use the same data both to detect a
change and then to test for the change, as a naive implementation of the test based on
using the same data twice will be invalid. This is because, in the absence of any change,
the detection process will bias you to performing tests that are more likely to have small
p-values. This results in tests where the p-values are neither uniform, nor stochastically
bounded below by a uniform distribution (see e.g. Jewell et al., 2022).

One simple approach to circumvent this is sample splitting (Rinaldo et al., 2019),
where you use a proportion of the data to detect changes and the other other part
to perform a test for each detected change. However using only part of the data for
each of detection and testing is sub-optimal. Instead post-selection inference ideas for
regression (Berk et al., 2013; Fithian et al., 2014; Kuchibhotla et al., 2022) have recently
been applied to the changepoint setting. These allow the same data to be used for
detection and testing, but with the p-values for each change being calculated conditional
on information from the data that includes whatever information is used to choose the
test that is being performed. These are called post-selection p-values.

Methods for calculating post-selection p-values have been developed for the change
in mean problem with Gaussian noise and for a range of detection algorithms. Hyun
et al. (2021) develop an approach for binary segmentation and its variants, and for the
fused lasso; while Jewell et al. (2022) and Duy and Takeuchi (2022) propose methods
that work if changes are detected using an L0 penalised likelihood. Furthermore Jewell
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et al. (2022) show how to improve on the method of Hyun et al. (2021) by conditioning
on less information when defining the post-selection p-value, and show that conditioning
on less information can lead to a substantial increase in power. There has also been
recent work on post-selection inference beyond the change in mean problem (e.g Chen
et al., 2023).

Our work is motivated by further wanting to reduce the information that one condi-
tions on when calculating the post-selection p-value. Current methods condition on the
projection of the data that is orthogonal to the test statistic. If, as is common, our test
has a null hypothesis where, say, the mean of the data does not change within a region
about the tested changepoint, then we can reduce this to conditioning on the data out-
side the region and an appropriate sufficient statistic, such as the sample mean, within
the region. This, together with whatever aspect of the detected changes is used to pick
the test, is the minimum amount of information that we need to condition on to make
the post-selection p-value well-defined. In Section 3.2 we show that, for a natural class
of distributions for the data under the alternative, the resulting post-selection p-value is
optimal.

Unfortunately we cannot directly calculate this p-value. Instead we propose a simple
Monte Carlo approximation. This is based on simulating new data within the region
around the changepoint that is being tested, applying the existing post-selection infer-
ence methodology to each such data set, and then calculating a weighted average of the
post-selection p-values for each data set. Importantly, we show that if one of the data
sets we average over is the observed data, then this leads to a valid post-selection p-
value, in that its distribution is uniform on [0, 1] under the null, regardless of the Monte
Carlo sample size. Furthermore, it is simple to calculate provided we have a method
that calculates a post-selection p-value based on conditioning on the projection of the
data orthogonal to the test statistic. As such, our method applies to all changepoint
scenarios considered in Hyun et al. (2018), Hyun et al. (2021), Jewell et al. (2022) and
Chen et al. (2023). We present empirical results that show one can obtain a noticeable
improvement in power even with modest Monte Carlo sample sizes, say of the order of
10. Whilst our method has been developed for the changepoint problem, the underlying
ideas apply more widely, see Section 6. All proofs are given in the Appendix.

2. Background

2.1. Post-selection p-values for changepoints
Suppose we have a dataset X = (X1, . . . , XT ) and we fit a changepoint model which
consists of K changepoints M(X) = {τ̂1, . . . , τ̂K}. We are interested in quantifying the
level of uncertainty associated with these changepoints: how confident can we be that
the changepoints we have found correspond to real changes and not false discoveries?
One approach is to compute p-values for each changepoint of interest.

One aspect in quantifying uncertainty in this way is deciding what we mean by τ
being a changepoint. Or, more specifically, what null hypothesis do we want to test?
In many applications we say that τ is a changepoint providing some aspect of the data
(that we are interested in) changes at or close to τ . That is, the null hypothesis would
be that there is no change in some region centered on τ .
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Even once we have decided on the null hypothesis, naively applying a test for a
change at each of τ̂1, . . . , τ̂K is not possible, as we have already used the data to detect the
changepoints. If the data contains no changes, we would expect any detected changepoint
to be where, by chance, the patterns of the data are similar to patterns produced by a
change. This will bias the p-values (see Jewell et al., 2022, for examples of this).

To overcome this, we can correct the naive test to take account of the fact that we
are using the data twice (Fithian et al., 2014). This can be done by calculating a post-
selection p-value, which uses the distribution of the test statistic under the null but also
conditional on any information used to choose the test that we are performing.

To make the idea concrete let F(X) denote the information we want to condition on.
We have freedom over the choice of F(X), except that it must contain the information
from the data that is used to choose the test we performing. So, for example, if we choose
to test that τ is a changepoint based only on the property that τ is one of the estimated
changepoints, then F(X) must include the information τ ∈ M(X). The post-selection
p-value is then

Pr(T ≥ Tobs | F (X) = F (Xobs)),

for some test statistic T , and where we use Xobs and Tobs to denote the observed data
and test statistic respectively. The challenge is then how to calculate this post-selection
p-value. This will require a careful choice of the information we condition on, both to
make the post-selection p-value well defined, and tractable.

2.2. Post-selection p-value for change in mean
For ease of presentation it is helpful to consider a specific example. We will consider
the univariate change in mean model, for which methods for calculating post-selection
p-values have been developed by Hyun et al. (2018), Hyun et al. (2021), Jewell et al.
(2022) and Duy et al. (2020). However, the ideas we introduce for increasing the power
of post-selection inference apply more widely (see Section 3.4).

For the change in mean model, we assume the data is of the form

Xt = µt + ϵt, t = 1, . . . , T,

where µt is piecewise constant, with µt+1 ̸= µt only at K changepoints τ1, . . . , τK . We
assume that ϵt ∼iid N(0, σ2), with σ known.

We run a changepoint algorithm – for example binary segmentation (Scott and Knott,
1974), wild binary segmentation (Fryzlewicz, 2014), narrowest-over-threshold (Bara-
nowski et al., 2019), fused lasso (Tibshirani et al., 2005), or a penalised likelihood ap-
proach (Maidstone et al., 2017) – and detect a set of changepoints {τ̂1, . . . , τ̂K}. We now
want to test for a change at a particular estimated changepoint, which for simplicity we
will denote τ̂ .

As mentioned above, for many applications a natural null hypothesis is that there is
no change in mean close to τ̂ . There are various possible choices for what we mean by
“close to”; we will discuss this in more detail in Section 3.4, but for now we will assume
that there is a pre-determined distance h that is appropriate for our application. Our
null hypothesis is therefore

H0 : µτ̂−h+1 = · · · = µτ̂ = µτ̂+1 = · · · = µτ̂+h,



Improving Power by Conditioning on Less 5

with the alternative hypothesis being that there is at least one inequality.
Let ν τ̂ be a T -dimensional vector whose tth entry is

(vτ̂ )t =


1
h if τ̂ − h < t ≤ τ̂

− 1
h if τ̂ < t ≤ τ̂ + h

0 if t ≤ τ̂ − h or t > τ̂ + h.

