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Abstract

The performance of the widely used betting-against-beta (BAB) investment
strategy is improved by controlling for the stochastic dominance (SD) relation
between individual stocks and the market portfolio. Dominating stocks, pre-
ferred by all risk-averse and prudent investors, are excluded from the short leg
of the BAB strategy. Stocks that are dominated by the market are excluded
from the long leg of the strategy. This prefiltering significantly enhances a wide
range of performance and risk measures including abnormal returns relative to
various factor models. The improvements are especially pronounced for the
third-order SD, are robust to transaction costs and different market conditions.
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1 Introduction

Stocks with low market beta often generate superior excess returns. This puzzle that
seemingly contradicts financial theory has been discussed for decades in the academic
literature and it has given rise to multiple investment products, including the betting-
against-beta (BAB) strategy. In this paper we show that the BAB strategy may not
always be consistent with the notion of stochastic dominance (SD) — a more gen-
eral framework encompassing a wide variety of individual preferences. We suggest a
methodology of prefiltering individual stocks based on their SD-relation with the mar-
ket index and adjusting the BAB strategy such that the long leg excludes dominated
stocks, and the short leg excludes dominating stocks. The resulting SD-enhanced
BAB portfolio exhibits performance improvement across multiple dimensions, from
mean and variance to Omega ratio, lower partial moments, certainty equivalents, and
abnormal returns relative to various factors models. The outperformance is espe-
cially pronounced for third-order SD (TSD) prefiltering. Allocation adjustments in
the short leg contribute the most to performance improvement of the overall portfolio.

The underpinning mechanism of low beta strategies is related to the observation
that the security market line is too flat, as emphasized by Fama and French (1992).
Black (1993) suggests that “Beta is a valuable investment tool if the line is as steep as
the CAPM predicts. It is even more valuable if the line is flat.” He further develops
the intuition of beta factor, which is the precursor of the BAB strategy of Frazzini and
Pedersen (2014). Findings that the security market line is “essentially flat” or “com-
pletely flat” are discussed and debated by, for example, Black (1993), Jagannathan
et al. (1995), Jagannathan and Wang (1996), Fama and French (1996), Campbell and

Vuolteenaho (2004), and Bai et al. (2019), among others. Table 1 summarizes the



key findings in the academic literature related to the low beta anomaly, its potential

explanations, and implications.
[Table 1 around here]

The beta anomaly is often utilized as an investment strategy. Invesco Russell 1000
Low Beta Equal Weight ETF (USLB), for example, directly targets low beta stocks
within Russell 1000 index. Frazzini and Pedersen (2014) point out that correlation
moves slowly compared to volatility, thus, low volatility investing is practically close
to low beta investing. Various ETFs track low volatility stocks. For example, In-
vesco S&P 500 Low Volatility ETF (SPLV) targets the quintile of S&P 500 index
components with the lowest volatilities. The assets under management of this fund
are about $10.3 billion as of May 27, 2022. Financial index providers such as S&P
and Dow Jones develop multiple low beta indices covering the US, the UK, Japan,
Developed, and Global markets. AQR — one of the leading investment firms — directly
tracks a long-short portfolio replicating the BAB factor.!

Conceptually, beta is inherent to the mean-variance framework. It is a valu-
able measure characterizing risk-return trade-off if returns on assets are normally
distributed or investors have a quadratic utility function. Stock returns, however,
often do not follow a normal distribution (Cont 2001), and investors are likely to
have heterogeneous preferences. Accommodating non-normal/non-quadratic-utility
world of heterogenous investors calls for a more general framework of financial deci-
sion making. Here, the SD approach is the most suitable. First, it ranks complete

return distributions. Hence, it accounts for various risks (including, e.g., tail risk),

!The AUM of SPLV can be found via https://www.invesco.com/us/financial-products/etfs/
product-detail?productld=ETF-SPLV, and the AQR’s BAB can be accessed via https://www.aqr.
com/Insights/Datasets/Betting- Against- Beta- Equity-Factors-Monthly.
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and it does not restrict comparisons to a limited number of moments (such as only
mean /variance/skewness). Second, the general preferences captured by SD are par-
ticularly suitable for collective investments, such as mutual or hedge funds, where
individual investors are likely to have different risk tolerance.

In this paper we focus on the second order SD (SSD) which is related to the
preference of the risk-averse investors and the third order SD (TSD), which also
encompasses investors’ prudence. If return distribution of one asset dominates the
return distribution of another asset by SSD (TSD), all risk-averse (and prudent)
investors, irrespective of their actual risk aversion or the exact shape of the utility
function, prefer the former to the latter. Post (2003) and Kuosmanen (2004) find that
SD efficient strategies enhance portfolio performance. Hodder et al. (2015) show that
investment strategies based on SSD significantly outperform strategies based on the
mean-variance approach. Post and Kopa (2017), Kolokolova et al. (2022), and Fang
and Post (2022) further discuss the implication of higher-order SD for investment
decisions and portfolio selection.

Our paper merges the insights from these strands of research and proposes a
methodology that allows improving performance of the BAB strategy across a spec-
trum of performance-risk measures and during different market conditions. Stocks
are evaluated in terms of their SSD and TSD relations with the market index, and
dominating stocks are excluded from the short leg of the BAB strategy while dom-
inated stocks are excluded from the long leg of the strategy. The TSD prefiltering
performs especially well, significantly increasing the mean return (by over 50 basis
points per year), the Sharpe, Sortino, Omega and Upside potential ratios, as well as

certainty equivalents for different levels of risk aversion. It also results in a significant



increase in the alpha relative to various factor models, such as the Fama-French 6
factor model and the g5 model of Hou et al. (2021) among others. The positive and
significant alpha of the SD-enhanced BAB is not subsumed by the FMAX factor of
Bali et al. (2017), contrary to that of the original BAB strategy. The outperformance
remains pronounced after controlling for realistic transaction costs. Our results are of
interest not only to academics but also practitioners. We clearly show how following
the SD-enhanced strategy significantly improves the properties of portfolio returns
over a classical investment strategy that merely considers the stock beta.

The rest of the paper is organized as follows: Section 2 introduces the methodol-
ogy for augmenting the BAB portfolio and describes various performance evaluation
metrics. Section 3 discusses the data and presents the empirical results. Several ro-
bustness checks are examined in Section 4, and concluding comments are provided in

Section 5.

2 Methodology

2.1 SD - theoretical preliminaries

The concept of stochastic dominance (SD) allows ranking complete distributions of
outcomes, for example, asset returns, without making any parametric assumptions
about the exact utility function of an investor. SD of different orders captures differ-
ent types of preferences. Specifically, first order SD (FSD) characterizes monotonic
preferences, second order SD (SSD) characterizes risk-averse preferences, while third
order SD (TSD) is related to risk-averse and prudent preferences. No investors with

increasing utilities (that is, investors preferring higher returns to lower ones) will



choose FSD dominated investment strategy. No investors with increasing and con-
cave utilities (that is, risk-averse investors) will choose SSD dominated strategy. And
no investors with increasing and concave utilities, that have also a positive third
derivative (that is, prudent investors making precautionary savings) will choose T'SD
dominated strategy.?

Formally, SD relationship between two distributions can be defined as follows. Let
F = FWU be a cumulative distribution function defined on an interval [a,b]. Define

FI" recursively as:

Fil(ry = / " F1 (1) dk (1)

A distribution F' is said to dominate distribution G at order S in the stochastic sense
it FISl(r) < GI¥I(r) for all r € [a,b] and FIM(b) < GII(b) for all m =2, ... , S — 1.
In this paper, we focus on SSD and TSD because of their rich implications for
financial decision making. As mentioned earlier, if a return distribution F' dominates
another return distribution G by SSD (TSD), no risk-averse (and prudent) investor
prefers G over F. SSD relation can also be viewed through the prism of expected
losses relative to a threshold. If F' dominates G by SSD, then expected losses relative
to all admissible thresholds of F' are smaller in absolute values that those of G. This
makes SSD closely related to advanced risk measures, such as Omega, which is the
ratio of the expected gains over expected losses relative to a specified return level. If
F dominates G by SSD, then Omega of F' is always larger than that of GG, for any

required return levels. Hence, risk-averse investors should try to avoid SSD dominated

2For a comprehensive discussion of the SD framework see Levy (2016), and for the application
to portfolio choice see Hodder et al. (2015), among others.



assets in their portfolios. Similarly, T'SD is closely related to preferences for skewness
by the investors. Indeed, Fang and Post (2017) and Fang and Post (2022) have shown

benefits of higher-order SD for asset pricing and portfolio optimization.

2.2 SD and low beta investing

Market beta relates to the first two moments of the return distribution, while SD
accounts for the full spectrum of moments. This may cause inconsistencies between
beta and SD rankings and make the beta-based trading strategies less desirable. A
stylized example in Table 2 illustrates a potential mismatch between SD and low-beta
investments.?

Suppose we have five assets (A, B, C, D, and E) across three periods (t=1, 2, 3), as
well as their respective initial market capitalizations at the beginning of period 1. We
compute the equal-weighted (Mpg) and value-weighted (Myy ) market index returns
based on these five assets. The weights for the value weighted market returns are
adjusted each period to account for the previous growth of the assets. For example,
the asset A has a payoff of 1.1% for the first period, accounting for 20% of Mg
and 25% of Myyw. The value-weighed scheme adjusts for the size effect — likely
outperformance of small stocks relative to large stocks.* This is exactly the case in
our example with the smallest stock (D) having the highest mean return.

Given the payoff profiles of these assets, we know that D dominates assets A, B,
and C by FSD, as ranked payoffs of D are always higher than those of these assets.

The returns of asset A at any time are smaller than those of C, D and E, thus,

3Tn this example our asset E has the same properties as the one used in the example of Post and
Kopa (2017).
4See Fama and French (1992) among many others.



A is dominated by these assets by state-wise dominance. State-wise dominance is
related to explicit relationship between probability density functions and is the most
fundamental form of FSD. Asset B dominates C by SSD, as the cumulative sum of the
ranked returns of B is always higher than that of C. Note this case, the mean return
of asset B (1.10) is larger than that of asset C (1.05), but the standard deviation
of B (0.17) is also higher than that of C (0.16). Hence, there is no clear dominance
relation between these two assets in the mean-variance sense. However, a slightly
larger variance of B is a result of “good” returns, which can be assessed by comparing
the empirical cumulative distribution functions of the returns of these two assets. The
relation of the cumulative distribution functions can also be captured by the partial
sums of the ranked returns (Kuosmanen 2004). The cumulative sums of returns for
asset B of [0.9; 1.99; 3.3] are always higher than the sums of C of [0.83; 1.93; 3.14],
implying dominance of B over C in the SSD sense. One could look at this ranking
also from the point of view of the expected losses relative to all possible thresholds
for these two distributions. The expected losses are always smaller in absolute values
for asset B than asset C. For example, consider a threshold 1.1. Relative to this
threshold, with a probability of 1/3 asset B loses 1.1 —0.9 = 0.2, and with a probably
of 1/3, it loses 1.1 — 1.09 = 0.01. Hence, the expected loss is 0.2/3 + 0.01/3 = 0.07.
For asset C, the expected loss is larger, (1.1 — 0.83)/3 = 0.09, and the relation holds
for all other thresholds as well.

Comparing the asset return with the market return distributions in the SD sense,
we can see that the equal-weighted market index dominates A and C by FSD, it
dominates B by SSD, and it is dominated by D in terms of FSD and by E in terms of

TSD. Asset E has the same mean return as the equal-weighted market index (1.10)



and a slightly higher variance (0.17 vs 0.16), which rules out the SSD relation between
the two. However, asset E exhibits much higher skewness (0.69 vs 0), which results
in its dominance over the market in the TSD sense.