Then, under H0, and without conditioning on any information in the data, νTτ̂X ∼
N
(
0, 2σ

2

h

)
. Under H1, where there is a changepoint at or near τ̂ , we would expect the

mean of νTτ̂X to be non-zero. We can therefore take the test statistic to be T = |νTτ̂X|.
As above let M(X) = {τ̂1, . . . , τ̂K}. The information used to choose the null hy-

pothesis to test is that τ̂ ∈ M(X). Thus for our post-selection p-value we need a
conditioning event that includes this information. Unfortunately it is not possible to
just choose F(X) to be τ̂ ∈ M(X), because the probability of this event depends on
parameters that are unknown under the null hypothesis.

To deal with this, current approaches (Jewell et al., 2022; Hyun et al., 2021) condition
also on the projection of the data that is orthogonal to ν τ̂ . Denote this orthogonal
projection by Πτ̂ , then this leads to the post-selection p-value

Pr(|νTτ̂X| > |νTτ̂Xobs| | τ̂ ∈ M(X), Πτ̂X = Πτ̂Xobs). (1)

While this is well-defined, calculating the required conditional distribution of νTτ̂X
is non-trivial. Hyun et al. (2021) show that for binary segmentation or the fused lasso,
if you condition on further information, namely the order in which the changepoints are
detected and the estimated sign of each changepoint, then the conditional distribution
will be a truncated Gaussian. Furthermore the truncation region can be calculated by
solving a series of linear equations.

Motivated by intuition that conditioning on less information will improve power
(Fithian et al., 2014; Liu et al., 2018), Jewell et al. (2022) shows how to reduce the
amount of information conditioned on, by avoiding having to condition on the order
and signs of the changepoints. As we are conditioning on the projection of the data
orthogonal to νTτ̂ , X will be uniquely determined if, in addition, we know νTτ̂X. Let
ϕ = νTτ̂X, and define the set of possible data sets that are possible as we vary ϕ by

X ′(ϕ) =Xobs −
1

||ν τ̂ ||2
ν τ̂ν

T
τ̂Xobs +

1

||ν τ̂ ||2
ν τ̂ϕ. (2)

If we define S = {ϕ : τ̂ ∈ M(X ′(ϕ))}, then the p-value in (1) is equal to

Pr
(
|ϕ| ≥ |νTτ̂Xobs| | τ̂ ∈ M(X ′(ϕ))

)
= Pr

(
|ϕ| ≥ |νTτ̂Xobs| | ϕ ∈ S

)
,

where, unconditionally, ϕ ∼ N(0, σ2||ν τ̂ ||2). Jewell et al. (2022) shows how the set S
can be efficiently computed for changepoint methods including binary segmentation,
L0 segmentation and the fused lasso; in each case S is a union of intervals. Their
methods can also be extended to other similar changepoint algorithms such as wild
binary segmentation and narrowest-over-threshold. The method of Jewell et al. (2022)
leads to an increase in power compared to the approach of Hyun et al. (2021), as it
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requires conditioning on less information. However, it still requires conditioning on
T − 1 parameters that are orthogonal to ν τ̂ . The method we propose further reduces
the amount of information we need to condition on, leading to greater power.

3. Conditioning on less information

3.1. The ideal post-selection p-value
Instead of conditioning on Πτ̂X, we could consider just conditioning on the minimum
amount of information to make the post-selection p-value well-defined. Our null hypoth-
esis fixes µτ̂−h+1 = · · · = µτ̂+h, so this contains no information about µ for data points
outside of {τ̂ − h+ 1, . . . , τ̂ + h}, nor does it specify the mean within this window.

Hence, as a minimum we need to condition on

Xt = Xobs,t for t ∈ {1, . . . , τ̂ − h, τ̂ + h+ 1, . . . , T}

1

2h

τ̂+h∑
i=τ̂−h+1

Xt =
1

2h

τ̂+h∑
i=τ̂−h+1

Xobs,t,
(3)

that is, the data outside of {τ̂ − h+ 1, . . . , τ̂ + h}, and the sample mean of the data in
this window, which is a sufficient statistic for the unknown, constant mean within the
window. These have total dimension T − 2h+1, so we gain an additional 2h− 2 degrees
of freedom compared to the method in Jewell et al. (2022).

Let B be the T × (T − 2h) matrix obtained by removing the columns corresponding
to {τ̂ − h+ 1, . . . , τ̂ + h} from the T × T identity matrix, and let a be a T -dimensional
vector such that

at =

{
1
2h if t ∈ {τ̂ − h+ 1, . . . , τ̂ + h}
0 otherwise.

Then the conditions in (3) are equivalent to:

BTX = BTXobs

aTX = aTXobs.

Hence, the conditional p-value is

PrH0
(|νTτ̂X| > |νTXobs| | τ̂ ∈ M(X),BTX = BTXobs,a

TX = aTXobs).

To see how we can calculate this, we can rewrite X as

X =X −
(
BBT +

1

||a||22
aaT +

1

||ν τ̂ ||22
ν τ̂ν

T
τ̂

)
X +

(
BBT +

1

||a||22
aaT +

1

||ν τ̂ ||22
ν τ̂ν

T
τ̂

)
X

=

(
I −

(
BBT +

1

||a||22
aaT +

1

||ν τ̂ ||22
ν τ̂ν

T
τ̂

))
X +

1

||ν τ̂ ||22
ν τ̂ν

T
τ̂X +

(
BBT +

1

||a||22
aaT

)
X

= ZX +
1

||ν τ̂ ||22
ν τ̂ν

T
τ̂X +

(
BBT +

1

||a||22
aaT

)
X,
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where Z = I −
(
BBT + 1

||a||22
aaT + 1

||ν τ̂ ||22
ν τ̂ν

T
τ̂

)
. We include the term 1

||ν τ̂||2
2

ν τ̂ν
T
τ̂ here

to make explicit the dependence of X on the test statistic ϕ = νTτ̂X.
Z is a T × T matrix with rank 2h − 2, so ZX follows a degenerate multivariate

Gaussian distribution. However, since Z is a symmetric matrix with all its non-zero
eigenvalues equal to 1, we can write Z = UUT , where U is a T × (2h− 2) matrix with
orthonormal columns. Under H0, U

TX ∼ N(UTµ, σ2UTU) = N(0, σ2I). The matrix
U is not uniquely defined, but the choice of basis is arbitrary. It can be found, for
example, using the Singular Value Decomposition.

Let ψ = UTX and, as before, let ϕ = νTτ̂X. Then, given the information we are
conditioning on, as we vary ψ and ϕ we get data

X =X ′(ϕ,ψ) = Uψ +
1

||ν τ̂ ||22
ν τ̂ϕ+

(
1

||a||22
aaT +BBT

)
Xobs.

Furthermore, under the null and without conditioning on further aspects of the data,
such as the estimated changepoints, ϕ ∼ N(0, 2σ

2

h ) and ψi ∼iid N(0, σ2). The resulting
post-selection p-value is

Pϕ,ψ
(
|ϕ| ≥ |νTτ̂Xobs| | τ̂ ∈ M(X ′(ϕ,ψ))

)
. (4)

As this p-value is obtained by conditioning on the least amount of information needed
for it to be well-defined, we will call it the ideal p-value.

3.2. Intuition behind new post-selection p-value
To understand the difference between the ideal post-selection p-value (4) and the p-
value of Jewell et al. (2022), we give a schematic comparison in Figure 1. To enable
us to present a plot we have supposed that ψ is scalar – we can see this as a special
case where we fix all but one component of ψ – and have also used the probability
inverse mapping to transform (ϕ, ψ) from independent Gaussian to independent uniform
on [0, 1].