The SD relations remain the same for A and D relative to the value-weighted
market index. This is because A (D) has a lower or equal (higher or equal) return at
each state than the two market indices, hence, the weighting scheme of the market
index does not affect pairwise dominance. However, the dominance relations change
for B, C, and E. The value-weighted market index and B lie in the same dominance
class, meaning that none of them dominates each other by either FSD or SSD. Asset C
is dominated by equal-weighted market index by FSD and by value-weighted index by
SSD. In fact, C is dominated by D in terms of FSD, and D contributes substantially to
the performance of the equal-weighted market index. On the contrary, C dominates A
by FSD, but it is dominated by B by SSD, and the performance of the value-weighted
market index is substantially driven by the larger stocks.

We next calculate two betas for each asset, using the equally weighted and value
weighted market indices. Asset A has the lowest Bgg of 0.50 as well as the lowest
Byw of 0.56, while D has the highest beta estimates of 2.08 and 2.72 respectively.
Low beta investing suggests taking a long position in A and a short position in D,
which is against the fact that D dominates A by FSD. Low beta investing in this case
is equivalent to purchasing a dominated asset and selling a dominating asset, which
results in utility losses for all investors.

Hence, a beta-based asset choice can provide misleading indications when it is
going against the SD relationship, and this issue persists when different weighting

schemes are used to compute the market return.



[Table 2 around here]

2.3 SD-enhanced BAB strategy

To enhance performance of the BAB strategy and avoid potential losses due to in-
consistencies between SD- and market-beta-based rankings, we suggest implementing
SD-prefiltering of stocks before constructing the BAB strategy. All dominated stocks
relative to the market are to be removed from the long leg, and all dominating stocks
are to be removed from the short leg.

To assess the contribution of such pre-filtering to performance, we collect monthly
and daily return data for the CRSP stock universe from July 1926 to December
2020. Following Frazzini and Pedersen (2014), we use 5-year rolling window for beta
estimation. Specifically, at the beginning of each month from July 1931 to December
2020, we compute beta estimate for stock ¢ as follows:

AP = 0.6 x ﬁ? +0.4, (2)
where 7; is the stock return volatility calculated using daily log returns from previous
one-year period, while p is the correlation between stock returns and market returns
calculated using overlapping three-day log returns from previous 5-year period. We
require at least 120 daily returns to estimate the volatility and at least 750 daily
returns to estimate the correlation.

In parallel, for each stock we conduct the non-dominance test of Davidson (2009)
to determine if the stock dominates the market portfolio or is dominated by it based

on one-year period of past returns. We use the CRSP US total market index as the

10



market portfolio and a one-year estimation window to be consistent with volatility
estimation for the beta. The Davidson (2009) test is chosen due to the convenient
formulation of the null hypothesis in terms of non-dominance.® Rejection of the null
hypothesis leaves only one conclusive alternative of dominance.®

The test procedure works as follows. We are interested in the potential SD rela-
tions at order S for a pair of assets A and B with 7" observations each. The test works
on the joint support of the empirical return distributions, trimming 5% extreme ob-
servations, which forms the set of thresholds z. For each asset, its dominance function
with respect to a certain threshold z can be computed as:

Digser(2) = (S—ll)'T > (max(z —4;,0))° ! (3)

=1

where y; is the ith ranked return of the Asset, which is either A or B in this example.
The test statistics of the null hypothesis that asset A does not dominate asset
B at order S (t*) is the minimum of the standardized differences in the dominance

functions across all thresholds:

I D3() — D3()
N \/var(Dfl(z)) +wvar(D3(z)) — 2cov(D5(2), D3(2))

(4)

where var(-) and cov(-) are the estimated variance and covariance of the corresponding
terms. t* is asymptotically normally distributed. See Davidson (2009) and Hodder

et al. (2015) for more technical details.

5There exist other potential SD-related tests that one could use for stock prefiltering, including
Post (2003), Kuosmanen (2004), Fang and Post (2017), Linton et al. (2005, 2010). The chosen
Davidson (2009) test is characterised by computational advantage compared to the other tests, as
we discuss in detail in Online Appendix.

5The MATLAB code for the SD test is available from the authors upon request.
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When implementing this procedure, for each stock ¢, we first test the null hypoth-
esis that this stock does not dominate the market portfolio by SSD or TSD. Rejection
of it implies that stock ¢ dominates the market portfolio. Economically, such domi-
nance means that all risk-averse (for SSD) and prudent (for TSD) investors would be
better off investing in stock 7 as opposed to the index.

Next, we use the non-dominance test with the complementary null hypothesis that
the market portfolio does not dominate stock ¢ by SSD or TSD. Rejecting this null
implies that stock 7 is dominated by the market portfolio, hence, all risk averse or
prudent investors are better off investing in the market. For both cases, we choose a
conservative approach to reject the null hypothesis only when the p-value is smaller
than 1%. If none of the hypotheses can be rejected, stock ¢ and the market portfolio
lie in the same dominance class. This means that for some risk-averse or prudent
investors stock ¢ is the preferred option, while for other investors investing in the
market would be preferred.

As a result, at the beginning of each month each stock is characterized by its
estimated beta and indicators of whether it is dominated by the market, it dominates
the market, or it lies in the same dominance class with the market portfolio according
to SSD and TSD criteria. We next create long-short SSD- and TSD-enhanced BAB
portfolios consistent with Frazzini and Pedersen (2014). The long leg of the portfolios
includes half of stocks with the market betas below the median, excluding those stocks
that are dominated by the market by SSD or TSD respectively. The short leg of the
portfolios includes half of stocks with the market betas above the median, excluding
those stocks that dominate the market by SSD or TSD. The portfolios are held for

one month and then rebalanced. We label the resulting SD-enhanced BAB portfolios

12



as SSDBAB and TSDBARB for SSD and TSD prefiltering respectively.

For comparison purposes, we also construct portfolios purely based on SSD and
TSD. Such choices are not necessarily straightforward and are often subject to stan-
dalone research.” To assure computational feasibility and conceptual consistency with
the previous procedure of enhancing the BAB portfolio, we construct SSD and TSD
long-short portfolios based on a pairwise comparison of each stock with the market
index. Fach month ¢ using the past year of daily data, we test for the SSD and TSD
relations between each stock and the market, similar to the first step of our prefilter-
ing approach. The long leg of the SSD or TSD portfolio is then constructed as an
equally weighted portfolio of all stocks that dominate the market at the required or-
der, with the null hypotheses of non-dominance of the stock over the market rejected
at the 1% level. The short leg is an equally weighted portfolio of all stocks that are
dominated by the market, with the null hypotheses of non-dominance of the market
over the stock rejected at the 1% level. The SSD and T'SD based long-short portfolios

are constructed separately.

2.4 Performance evaluation

Barroso et al. (2021) argue that the BAB outperformance can be explained by several

"Often, research focuses on SD-efficient portfolios, which cannot be dominated by any combina-
tion of the same underlying assets. The corresponding linear programming algorithms are computa-
tionally intensive and work only with a limited number of assets. Hodder et al. (2015), for example,
use 49 industry portfolios and construct SSD efficient portfolios based on Kuosmanen (2004) and
Kopa and Post (2015) linear programming approaches. Post and Kopa (2017) use TSD and again
49 industry portfolios as base assets. Kolokolova et al. (2022) use a pairwise comparison between
industry indices and the market and show that past dominance of an industry portfolio over the
market index predicts future dominance. A notable exception is Clark and Kassimatis (2014), where
the authors use individual stocks in the UK, and their investment rule is based on pairwise compar-
isons of all stocks with each other. This renders N x (N — 1) comparisons every evaluation period,
which is not computationally feasible for the CRSP universe of stocks.

13



risk factors. Specifically, they find that the Fama-French 6-factor model subsumes the
BAB abnormal return. Hence, in order to comprehensively evaluate the performance
of the SD-enhanced BAB portfolios and compare it with the original BAB, we estimate

a set of abnormal returns (alphas) relative to the following benchmark models:

(1) FF4 — the Fama-French 3-factor model, that includes the excess return of the

market over the risk-free rate (MKT_RF), the size (SMB) and value (HML)

factors, plus the Carhart momentum factor (MOM);

(2) FF4+PS — the FF4 model augmented by the Pastor and Stambaugh (2003)

traded liquidity factor;

(3) FF5 — the Fama-French 5-factor model, that includes the profitability (RMW),

and investment (CMA) factors;
(4) FF6 — the Fama-French 6-factor model, that adds MOM to FF5;

(5) @b — the g-5 factor model, that includes MKT_RF, SMB, as well as the invest-
ment (IA), return on equity (ROE), and expected growth (EG) factors (Hou

et al. 2021).

Bali et al. (2017) show that the lottery-demand related factor FMAX can explain the
outperformance of the BAB strategy. Thus, we further augment the FF4 model with
the FMAX factor (FF4+FMAX). Last but not least, to assess if the SD prefiltering
expands the investment opportunity set relative to the original BAB, we regress the
performance of our alternative portofplios on the BAB factor only.

In addition to the risk-adjusted performance relative to the factor models, we

estimate a wide range of performance and risk measures that are often used in portfolio

14



management and risk reporting. These include:

(1)

(6)

classical symmetric measures: mean return, return standard deviation, and

Sharpe ratio;

measures focusing on downside risk and upside potential: Omega, Sortino, and

Upside potential ratios;

measures focusing on tail returns: Value-at-Risk (VaR) at 5%, expected shortfall
(ES) at 5%, maximum drawdown (MDD), minimum return, maximum return,

skewness, and kurtosis;

lower partial moments (LPM): zero-, first-, and second-order lower partial mo-
ments which capture the loss frequency, average shortfall, and semi-variance,

respectively;

utility-based measures: mean-variance utility functions with the market level
of risk aversion m, as well as risk aversions of 1, 3, and 5 (Um, Ul, U3, U5),

and certainty equivalents relative to the power utility function with three risk

aversion specifications of 3, 5, and 10 (CEV3, CEV5, and CEV10);

the manipulation-proof performance measures (MPPM) of Ingersoll et al. (2007);

Table 3 summarizes all the performance measures and provides their exact defini-

tions.

[Table 3 around here]
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2.5 Transaction cost

Monthly portfolio rebalancing often requires substantial changes in the portfolio com-
position, and the associated transaction costs may erode performance. To control for
these effects, we estimate turnover and transaction cost following Barroso and Santa-
Clara (2015) and Barroso and Detzel (2021). Specifically, the turnover (TO) of the

long leg is computed as
1 _
TOlong,t = 5 Z \wi,t - wi,tfl‘a (5)
i=1

where NN, is the number of valid stocks in month ¢, w;, is the weight of stock ¢ in

the long leg of month ¢ after rebalancing, and w;;; is its weight before rebalancing

wi p—1(147r4)
N
Zj:tl wj,t—1(1475,t)

turnover of the short leg is similarly defined, and the turnover of the overall portfolio

defined as w; ;1 = with r;, denoting the raw return of stock i. The
is the sum of the estimated turnovers of the long and short legs.

The transaction cost (TC) associated with the long leg of trades is computed as

Ny
TClong,t = Z |wi,t - wi,t71|ci,t; (6)

i=1

where ¢;; is one-way transaction cost. The transaction cost of the short leg is com-
puted similarly, and then the total transaction cost of the portfolio is the sum of those
for the short and the long legs. Following Moreira and Muir (2017, Section I1.B), we
consider three scenarios of constant trading cost: 1bp, 10 bps, and 14 bps.