With this mapping, and given the conditioning in (3), data sets correspond to points
in (ϕ, ψ)-space, and under the null such points are uniform on the unit square. The
conditioning on τ̂ being a detected changepoint corresponds to restricting the possible
set of (ϕ, ψ) values – to the non-grey area in Figure 1. We have plotted the (ϕ, ψ)
value for the observed data by a cross in the top row of Figure 1. The p-value of Jewell
et al. (2022) then fixes the ψ value so the conditional distribution of ϕ is uniform on the
coloured line – i.e. all values that are consistent with detecting a change at τ̂ for that
value of ψ. The p-value is the probability of observing a more extreme value than that
for the data – which is the proportion of the line that is red.

By comparison, the p-value of (4) allows ψ to vary. It is thus the probability of
observing a more extreme value of ϕ than that for the data over all possible (ϕ, ψ)
values that are consistent with τ̂ being a detected change. This is the proportion of the
non-grey area that is red in the top right plot of Figure 1. If we generate the data by
simulating a (ϕ, ψ) point uniformly in the non-grey region, then it is simple to show that
the distribution of either p-value will be uniform on [0, 1].
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φ

ψ

xx

φ

ψ

x

φ

ψ

φ

ψ

Fig. 1. Comparison of the p-value of Jewell et al. (2022) (left-hand column) and the ideal p-value
(right-hand column) for the case of a univariate ψ parameter. We have used the probability
inverse mapping to transform ϕ and ψ so that they are uniformly and independently distributed
on [0, 1] under the prior. We view data sets as being a function of (ϕ, ψ), and the selection
event – which corresponds to the information in the data used to choose the test – corresponds
to a region of (ϕ, ψ) values (non-grey region in all plots). The observed data corresponds to a
specific (ϕ, ψ) value shown by a cross (top-row plots). For the method of Jewell et al. (2022), the
p-value is the probability of observing a more extreme value of ϕ conditional on the observed
ψ-value. This is the proportion of the coloured line that is red in the top-right plot. For our
method, the p-value is the (unconditional) probability of observing a more extreme value of ϕ:
the proportion of the non-grey area that is red (top-right plot). In the bottom row we show the
data-sets, as represented by their (ϕ, ψ) value, that would give a post-selection p-value that is
0.2 or lower (red region in both plots).
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To see why the ideal p-value (4) is to be preferred, in the bottom row of Figure 1 we
plot the set of (ϕ, ψ) values that would correspond to data with a post-selection p-value
of less than 0.2. For both p-values these give regions whose area is 0.2 of the non-grey
area. The difference is the shape of the regions, with the ideal p-value consisting of
requiring just ϕ greater than some constant, whereas the p-value of Jewell et al. (2022)
has different regions for ϕ as we vary ψ. The former will have more power if we have
alternative hypotheses that, compared to the null, place increasing probability on larger
values of |ϕ|.

To make this precise, let A be the projection of the data we condition on (3). Under
the null, and conditional on A denote the density for (ϕ,ψ) as

f(ϕ)

2h−2∏
i=1

g(ψi).

Consider alternative hypotheses that correspond to a density of (ϕ,ψ) of the form

k(ϕ)f(ϕ)

2h−2∏
i=1

g(ψi), (5)

for some function k(ϕ). That is, under the alternative hypothesis the distribution of ϕ
is altered, and k(ϕ) represents the ratio of density between the alternative and the null.

Theorem 1. Conditional on A and (ϕ,ψ) ∈ S, define PI to be the p-value given by
(4), and P ∗ be any other valid p-value, i.e. that satisfies that under the null

Pr(P ∗ ≤ α) ≤ α, for all α ∈ [0, 1].

Then under an alternative with density of the form (5) for a function k(ϕ) = k̃(|ϕ|) with
k̃ increasing,

Pr(PI ≤ α) ≥ Pr(P ∗ ≤ α), for all α ∈ [0, 1].

The condition that the distribution under the alternative is of form (5) for appropriate
k(ϕ), holds if under the alternative we have a common mean for Xτ̂−h+1, . . . , Xτ̂ , and
a different common mean for Xτ̂+1, . . . , Xτ̂+h, and that the density for the size of the
change in mean is symmetric about 0 – see Appendix A.1 for details.

3.3. Estimating p-values with sampling
Unfortunately it is not possible to analytically calculate the ideal post-selection p-value
(4). Instead we will resort to using Monte Carlo to estimate it, under the assumption
that we have a method for calculating the null distribution of ϕ given ψ – this would
refer to any combination of type of change, choice of null hypothesis and method for
detecting the changepoints for which current post-selection inference methods exist.

Let
S = {(ϕ,ψ) : τ̂ ∈ M

(
X ′(ϕ,ψ)

)
},

so the conditioning event for (4) corresponds to (ϕ,ψ). Furthermore, define

Sψ = {ϕ : τ̂ ∈ M
(
X ′(ϕ,ψ)

)
},
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the set of ϕ values corresponding to data where we estimate τ̂ as a changepoint, for
a given value of ψ. These regions Sψ will depend on the algorithm used to estimate
the changepoints, but we can make use of existing methods to calculate them. For
example, Jewell et al. (2022) show how to calculate these regions for the change in mean
problem with changepoints estimated by binary segmentation (their method is easily
extended to variants such as wild binary segmentation and narrowest over threshold)
and L0 penalised likelihood methods. In each case the set Sψ consists of a finite union
of intervals in ϕ.

Now that we have 2h − 2 additional parameters in ψ, the truncation region S be-
comes much more complicated to calculate explicitly, as the values of ϕ that yield
τ̂ ∈ M(X ′(ϕ)) depend on ψ. However, for a given ψ∗, by replacing X with Xψ∗ =

UΨ∗ + 1
||ν τ̂ ||22

ν τ̂ν
T
τ̂X + 1

||a||22
aaTX +BBTX, we can calculate Sψ∗ using the method of

Jewell et al. (2022). We can then calculate a p-value conditional on ψ∗:

pψ∗ =
Pr(|ϕ| ≥ |νTτ̂Xobs| ∩ ϕ ∈ Sψ∗)

Pr(ϕ ∈ Sψ∗)
.

To estimate the overall p-value, we take N samples, {ψ(1), . . . ,ψ(N)}, and calculate

Sψ(j) for each ψ(j). We then estimate the p-value as

Pr(|ϕ| ≥ |νTτ̂Xobs| ∩ ϕ ∈ S)
Pr(ϕ ∈ S)

≈
1
N

∑N
j=1 Pr(|ϕ| ≥ |νTτ̂Xobs| ∩ ϕ ∈ Sψ(j))

1
N

∑N
j=1 Pr(ϕ ∈ Sψ(j))

= p̂N . (6)

This can also be written as a weighted average of individual p-value estimates

p̂N =
1∑N

j=1wj

N∑
j=1

wjpψ(j) , (7)

where wj = Pr(ϕ ∈ Sψ(j)). Since each Sψ(j) consists of a union of intervals, and ϕ ∼
N(0, 2σ

2

h ), it is straightforward to calculate wj and pψ(j) .
As N → ∞ this Monte Carlo estimate will converge to the ideal post-selection p-value

(4). However for finite N it will not necessarily be a valid p-value, in that there is no
guarantee that under the null, and conditional on choosing to test the null, that the
p-value will be uniformly distributed on [0, 1].