We adjust the performance of all the portoflios for the transaction costs and repeat

the analysis.
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The transaction cost adjustment as discussed above captures predominantly the
trading costs arising from rebalancing portfolios due to a bid-ask spread and a price
impact. In practice, additional substantial costs can be associated with short selling
especially for hard-to-borrow stocks, that tend to be smaller and less liquid. For
example, using proprietary lending data, Cohen et al. (2007) report that between
1999 and 2003 the average stock borrowing fee for large stocks is 0.4% per year,
while it is around 4% for small stocks. Bekjarovski (2018) provides a more detailed
description of borrowing costs, that range from as little as 0.35% per year for the
largest 10% of stocks to 21.85% for the smallest 10% of stocks.

We use the average borrowing costs for stocks in different size deciles as reported
in Bekjarovski (2018), and further adjust the resulting returns of our long-short port-
folios. Each month prior to investing, all stocks are sorted into deciles from smallest
to largest, according to NYSE size break points.® The annual borrowing costs cftOR
for stock i are determined according to the size decile it belongs to. For the size deciles
(from smallest to largest stocks) the costs used are [21.85%, 10.90%, 3.40%, 2.37%,
0.92%, 0.58%, 0.44%, 0.38%, 0.37%, 0.35%)] per year, respectively. Then, monthly

borrowing costs for the short leg of our portfolios are computed as:

Nt
Tcggﬁ,t = Z wiJCftOR/lQa (7)
i=1

and we subtract these additional borrowing costs from the returns of the long-short

portfolios.

8See http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html#Breakpoints.
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3 Data and Empirical results

3.1 Sample construction and BAB replication

We collect monthly and daily return data from CRSP database. Our sample includes
all common stocks listed on the NYSE, AMEX, or NASDAQ that have a CRSP share
code of 10 or 11 in CRSP universe from July 1926 and December 2020. We also
assemble daily and monthly data of common risk factors such as the market (MKT),
size (SMB), and value (HML) factors from Fama and French (1993), the momentum
(MOM) factor from Carhart (1997), the profitability (RMW) and investment (CMA)
factors from Fama and French (2016), the investment (IA) and return on equity
(ROE) factors from Hou et al. (2015), and the expected growth (EG) factor from
Hou et al. (2021). The risk-free rate is the one-month US Treasury bill rate. The
MKT, SMB, HML, MOM, RMW, and CMA factors are from Kenneth French data
library. The IA, ROE, and EG factors are from Lu Zhang global-q data library.”
Table 4 reports the descriptive statistics of the stock returns and the factors.

Next, we replicate the performance of the BAB portfolio using our data and
compare it with the one maintained by AQR.!° The descriptive statistics reported in
Table 5 indicate that our replication is very close to that of AQR. The mean returns
are statistically indistinguishable from one another, and we do not detect significant

differences in the compete return distributions using the Kolmogorov-Smirnov test.

[Tables 4 and 5 around here]

9The corresponding websites are https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/
data_library.html and http://global-q.org/index.html.
0The data is from AQR data library: https://www.aqr.com/Insights/Datasets/ .
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3.2 Performance evaluation of SD-enhanced BAB portfolios

We compare high-beta stocks with the market portfolio in terms of SSD and TSD and
find that the original BAB portfolio contains a substantial fraction of SD-dominating
stocks in its short leg. These stocks are expected to improve utility of all risk-
averse investors, hence, shorting these stocks is suboptimal. Our prefiltering approach
effectively removes these stocks from the short leg of the BAB portfolio. The average
fraction of SSD dominating stocks is about 15% across the whole sample and about
18% during the past 30 years, but it varies substantially over time as depicted in
Figure 1.'' As for the low-beta stocks in the long leg of the BAB portfolio, we find
very few instances in which these stocks are dominated by the market. In fact, the
fraction of such stocks is, on average, below 1%. TSD suggests even larger exclusions
with the average fraction of stocks excluded from the short leg being 35%, while that

for stocks excluded from the long leg remaining below 1%.
[Figure 1 around here]

We now compare the performance of the portfolios in terms of their alphas relative
to different benchmark models. Barroso et al. (2021) argue that the outperformance of
the BAB portfolio can be explained by its exposure to different risk factors beyond the

CAPM. Specifically, they find that the Fama-French 6-factor model which combines

HThe fraction of excluded stocks based on SSD is negatively related to the market performance
over the estimation window and the FMAX factor performance with correlation coefficients of —0.44
and —0.43, respectively. It is positively correlated with the performance of the Pastor and Stambaugh
(2003) traded liquidity factor with a correlation coefficient of 0.19. Hence, we perform a subsample
analysis of the performance of our trading strategy based on market conditions, lottery demand, and
liquidity in the later sections. The fraction of stocks excluded from the short leg based on TSD has
virtually zero correlation with these factors, highlighting the fact that TSD prefiltering provides a
unique perspective on stock allocation, which is not directly captured by the major commonly used
risk factors.
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the momentum factor with Fama-French 5 factors subsumes the BAB abnormal re-
turn. Our results in Table 6 provide consistent evidence. The abnormal return of the
BAB portfolio declines from 6.49% per year relative to the FF4 model to just 3.76%
per year relative to the Fama-French 6-factor model, with much reduced economical
and statistical size. The abnormal return is even smaller and weakly statistically
significant relative to the g-5 model. On the contrary, including the additional sys-
tematic risk factors does not erode the performance of SSDBAB and TSDBAB to
the same extent. The minimum abnormal return for SSDBAB of 5.26% relative to
the Fama-French 6-factor model is still statistically significant at the 1% and it is
some 40% higher than its BAB counterpart. The difference is even higher when the
g-5 factor model is used as a benchmark, with the abnormal returns being 5.45% for
SSDBAB and 3.64% for BAB. These differences are not only economically large, but
also statistically significant at the 1% level, with SSDBAB and TSDBARB significantly
outperforming BAB in terms of the alphas.