To see this, we simulated this Monte Carlo p-value for different values of N : see
Figure 2(a) and (b). We see that, in particular, there is a non-trivial probability that
some p̂ψ(j) = 1, as for some values of ψ we have Sψ ⊂ {ϕ : |ϕ| ≥ |νTτ̂Xobs|}.

Remarkably, we can overcome these issues by just setting one of the ψ values to be
the value for the observed data. Remember that ψ = UTX. Let ψ(1) = UTXobs.
Simulate ψ(2), . . . ,ψ(N) independently from the null distribution for ψ, and calculate
the p-value as p̂N in (6).

The following theorem shows that the resulting post-selection p-value will be dis-
tributed uniformly on [0, 1] under the null, for any value of N .
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Fig. 2. QQ plots of p-value estimates, simulated under H0 with T = 1000, for different values
of h and N . On each plot the ordered p-values obtained using different values of N (N =
1, 5, 10, 50) are plotted against theoretical quantiles from U(0, 1). In (a) and (b) the p-values are
calculated as in Equation 6, where all ψ(j)’s are simulated randomly. In (c) and (d), we take
ψ(1) = UTXobs. If p-values are valid, the points should lie approximately along the line y = x.

Theorem 2. Let

p̂N =
1∑N

j=1wj

N∑
j=1

wjpψ(j) ,

where wj = Pr(ϕ ∈ Sψ(j)). Given that there is one j∗ ∈ {1, . . . , N} such that ψ(j∗)

corresponds to the observed data, and that other ψ(j) are drawn independently from their
distribution under the null, then under H0, p̂N ∼ U(0, 1).

Figure 2 (c) and (d) show empirical validation of this result. An important conse-
quence is that p̂N is a valid p-value for any value of N , even if computational constraints
limit N to be small. Below, in Section 4, we show that even small to moderate values
of N can lead to a substantial increase in power.

3.4. Extension to other null hypotheses
So far, we have calculated p-values for the change in mean model, based on the assump-
tion that there are no other changepoints within a fixed window h of τ̂ . However, we can
also apply our method to a range of other scenarios, such as different null hypotheses
and different types of changepoint model. This may lead to different choices for ϕ and
F(X), but as long as we can define ψ and have a method for calculating Sψ, we can
still use our method. We outline some examples below.

We discuss first the choice of null hypothesis. Rather than assume that the mean is
constant within a fixed window of size h on either side of τ̂ , we can consider the more
general case where H0 is of the form

µτ̂−h1+1 = . . . = µτ̂ = µτ̂+1 = . . . = µτ̂+h2

for some integers h1, h2, where these can be either fixed in advance or selected based on
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the locations of neighbouring changepoints. We define ν τ̂ as

(ν τ̂ )t =


1
h1

if τ̂ − h1 < t ≤ τ̂

− 1
h2

if τ̂ < t ≤ τ̂ + h2

0 if t ≤ τ̂ − h1 or t > τ̂ + h2.

The null hypothesis we have previously considered is the special case that h1 = h2 = h.
A modification which avoids the problem having of other detected changepoints

within the region of interest is to choose a pre-determined h but truncate the region if
another changepoint is detected within h of τ̂ . Denoting the changepoint of interest as τ̂j
(where j ∈ {1, . . . ,K}), we hence take h1 = min{h, τ̂j−τ̂j−1} and h2 = min{h, τ̂j+1−τ̂j}.
Alternatively, we can allow the region of interest to be determined by the changepoints
on either side of τ̂j : either by taking it to be all points between the two neighbouring
changepoints (τ̂j−1, τ̂j+1), thus h1 = τ̂j − τ̂j−1 and h2 = τ̂j+1 − τ̂j – this is the scenario
used in Hyun et al. (2021), and is also considered in Jewell et al. (2022) – or by taking
it to be the set of points which are closer to τ̂j than to neighbouring changepoints, so

h1 = ⌊ τ̂j−τ̂j−1

2 ⌋ and h2 = ⌊ τ̂j+1−τ̂j
2 ⌋. In general, the choice of null hypothesis will depend

on what is appropriate for the application.
In any of these cases, we can apply our method in the same way as for the special

case so far considered. The one possible difference is the choice of F : if H0 depends
on the locations of other estimated changepoints besides τ̂ , then we must condition on
the locations of all estimated changepoints rather than just whether τ̂ is included in
the model. So, in this case we replace the condition τ̂ ∈ M(X) in Equation 4 with
M(X ′(ϕ,ϕ)) = M(Xobs), to get the p-value

p = Pr
ϕ

(
|ϕ| ≥ |νTτ̂Xobs| | M(X ′(ϕ,ψ)) = M(Xobs)

)
.

It is also possible to apply our methods to different sorts of models. For example, we
consider the model of Chen et al. (2023). They use a model of the form

Xt = ct + ϵt, t = 1, . . . , T,

where ϵt ∼ N(0, σ2) and ct = γct−1 + zt, with zt = 0 except at changepoints and γ
assumed known.

In the paper they develop a selective inference procedure similar to the methods in
Jewell et al. (2022), where they fix a window of size h around an estimated change τ̂ ,
and take as the null hypothesis that there are no changes within this window: i.e.

(cτ̂−h+1, cτ̂−h+2, . . . , cτ̂ , . . . , cτ̂+h) =
(
γ−h+1, γ−h+2, . . . , γ0, . . . , γh

)
cτ̂ .

This leads to a test statistic νTX, where ν is defined as

ν =


− γ(γ2−1)
γ2−γ−2h+2γt−τ̂ if τ̂ − h < t ≤ τ̂

γ2−1
γ2h−1γ

t−τ̂−1 if τ̂ < t ≤ τ̂ + h

0 if t ≤ τ̂ − h or t > τ̂ + h.
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Letting ϕ = νTX as before and conditioning on Πτ̂X = Πτ̂Xobs, they show how to
calculate the set S = {ϕ : τ̂ ∈ M(X ′(ϕ))}, and so to calculate the p-value

Pr
(
ϕ ≥ νTXobs|ϕ ∈ S

)
,

where X ′(ϕ) is defined as in Equation 2.
As before, in our approach we condition on the values of X outside of the window

(τ̂−h+1, τ̂+h); this is equivalent to fixing the value ofBTX whereB is the T×(T − 2h)
matrix obtained by removing the columns corresponding to {τ̂ − h+ 1, . . . , τ̂ + h} from
the T×T identity matrix. We also need to account for the unknown parameter cτ̂ within
this window. Letting a be defined as

at =

{
γt−τ̂ if τ̂ − h+ 1 ≤ t ≤ τ̂ + h

0 otherwise,

we condition on ĉτ̂ = 1
||a||2a

TX, which is a sufficient statistic for cτ̂ . (It can be shown

that a and ν as defined here are orthogonal.)
Having defined ν,a and B, we can then write, as in Section 3.1,

X = ZX +
1

||ν||22
ννTX +

(
1

||a||22
aaT +BBT

)
Xobs,

where Z = I −
(
BBT + 1

||a||22
aaT + 1

||ν τ̂ ||22
ν τ̂ν

T
τ̂

)
, and hence

X ′(ϕ,ψ) = Uψ +
1

||ν||22
νϕ+

(
1

||a||22
aaT +BBT

)
Xobs,

with the p-value

p = Pr
ϕ

(
ϕ ≥ νTτ̂Xobs|M(X ′(ϕ,ψ)) = M(Xobs)

)
.

Since Chen et al. (2023) provides a method for computing S given ψ, it is then straight-
forward to simulate ψ and calculate the estimated p-value as in Equation 6.

Algorithm 1 gives the algorithm to calculate p-values, as in Equation 6, for a general
case. To implement the algorithm, we first must select a changepoint algorithm and a
null hypothesis (e.g. that there are no changepoints within a window h of the estimated
changepoint), and have a method for calculating Sψ given both of these. The algorithm
is then straightforward to implement.

4. Simulation study

4.1. Power simulations
In Section 3.3, we showed that our p-value estimates were valid p-values under H0. In
this section we show that, under H1, our method has greater power to detect change-
points than that of Jewell et al. (2022) for binary segmentation, and we investigate
how the power changes with window size h, size of change δ, and number of samples
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Algorithm 1 General algorithm for calculating p-values.

Implement changepoint algorithm to obtain M(X).
j = 1.
ψ(1) = ψobs
Calculate Sψ(1) .

Calculate p(1) = Pr(|ϕ| ≥ |νTτ̂Xobs| | ϕ ∈ Sψ(1)) and w(1) = Pr(ϕ ∈ Sψ(1)).
while j < N do

j = j + 1.
Sample ψ(j) ∼ N2h−2(0, σ

2I).
Calculate Sψ(j) .

Calculate p(j) and w(j).
end while
Calculate p-value estimate:

p̂N =
1
N

∑N
j=1w

(j)p(j)

1
N

∑N
j=1w

(j)
.

N . All simulations are conducted in R; the code is available at https://github.com/
rachelcarrington/changepointsR.

In each case, we set the number of data points T = 1000, and take σ2 = 1. For
Figures 3 and 4, we simulate from a model with a single change at t = 500, where the
change is of size δ: we consider δ = 1, 2, 3. In each case, we estimate changepoints
using binary segmentation, and calculate the p-value for the first detected changepoint.
Simulations where the changepoint algorithm returns no changepoints are discarded. In
Figure 5 we simulate from a model with 4 changes, at t = 100, 400, 500, 700, and test for
changes at the first 4 estimated changepoints.

Figure 3 shows QQ plots of p-values for binary segmentation, where we simulate data
with a single change of size δ. Figure 3 (a) shows that our test has power when we
simulate from H1, and the power increases with the number of samples N . In Figure 3
(b)-(d), p-values from the method of Jewell et al. (2022) (equivalent toN = 1) are plotted
against p-values from our method with different values of N . The p-values generated
from our method are generally smaller, indicating increased power, particularly so as h
and δ increase. Figure 4 shows plots of the power for different values of h and δ: we
see that initially increasing the number of Monte Carlo samples N leads to substantial
increases in power, but this levels off as N continues to increase. Figure 5 shows the
same thing when simulating from a model with 4 changepoints.

Further plots, which show similar results for wild binary segmentation and L0 seg-
mentation, are given in Appendix B.1.

4.2. Multiple testing
We often detect multiple changepoints in a given data set, and as we conduct hypothesis
tests at each estimated changepoint, we need to account for the fact that we carry out

https://github.com/rachelcarrington/changepointsR
https://github.com/rachelcarrington/changepointsR
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h = 50, δ = 1
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Fig. 3. QQ plots of p-values for changepoints obtained using binary segmentation: h is the
window size and δ the size of the change in the model from which we simulate. In (a), p-values
from our method are plotted against theoretical quantiles from U(0, 1) for N = 1, 2, 5, 10, 20, 50.
(b), (c) and (d) show QQ plots of p-values calculated using our method (with N = 2, 5, 10, 20, 50)
against p-values from the method of Jewell et al. (2022) (equivalent to N = 1).
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Fig. 4. Rejection rates of H0 for binary segmentation, plotted against N . On each plot the
three lines show the proportion of samples where the p-value was below 0.05, leading H0 to be
rejected. Each line corresponds to a different size of change δ: green corresponds to δ = 3,
blue to δ = 2, and red to δ = 1.
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Fig. 5. Rejection rates of H0 for different values of h, δ, and N , when we simulate from a
model with 4 changepoints, and apply binary segmentation with 4 changepoints. For each h,
the process is run three times with changes of size δ = 1, 2, 3, which are shown on the plots as
red, blue, and green lines respectively. Each line corresponds to a changepoint.

multiple tests. There are two common approaches to do so. One is to use a Bonferroni
correction, or the Holm-Bonferroni method (Holm, 1979). These provide control over
the family wise error rate, i.e. the rate of one or more true null hypotheses, and do not
make any assumptions on the dependence of the p-values.

Alternatively we may wish to control the false discovery rate (FDR), the proportion of
rejected null hypotheses that are true. This can be done using the Benjamini-Hochberg
procedure (Benjamini and Hochberg, 1995), but this procedure assumes independent p-
values. If we are testing the presence for a change in non-overlapping regions of the data,
then the unconditional test-statistics are independent. However, the conditioning on the
selection can induce dependence. We investigated empirically the level of dependence, see
for example Appendix B.2, where we observed that there is non-zero but small positive
correlation in p-values (with e.g. correlation less than 0.05 across the scenarios). This
suggests the use of Benjamini-Hochberg may be appropriate in practice, and below we
consider both this and the Holm-Bonferroni method.

We compare post-selection inference methods with a MOSUM approach. The MO-
SUM approach performs a test for a changepoint across all windows of data of some size,
G say. The results of these test are combined to produce a set of estimated changepoints.
We can then assign a level of significance to each changepoint based on its marginal p-
value corrected for the T − G + 1 tests that have been performed. To make the null
hypotheses being tested consistent we set G = 2h. This comparison thus compares
whether it is better to perform tests for all possible windows against first choosing a
small number of tests based on the estimated changepoints from running binary seg-
mentation. This is a comparison of the large multiple testing correction of MOSUM
versus the reduction of information for each test of post-selection inference.

Table 1 shows the number of false positives we get when we simulate from H0 with
T = 1000, and adjust the p-values using the Holm-Bonferroni and Benjamini-Hochberg
methods, for the method of (Jewell et al., 2022), our method, and MOSUM. In each
case the mean number of false positives is below 0.05, suggesting that our tests are
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Table 1. Simulating from H0 with T = 1000, we applied binary segmentation
and MOSUM and calculated how many times H0 was falsely rejected. The ta-
ble reports the mean number of estimated changepoints with adjusted p-value
below 0.05 across 1000 iterations, and the proportion of runs in which there
was at least one false discovery, for both the Holm-Bonferroni and Benjamini-
Hochberg procedures.