The alpha of the BAB strategy loses statistical significance after inclusion of the
FMAX into the FF4 model, consistent with the findings in Bali et al. (2017). The
alphas of SSDBAB and TSDBARB still remain statistically significant in the presence
of the FMAX factor. Conceptually, third-order SD captures preferences for skew-
ness. That is, when the first two moments of distributions remain unchanged, the
third-order SD ranking will favour the distribution with higher skewness. Hence, TS-
DBAB restricts BAB from shorting high-skewness stocks, everything else being equal.
Second-order SD, however, allows for skewness averse preferences. As a result, the
lottery factor FMAX captures more of the extra return of TSDBAB as compared to
SSDBAB. The alpha of SSDBAB relative to the Fama-French 4 factors plus FMAX
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is higher (3.07% per year) than that of TSDBAB (2.06% per year). At the same
time, TSDBAB seems to expand the investment set relative to BAB, as the direct re-
gression of the performance of TSDBAB on BAB results in a highly significant alpha
of 0.84% per year. SSDBAB remains relatively close to BAB and its corresponding
alpha of 0.65% per year is not statistically significant.'?

As for pure SD-based portfolios, their alphas relative to Fama-French 4- and 5-
factor models are not statistically different from those of BAB. These portfolios,
however, seem to be loading on different factors. For example, once the FMAX factor
(capturing returns on the lottery-type stocks) is included in the regression, the alpha
of BAB turns not statistically significant, while the alphas of SSD and TSD portfolios
become high and statistically significant, reaching over 10% per year for SSD. These
portfolios also have very high alphas relative to BAB itself, up to almost 18% per
year for SSD. However, these results should be interpreted with caution. Pure SSD
and TSD portfolios are substantially under-diversified compared to BAB. On average,
they include 462 (for SSD) and 1064 (for TSD) stocks in the long leg and only one
or two stocks in the short leg, compared to 1709 stocks for BAB in each of the legs.
These makes these portfolios a much riskier investment option, as can be seen from

Table 7.

[Table 6 around here]

Table 7 reports the other performance and risk measures of the portfolios, as well

as their differences. To access the statistical significance of the differences in the

12\We further decompose the strategy performance into that of the long and the short leg separately.
Consistent with the observation that SD-prefiltering impacts the short leg the most, we see that the
improvement of the overall portfolio alphas is due to the “better” (more negative) performance of
the short leg. The detailed results are reported in Online Appendix.
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measures, we use a bootstrap with replacement from the original dates of portfolio
returns and 1,000 replications. Overall, SD-enhanced strategies exhibit better per-
formance across all dimensions, with the difference being especially pronounced and
often statistically significant for TSDBAB. Compared to BAB, TSDBAB exhibits
significantly higher mean return, Sharpe ratio, Sortino ratio, Omega, and the Upside
potential ratio, higher MPPM, as well as higher certainty equivalents. As for SSD-
BAB, it significantly increases portfolio skewness and converts large losses (smaller
LPM2) to small losses (higher LPMO), which highlights the SD essence to smooth
payoffs across the states of nature. As mentioned above, pure SSD and TSD port-
folios are much riskier. They exhibit significantly higher mean than BAB, which is
more than offset by higher variance, resulting in significantly lower Sharpe ratios and
underperformance based on many other measures from VaR to MPPM and CEV.
We, hence, concentrate on BAB and SD-enhanced BAB portfolios in the following

analysis.

[Table 7 around here]

After the transaction costs are taken into account, the outperformance pattern
of SSDBAB and TSDBAB remains pronounced. For example, without transaction
costs, SSDBAB exhibits a positive alpha relative to BAB of 0.65%, while TSDBAB
exhibits a positive and significant alpha of 0.84%. Proportional transaction costs of
14bps reduce the alphas to 0.56% and 0.68% respectively (Panel A of Table 8). Such
relative outperformance of SD-enhanced portfolios persists even after incorporation of
the borrowing costs (Panel B of Table 8), with the alphas relative to BAB being 0.87%
highly significant for SSDBAB and 0.41% significant at the 10% level for TSDBAB.
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Remarkably, SSD-based pre-filtering seems to exclude more hard to sell stocks, hence,
reducing the return losses due to the associated costs.

It is worth mentioning that after adjusting portfolio returns for stock borrowing
costs, the alphas relative to all classical factor models become negative. This, however,
could not be directly interpreted as underperformance relative to the factors, since the
factors themselves are long-short portfolios which are not adjusted for the borrowing
costs of their short legs. Still, SD-enhanced BAB portfolios exhibit significantly higher
alphas relative to the factor models than BAB after controlling for transaction costs.

The differences in other measures are also preserved, even though they become
smaller in absolute values after the inclusion of transaction costs. For instance, the
difference in Sortino ratios between TSDBAB and BAB reduces from 0.12 without
transaction costs to 0.05 with 14bps proportional transaction costs and borrowing
costs, remaining significant at the 5% level. Similar to the results related to the
alphas, SSDBAB displays the most robust performace when the stock borrowing
costs are accounted for. Remarkably, the introduction of borrowing costs leads to a

negative mean return of BAB, while it remains positive for SSDBAB.

[Tables 8 and 9 around here]

Figure 2 plots the cumulative performance of the BAB, SSDBAB, and TSDBAB
portfolios from July 1931 until December 2020. During early years the contribution of
the SD-prefiltering seems to be minor: the cumulative performance of the portfolios
is almost indistinguishable up until mid 1990s. The SD-enhanced portfolios perform
considerably better than the simple BAB in the last 20 years, with TSDBAB ex-

hibiting the largest improvement. The last decades have seen the most dramatic
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episodes for financial markets and general economic development, including the In-
ternet bubble and its burst in 2000, the housing bubble and the following financial
crisis in 2007-2009. The bottom sub-figure of Figure 2 zooms into the cumulative
performance of the strategies from January 1990 up until December 2020. An initial
investment of $1 in 1990 in BAB turns into $13.88 at the end of 2020, the investment
in SSDBAB results in a higher reward of $17.03 while TSDBAB delivers $20.20 as of
the end of 2020.