Mean false positives Proportion with ≥ 1 false positive
H-B B-H H-B B-H

BS, N = 1 0.03 0.03 0.03 0.03
BS, N = 10 0.03 0.04 0.03 0.03
MOSUM, G = 20 0.00 0.00 0.00 0.00

Table 2. Mean number of true positives and error rate when
simulating from a model with T = 1000 and K equally spaced
changepoints, with µ alternating between 1 and −1, using binary
segmentation and MOSUM. The error rate given is the family-wise
error rate for the Holm-Bonferroni method, and the false discov-
ery rate for the Benjamini-Hochberg method. This is calculated as
FDR = false positives

false positives + true positives .
Mean true positives Error rate (%)
H-B B-H H-B B-H

BS, N = 1 0.79 0.79 0.60 0.53
K = 1 BS, N = 10 0.94 0.94 0.50 0.29

MOSUM, G = 20 0.48 0.48 0.10 0.21
BS, N = 1 2.78 2.92 0.90 0.42

K = 4 BS, N = 10 3.42 3.51 1.50 0.46
MOSUM, G = 20 1.92 2.36 0.10 0.08
BS, N = 1 5.56 6.38 1.50 0.42

K = 9 BS, N = 10 7.23 7.80 2.10 0.51
MOSUM, G = 20 4.45 6.27 0.20 0.05

slightly conservative, although it is lower for MOSUM than for our method. Table 2
shows the mean number of true positives and the error rate (family-wise error rate for
the Holm-Bonferroni method and false discovery rate for Benjamini-Hochberg) obtained
when simulating underH1, withK = 1, 4, 9 equally spaced changepoints. A true positive
occurs if a changepoint with p-value below 0.05 is detected within the region (τ−h, τ+h)
for some τ in the set of true changepoints (we set h = 10). Our method outperforms both
that of Jewell et al. (2022) and MOSUM at finding true changepoints; all three methods
have very few false discoveries. For binary segmentation, the error rate will depend in
part on the changepoint threshold, which here we set to 3. This is a relatively high
threshold, which means that most detected changepoints correspond to true changes,
and hence the overall error rates are substantially below the 5% threshold. Appendix C
shows results we obtain using different choices of threshold, as well as for different values
of T ; these show similar numbers of true positives for a range of thresholds, whilst all
having an error rate below 5%.
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Fig. 6. QQ plots of p-values when σ2 is estimated using median absolute deviation, rather than
being assumed known. In each case T = 1000 and h = 10 and we estimate 1 changepoint using
binary segmentation and calculate the associated p-value. In the left-hand plot we simulate from
H0 with no changes; in the right-hand plot we simulate from a model with a single change of
size δ = 2 at τ = 500.

4.3. Robustness
We now investigate how well our method works if the assumptions that the noise in the
data is i.i.d. and Gaussian with known variance, do not hold. To get some intuition it is
helpful to consider which aspects of our test depend on the distributional assumptions.
Our test is based on two parts: the first is the distribution of ϕ and ψ conditional on the
data outside the region of our test and the mean of the data within the region; the second
are, for each value of ψ, the set of ϕ values that would lead to the same information
used to choose the test. It is only the first part that depends on the distributional
assumptions. If these do not hold then our test statistic has a different distribution but
truncated to the same range of values for each ψ.

Thus in situations where we have a limiting regime whereby the distribution of ϕ and
ψ converge to their assumed distribution, our method will give asymptotically correct
p-values. The most important example of this is where the independent Gaussian as-
sumption for the noise is correct but the variance is unknown. In this case if we use any
consistent (in data size T ) estimator for the variance, our approach will be asymptotically
valid as T → ∞ (see Jewell et al., 2022).

We investigated the finite sample performance, with Figure 6 showing QQ plots of the
p-values obtained when we simulate from a model with no changepoints (left) and with
one changepoint (right), apply binary segmentation with one changepoint, and estimate
the variance of X using median absolute deviation. We see that the distribution of
p-values under H0 is very close to U(0, 1), and under H1 the distribution is close to that
when we assume known variance (compare with Figure 3d).

The discussion above suggests that our approach may also be appropriate in situ-
ations where a central limit theorem holds for our test statistic, so that a Gaussian
approximation for the distribution of ϕ is reasonable. To investigate this, we simulate
data X with heavy-tailed noise, simulating from a student’s t distribution. Figure 7
shows QQ plots we obtain when data is simulated from a tν distribution with ν = 5, 10
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H1, ν = 5, δ = 1

Fig. 7. QQ plots of p-values obtained when simulating from a tν distribution with ν degrees of
freedom.

degrees of freedom. In panels (a) and (b) we simulate from H0 and find that the p-values
approximately follow the expected distribution U(0, 1). In panel (c) we simulate data
with a single change of size δ = 1; in this case the p-values are smaller than under H0,
so the test has power to detect deviation from H0. Figure 13 in Appendix B.3 shows
similar results when we simulate X with Laplace noise.

5. Application to genomic data

We now apply our method to genomic data consisting of GC content in 3kb windows
along the human chromosome, using both binary segmentation and L0 segmentation; we
also include MOSUM (Eichinger and Kirch, 2018) for comparison. The data is available
in the R package changepoint. As in Jewell et al. (2022), only the first 2000 data points
are used, and we set the detection thresholds for binary and L0 segmentation so that
the number of changepoints detected is 38. For each changepoint, we calculate a p-value
using both the method of Jewell et al. (2022) (equivalent to our method with N = 1)
and our method (with N = 10 and N = 20), using a window size of h = 10. The
variance of the data is estimated using median absolute deviation. Figure 8 shows plots
of the data and estimated changepoints for binary segmentation, where changepoints
with p-values smaller than 0.05 (after controlling for multiple testing by using the Holm-
Bonferroni correction) are shown in red, and those with p-values above 0.05 in grey. The
corresponding figure for L0 segmentation is included in Appendix B.1. In both cases,
a greater proportion of changepoints are deemed to be significant using our method,
indicating that it has greater power to detect changes.

Table 3 gives the number of significant changepoints found in each case, and also
include similar results for MOSUM. To account for the fact that we are conducting
multiple tests, we report results after controlling for multiple testing using the Holm-
Bonferroni and Benjamini-Hochberg procedures. For both binary segmentation and
L0 segmentation, we get a greater number of significant changepoints when N = 10
than when N = 1, although increasing N beyond this does not yield much further
improvement. Hence, in practice, only a moderate number of Monte Carlo samples is
sufficient to get an increase in power. We also find that our method yields a much greater
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Fig. 8. Estimated changepoints in GC content data. Binary segmentation was used to estimate
38 changepoints, and we set h = 10. Each vertical line corresponds to an estimated change-
point; changepoints found to be significant at significance level α = 0.05 are shown in red, with
others shown in grey. In the top panel, we used N = 1 (equivalent to the method of Jewell et al.
(2022)) to calculate p-values; in the bottom panel, we used N = 10.

number of significant changepoints than MOSUM.

6. Discussion

We have introduced a method for increasing the power of changepoint inference proce-
dures, by reducing the amount of information we condition on. We have shown that this
method is effective in increasing power compared to existing methods, both in simulated
and real-world datasets.

Whilst our approach has been developed for changepoint problems, the general idea
can be applied to other scenarios such as clustering (Gao et al., 2022; Chen and Witten,
2023) or regression tress (Neufeld et al., 2022). For example, current methods for post-
selection inference after clustering are based on a test statistic that compares the mean
of the cluster, and fixes the projection of the data that is orthogonal to this. However we
could reduce this to conditioning just on the sample mean of one of the clusters, and the
data in the clusters that are not being combined. Our method would then re-simulate
the perturbations of each data point about its clustered mean, apply the existing post-
selection inference method to each dataset, and calculate the weighted average as we
do in this paper. We believe that this approach would have similar properties, of being
a valid p-value regardless of the Monte Carlo sample size, and of having larger power
as the Monte Carlo sample size increases. Our approach for constructing valid p-values
when using Monte Carlo to estimate post-selection p-values (e.g. Saha et al., 2022) may
also be applicable more widely.
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Table 3. Number of changepoints in GC content data with p-values below
α = 0.05, where we control for multiple testing using the Holm-Bonferroni
and Benjamini-Hochberg methods. We implement our method with binary
segmentation and L0 segmentation, where N = 1 is equivalent to the method
of Jewell et al. (2022). For comparison we also apply MOSUM.

Number of p-values < 0.05
Changepoint algorithm Holm-Bonferroni Benjamini-Hochberg

N = 1 15 21
Binary segmentation N = 10 27 30

N = 20 27 30
N = 1 16 25

L0 segmentation N = 10 25 28
N = 20 28 29

MOSUM 11 17
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A. Proofs

A.1. Proof of Theorem 1
Proof. Fix α, and consider maximising Pr(P ∗ ≤ α). This corresponds to choosing

a rejection region Rα for (ϕ,ψ) that maximises∫
Rα

k̃(|ϕ|)f(ϕ)
2h−2∏
i=1

g(ψi)dϕdψ,

subject to ∫
Rα

f(ϕ)

2h−2∏
i=1

g(ψi)dϕdψ ≤ α

∫
S
f(ϕ)

2h−2∏
i=1

g(ψi)dϕdψ.

As k̃ is an increasing, it is straightforward that this is achieved for the region

Rα = {(ϕ,ψ) : |ϕ| ≥ cα},

with cα defined by∫
Rα

f(ϕ)

2h−2∏
i=1

g(ψi)dϕdψ = α

∫
S
f(ϕ)

2h−2∏
i=1

g(ψi)dϕdψ.

This is precisely the form of PI , as PI ≤ α corresponds to |ϕ| ≥ cα. The result follows
directly.

We now show that the condition of the theorem holds if under the alternative the we
have a common mean forXτ̂−h+1, . . . , Xτ̂ , and a different common mean forXτ̂+1, . . . , Xτ̂+h,
and that the density for the size of the change in mean is symmetric about 0. Under
this model, denote the size of the change at τ̂ by Y , and denotes its density function
by h(y), which by assumption is symmetric about 0. First note that for this model ϕ
is independent of ψ1:2h−2 as the covariance of (ϕ,ψ1:2h−2) is still diagonal, and it is
straightforward to hence show that the conditional distribution of ψ1:2h−2 given ϕ is
unchanged. So we need just check the condition on the marginal distribution for ϕ.

Under H1,
ϕ|Y ∼ N(Y, ||ν τ̂ ||22σ2).

and hence

fH1
(ϕ) =

∫
Y
fH1

(ϕ|y)h(y)dy,

where fH1
denotes the density of ϕ under H1. Since h is symmetric in Y , we get

h(ϕ) =

∫
Y
fH1

(ϕ|y)h(y)dy

=

∫
Y >0

fH1
(ϕ|y)h(y)dy +

∫
Y <0

fH1
(ϕ|y)h(y)dy

=

∫
Y >0

(fH1
(ϕ|y) + fH1

(ϕ| − y))h(y)dy.
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Note that fH1
(ϕ|y) = fH1

(ϕ− y|0) = f(ϕ− y), so

fH1
(ϕ) =

∫
Y >0

(f(ϕ− y) + f(ϕ+ y))h(y)dy,

and so

k(ϕ) =

∫
Y >0 (f(ϕ− y) + f(ϕ+ y))h(y)dy

f(ϕ)
=

∫
Y >0

f(ϕ− y) + f(ϕ+ y)

f(ϕ)
h(y)dy.

Let

k̃(ϕ) =
f(ϕ− y) + f(ϕ+ y)

f(ϕ)

=
e−(ϕ−y)2/2||ν τ̂ ||22σ2

+ e−(ϕ+y)2/2||ν τ̂ ||22σ2

e−ϕ2/2||ν τ̂ ||22σ2

= e−y
2/2||ν τ̂ ||22σ2

(
eϕy/2||ν τ̂ ||22σ2 − e−ϕy/2||ν τ̂ ||22σ2

)
.

This is monotone increasing in |ϕ| for every y > 0. Therefore, this must also be true of
k(ϕ).

A.2. Proof of Theorem 2
Proof. The p-value, p̂N , is invariant to shuffling the labels of the ψ(j)s. Let ψ(1:N)

denote the set of ψ(j) values after shuffling, and I the label of ψ(j) that corresponds to
the observed data.

The proof follows by calculating Pr(p̂N > α|ψ(1:N)). This requires calculating the

distribution of ϕ given ψ(1:N).
As before, let f and g represent the pdfs under the null of ϕ and each component of

ψ, respectively. Then

f(ϕ,ψ(1:N), I|S) ∝ f(ϕ)

(
N∏
i=1

g(ψ(i))

)
I{ϕ∈S

ψ(I)}.

If we condition on ψ(1:N), then we get

f(ϕ, I|ψ(1:N),S) ∝ f(ϕ)I{ϕ∈S
ψ(I)}.

To normalize this, evaluate

W =

N∑
i=1

∫
ϕ
f(ϕ)I{ϕ∈S

ψ(I)}dϕ =

N∑
i=1

Pr(ϕ ∈ Sψ(i)) =

N∑
i=1

wi,

where wi is as defined above. Thus,

f(ϕ, I|ψ(1:N),S) = 1

W
f(ϕ)I{ϕ∈S

ψ(I)}.
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Fig. 9. QQ plot of p-values for L0 segmentation; h is the window size and δ the size of the
change in the model from which we simulate. In (a), p-values from our method are plotted
against theoretical quantiles from U(0, 1) for N = 1, 2, 5, 10, 20, 50. (b), (c) and (d) show QQ
plots of p-values calculated using our method (with N = 2, 5, 10, 20, 50) against p-values from
the method of Jewell et al. (2022) (equivalent to N = 1).

We can now marginalise out I to get

f(ϕ|ψ(1:N),S) =
N∑
I=1

f(ϕ, I|ψ(1:N),S).

So,

f(ϕ|ψ(1:N),S) = 1

W

N∑
I=1

f(ϕ)I{ϕ∈S
ψ(I)} =

1

W

N∑
I=1

wI
f(ϕ)I{ϕ∈S

ψ(I)}

wI
=

1

W

N∑
I=1

wIf(ϕ|ϕ ∈ Sψ(I)).

So

Pr(|ϕ| > α|ψ(1:N),S) = 1

W

N∑
I=1

wi Pr(|ϕ| > α|ψ(I),S).

This is the form of p̂N , but with α replaced by ϕobs. So by the probability inverse
transform, p̂N will have a uniform distribution on [0, 1].

B. Additional Simulations

B.1. Results for L0-penalised and Wild Binary Segmentation
In Section 4, we investigated the performance of our method using binary segmentation as
the changepoint algorithm. Here, we show similar results for L0-penalised segmentation
and wild binary segmentation.

Figure 9 shows equivalent plots to Figure 3, where we estimate changepoints using L0

segmentation rather than binary segmentation. In each case we simulate 1000 datasets,
each with a single changepoint, and calculate the p-values. Figure 10 shows plots of
the power when we simulate under a model with a single changepoint, and apply L0

segmentation. As for binary segmentation, the power increases with h and δ. Figure 11
shows similar plots for wild binary segmentation when there are 4 changepoints.