[Figure 2 around here]

4 Robustness: Different Market Conditions

Financial assets are likely to exhibit different dynamics depending on the state of the
economy. In particular, during turbulent or crisis period many assets become more
heavily interdependent, especially in the tails of the distributions (Chabi-Yo et al.
2018), and the marginal benefit of any changes in portfolio composition reduces.
Hence, we now evaluate the relative performance of the BAB and SD-enhanced BAB
strategies during different market conditions, using a sub-sample analysis.

First, we report sub-sample results for periods of economic recessions and expan-
sions. We use the recession indicator as provided by the Federal Reserve Bank of
St. Louis (FRED)' to determine recession months (those with the recession indi-
cator=1) and not-recession months (the recession indicator=0). Second, we use the
traded liquidity factor of Pastor and Stambaugh (2003) and split the months accord-

ing to their liquidity based on the median value of the factor. Last but not least, we

B3https:/ /fred.stlouisfed.org/series/USREC
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split the sample according to the lottery demand FMAX factor of Bali et al. (2017)
being above or below the median.

Tables 10 to 15 report the results for the estimated alphas and other risk mea-
sures. Figure 3 plots the alphas relative to the g5 model, to illustrate the general
patterns in performance. During non-recession periods, both SSDBAB and TSDBAB
significantly outperform BAB along most of the dimensions, including alphas relative
to the factor models (Table 10) and other risk measures (Table 11). During recession,
as expected, we can see less differences in the performance. During recession period,
SSDBAB performs best, still delivering significantly higher alphas than those of BAB
(although all the alphas are negative during this period), and having significantly
lower return standard deviation, higher Upside potential ratio, and higher return
skewness.

Looking at the differences with respect to the liquidity conditions, TSDBAB per-
forms significantly better than BAB in terms of alphas and many other risk measures
in both sub-periods, but the gains are larger in absolute values during periods with
high values of the traded liquidity factor.

An interesting pattern arises with respect to lottery demand. TSDBAB exhibits
significantly higher alphas during periods with low lottery demand, while no signif-
icant differences in alphas can be seen during high lottery demand periods. Still, in
both periods TSDBAB has a positive and significant alpha relative to BAB only. As
for all the other risk measures, TSDBAB outperforms BAB in both sub-periods to
the same extent.

Overall, SD prefiltering improves performance of BAB across periods with different

market conditions. TSD-based enhancement usually delivers the strongest improve-
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ment, while during periods of economic recession SSD-based enhancement seems the

most valuable.

5 Conclusion

Low-beta investing has attracted substantial interest from both academics and prac-
titioners due to its superior performance, which may seem to contradict expectations
drawn from the classical finance theories. In this paper we argue that ranking stocks
based on their market beta to determine the components of the long and short legs of
a zero-cost investment strategy may not always be consistent with a more powerful
notion of stochastic dominance.

Stochastic dominance considers complete distributions and not only the first two
moments (which are the implicit drivers of the beta). More importantly, stochastic
dominance is closely linked to the decision making under uncertainty. If one distribu-
tion stochastically dominates the other one by second order, all risk-averse investors
will prefer the former to the latter.

We propose an intuitive SD prefiltering rule to improve the beta-based investment
strategy. It excludes stocks that have been dominated by the market index during
the previous year from the long leg of the strategy, and stocks that dominated the
market from the short leg of the strategy. Empirically, this pre-filtering suggests very
few exclusions of low-beta stocks from the long leg, while a substantial fraction of
high-beta stocks should be excluded from the short leg, averaging 15% to 35% for
SSD and TSD prefiltering.

Compared to the conventional BAB portfolio, SD-enhanced BAB exhibits superior
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performance in terms of a wide range of performance and risk measures, including ab-
normal returns relative to various risk-factor models. These benefits are pronounced
across different economic conditions and are especially relevant during the recent
decades.

On a broader note, the SD prefiltering is likely to improve performance of other
diversified long-short trading strategies, such as strategies based on various market
anomalies. Excluding dominated stocks from long legs and dominating stocks from
short legs of such strategies is likely to increase utilities of all risk-averse and prudent

investors while potentially reducing the implementation costs of the strategies.

References

Andrew Ang, Robert J Hodrick, Yuhang Xing, and Xiaoyan Zhang. The cross-section of
volatility and expected returns. The Journal of Finance, 61(1):259-299, 2006.

Hang Bai, Kewei Hou, Howard Kung, Erica XN Li, and Lu Zhang. The CAPM strikes
back? An equilibrium model with disasters. Journal of Financial Economics, 131(2):
269-298, 2019.

Malcolm Baker, Brendan Bradley, and Jeffrey Wurgler. Benchmarks as limits to arbitrage:
Understanding the low-volatility anomaly. Financial Analysts Journal, 67(1):40-54,
2011.

Turan G Bali, Stephen J Brown, Scott Murray, and Yi Tang. A lottery-demand-based
explanation of the beta anomaly. Journal of Financial and Quantitative Analysis, 52
(6):2369-2397, 2017.

Pedro Barroso and Andrew Detzel. Do limits to arbitrage explain the benefits of volatility-

managed portfolios? Journal of Financial Economics, 140(3):744-767, 2021.

27



Pedro Barroso and Pedro Santa-Clara. Momentum has its moments. Journal of Financial

Economics, 116(1):111-120, 2015.

Pedro Barroso, Andrew L. Detzel, and Paulo F. Maio. Managing the risk of the low risk

anomaly. Working paper, 2021.

Filip Bekjarovski. How do short selling costs and restrictions affect the profitability of stock

anomalies? Working paper, Tilburg University, 2018.

Fischer Black. Capital market equilibrium with restricted borrowing. The Journal of Busi-

ness, 45(3):444-455, 1972.
Fischer Black. Beta and return. The Journal of Portfolio Management, 20(1):8-18, 1993.

John Y Campbell and Tuomo Vuolteenaho. Bad beta, good beta. The American Economic
Review, 94(5):1249-1275, 2004.

Mark M Carhart. On persistence in mutual fund performance. The Journal of Finance, 52
(1):57-82, 1997.