Figure 12 shows the results of applying L0 segmentation to the GC content dataset
we used in Section 5. The p-values correspond to those in Table 3.
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Fig. 10. Rejection rates of H0 for L0 segmentation. On each plot the three lines show the
proportion of samples (of 1000 total) where the p-value was below 0.05, resulting in H0 being
rejected, for different values of N . Each line corresponds to a different size of change δ: green
corresponds to δ = 3, blue to δ = 2, and red to δ = 1.
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Fig. 11. Rejection rates of H0 for different values of h, δ, and N , when we simulate from a model
with 4 changepoints, and apply wild binary segmentation with 4 changepoints. For each h, the
process is run three times with changes of size δ = 1, 2, 3, which are shown on the plots as red,
blue, and green lines respectively. Each line corresponds to a changepoint.
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Fig. 12. Estimated changepoints in GC content data. L0 segmentation was used to estimate 38
changepoints, and we set h = 10. Each vertical line corresponds to an estimated changepoint;
changepoints found to be significant at significance level α = 0.05 are shown in red, with others
shown in grey. In the top panel, we used N = 1 (equivalent to the method of Jewell et al. (2022))
to calculate p-values. The middle and bottom panels show results obtained using N = 10 and
N = 20 respectively.
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Table 4. Investigating independence of p-values: in each
case we sample different ϕ values at the changepoint of
interest (keeping the rest of the data the same), re-apply
the changepoint model, and calculate p-values at each
changepoint. We then calculate the pairwise correlations
between p-values.
Changepoint of interest ρ(τ̂1, τ̂2) ρ(τ̂1, τ̂3) ρ(τ̂2, τ̂3)
τ̂1 0.042 0.014 0.005
τ̂2 0.017 0.001 0.007
τ̂3 0.065 0.021 0.029
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Fig. 13. QQ plots of p-values obtained when simulating from a Laplace distribution under H0

and H1; s is the scale parameter.

B.2. Correlation of p-values

To investigate empirically whether p-values at distinct locations (i.e. non-overlapping
regions of interest) are uncorrelated, we simulated from a model with T = 400 and
three changepoints at τ = 100, 200, 300. Using binary segmentation, changepoints were
detected at τ̂ = 92, 200, 297. We set h = 10, so that the regions of interest around each
τ̂ were non-overlapping. For each τ̂ , we sampled ϕ from its (conditional) distribution
1000 times. For each ϕ(j), we calculated X ′(ϕ(j)), applied binary segmentation, and
calculated the p-values. We then calculated pairwise correlations between p-values, which
are displayed in Table 4. We find that the correlations in all cases are very close to 0,
so empirically the p-values at different changepoints appear to be uncorrelated, and it
seems reasonable to treat them as independent.

B.3. Robustness to Laplace noise

Figure 13 shows QQ-plots for post-selection p-values for data simulated with i.i.d. Laplace
noise. Under H0, the p-values are approximately uniform on [0, 1].
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Table 5. Simulating from H0, we applied binary segmentation and MOSUM and calculated
how many times H0 was falsely rejected. The table reports the mean number of estimated
changepoints with adjusted p-value below 0.05 across 1000 iterations, and the proportion
of runs in which there was at least one false discovery, for both the Holm-Bonferroni and
Benjamini-Hochberg procedures.

Mean false positives Proportion with ≥ 1 false positive
H-B B-H H-B B-H

BS, N = 1 0.03 0.03 0.03 0.03
T = 250 BS, N = 10 0.04 0.04 0.03 0.03

MOSUM, G = 20 0.00 0.00 0.00 0.00
BS, N = 1 0.03 0.03 0.03 0.03

T = 500 BS, N = 10 0.03 0.03 0.03 0.03
MOSUM, G = 20 0.00 0.00 0.00 0.00
BS, N = 1 0.03 0.03 0.03 0.03

T = 1000 BS, N = 10 0.03 0.04 0.03 0.03
MOSUM, G = 20 0.00 0.00 0.00 0.00

C. Additional Tables

We present here fuller versions of Tables 1 and 2, giving results for T = 250, 500, 1000.
Table 5 corresponds to Table 1 and Table 6 to Table 2. The different value of T give
similar results for the numbers of true and false positives detected.

Table 7 gives further results for binary segmentation for one of the scenarios in Table
6, in the case where T = 1000 and K = 4. Here we compare different choices of threshold
for the binary segmentation algorithm, to investigate the effect this has on the number of
true positives discovered and on the error rate. The threshold used for previous results
was 3. Here we see that using a lower threshold increases the number of false positives
(as would be expected, since we are more likely to detect false changepoints), but the
FWER and FDR are still below 5%.
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Table 6. Mean number of true positives and error rate when simulating X
with T data points and K equally spaced changepoints, with µ alternating
between 1 and −1, using binary segmentation and MOSUM. The error rate
given is the family-wise error rate for the Holm-Bonferroni method, and the
false discovery rate for the Benjamini-Hochberg method. This is calculated as
FDR = false positives

false positives + true positives .
Mean true positives Error rate (%)
H-B B-H H-B B-H

BS, N = 1 0.78 0.78 0.30 0.34
T = 250,K = 1 BS, N = 10 0.94 0.50 0.27 0.34

MOSUM, G = 20 0.59 0.59 0.00 0.00
BS, N = 1 2.67 2.79 0.30 0.16

T = 250,K = 4 BS, N = 10 3.45 3.55 0.70 0.24
MOSUM, G = 20 2.35 2.97 0.10 0.03
BS, N = 1 5.07 5.92 0.70 0.17

T = 250,K = 9 BS, N = 10 7.24 7.74 0.50 0.12
MOSUM, G = 20 5.27 7.59 0.00 0.00
BS, N = 1 0.79 0.79 1.10 0.99

T = 500,K = 1 BS, N = 10 0.95 0.95 1.60 0.93
MOSUM, G = 20 0.56 0.56 0.20 0.27
BS, N = 1 2.75 2.89 0.40 0.29

T = 500,K = 4 BS, N = 10 3.46 3.53 1.00 0.35
MOSUM, G = 20 2.24 2.72 0.10 0.06
BS, N = 1 5.54 6.36 1.10 0.31

T = 500,K = 9 BS, N = 10 7.38 7.87 1.30 0.33
MOSUM, G = 20 4.99 7.09 0.10 0.06
BS, N = 1 0.79 0.79 0.60 0.53

T = 1000,K = 1 BS, N = 10 0.94 0.94 0.50 0.29
MOSUM, G = 20 0.48 0.48 0.10 0.21
BS, N = 1 2.78 2.91 0.90 0.42

T = 1000,K = 4 BS, N = 10 3.42 3.51 1.50 0.46
MOSUM, G = 20 1.92 2.36 0.10 0.08
BS, N = 1 5.56 6.38 1.50 0.42

T = 1000,K = 9 BS, N = 10 7.23 7.80 2.10 0.51
MOSUM, G = 20 4.45 6.27 0.20 0.05
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Table 7. Mean number of true positives and error rate when
simulating from a model with T = 1000 and K = 4 equally
spaced changepoints, with µ alternating between 1 and −1,
using binary segmentation. The error rate given is the family-
wise error rate for the Holm-Bonferroni method, and the false
discovery rate for the Benjamini-Hochberg method. This is
calculated as FDR = false positives

false positives + true positives .
Mean true positives Error rate (%)

Threshold N H-B B-H H-B B-H
2 N = 1 2.70 3.02 3.10 2.89
3 N = 1 2.78 2.91 0.90 0.42
4 N = 1 2.49 2.63 0.30 0.11
2 N = 10 3.33 3.60 3.80 2.83
3 N = 10 3.42 3.51 1.50 0.46
4 N = 10 3.51 3.57 0.30 0.08
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