Fousseni Chabi-Yo, Stefan Ruenzi, and Florian Weigert. Crash sensitivity and the cross

section of expected stock returns. Journal of Financial and Quantitative Analysis, 53

(3):1059-1100, 2018.

Ephraim Clark and Konstantinos Kassimatis. Exploiting stochastic dominance to generate

abnormal stock returns. Journal of Financial Markets, 20:20-38, 2014.

Lauren Cohen, Karl B. Diether, and Christopher J. Malloy. Supply and demand shifts in

the shorting market. 62(5):2061-2096, 2007. ISSN 1540-6261.

Rama Cont. Empirical properties of asset returns: stylized facts and statistical issues.

Quantitative Finance, 1:223-236, 2001.

Russell Davidson. Testing for restricted stochastic dominance: Some further results. Review

of Economic Analysis, 1:34-59, 2009.

28



Eugene F. Fama and Kenneth R. French. The cross-section of expected stock returns. The

Journal of Finance, 47(2):427-465, 1992.

Eugene F. Fama and Kenneth R. French. Common risk factors in the returns on stocks and

bonds. Journal of Financial Economics, 33(1):3-56, 1993.

Eugene F Fama and Kenneth R French. The CAPM is wanted, dead or alive. The Journal
of Finance, 51(5):1947-1958, 1996.

Eugene F Fama and Kenneth R French. Dissecting anomalies with a five-factor model. The

Review of Financial Studies, 29(1):69-103, 2016.

Yi Fang and Thierry Post. Higher-degree stochastic dominance optimality and efficiency.
European Journal of Operational Research, 261(3):984-993, 2017.

Yi Fang and Thierry Post. Optimal portfolio choice for higher-order risk averters. Journal

of Banking & Finance, 137:106429, 2022.

Andrea Frazzini and Lasse H. Pedersen. Betting against beta. Journal of Financial Eco-
nomics, 111(1):1-25, 2014.

Irwin Friend and Marshall Blume. Measurement of portfolio performance under uncertainty.

The American Economic Review, 60(4):561-575, 1970.

William Goetzmann, Jonathan Ingersoll, Matthew Spiegel, and Ivo Welch. Portfolio per-
formance manipulation and manipulation-proof performance measures. The Review of

Financial Studies, 20(5):1503-1546, 2007.

Robert A Haugen and A James Heins. Risk and the rate of return on financial assets:
Some old wine in new bottles. Journal of Financial and Quantitative Analysis, pages

775784, 1975.

James E. Hodder, Jens C. Jackwerth, and Olga Kolokolova. Improved portfolio choice using

second-order stochastic dominance. Review of Finance, 19(4):1623-1647, 2015.

29



Kewei Hou, Chen Xue, and Lu Zhang. Digesting anomalies: An investment approach. The
Review of Financial Studies, 28(3):650-705, 2015.

Kewei Hou, Haitao Mo, Chen Xue, and Lu Zhang. An augmented g-factor model with
expected growth. Review of Finance, 25(1):1-41, 2021.

Jonathan Ingersoll, Matthew Spiegel, William Goetzmann, and Ivo Welch. Portfolio per-
formance manipulation and manipulation-proof performance measures. The Review of
Financial Studies, 20(5):1503-1546, 2007.

Ravi Jagannathan and Zhenyu Wang. The conditional CAPM and the cross-section of
expected returns. The Journal of Finance, 51(1):3-53, 1996.

Ravi Jagannathan, Ellen R McGrattan, et al. The CAPM debate. Federal Reserve Bank of
Minneapolis Quarterly Review, 19(4):2-17, 1995.

Michael C Jensen, Fischer Black, and Myron S Scholes. The capital asset pricing model:
Some empirical tests. 1972.

Olga Kolokolova, Olivier Le Courtois, and Xia Xu. Is the index efficient? A worldwide
tour with stochastic dominance. Journal of Financial Markets, 59:100660, 2022. ISSN
1386-4181.

Milo§ Kopa and Thierry Post. A general test for SSD portfolio efficiency. Operations
Research Spectrum, 37(3):703-734, 2015.

Timo Kuosmanen. Efficient diversification according to stochastic dominance criteria. Man-
agement Science, 50(10):1390-1406, 2004.

Haim Levy. Stochastic Dominance: Investment Decision Making Under Uncertainty.
Springer, 3 edition, 2016.

John Lintner. Security prices, risk, and maximal gains from diversification. The Journal of
Finance, 20(4):587-615, 1965.

Oliver Linton, Esfandiar Maasoumi, and Yoon-Jae Whang. Consistent testing for stochastic

30



dominance under general sampling schemes. The Review of Economic Studies, 72(3):

735-765, 2005.

Oliver Linton, Kyungchul Song, and Yoon-Jae Whang. An improved bootstrap test of

stochastic dominance. Journal of Econometrics, 154(2):186-202, 2010.

Merton H Miller and Myron Scholes. Rates of return in relation to risk: A reexamination

of some recent findings. Studies in the Theory of Capital Markets, 23:47-48, 1972.

Alan Moreira and Tyler Muir. Volatility-managed portfolios. The Journal of Finance, 72

(4):1611-1644, 2017.
Jan Mossin. Equilibrium in a capital asset market. Econometrica, pages 768-783, 1966.

Robert Novy-Marx and Mihail Velikov. Betting against betting against beta. Journal of

Financial Economics, 2021.

Lubos Pastor and Robert F. Stambaugh. Liquidity risk and expected stock returns. Journal

of Political Economy, 111(3):642-685, 2003.

Thierry Post. Empirical tests for stochastic dominance efficiency. The Journal of Finance,
58(5):1905-1931, 2003.

Thierry Post and Milos Kopa. Portfolio choice based on third-degree stochastic dominance.

Management Science, 63(10):3381-3392, 2017.

Marc R Reinganum. A new empirical perspective on the capm. Journal of Financial and

Quantitative Analysis, pages 439-462, 1981.

K Geert Rouwenhorst. Local return factors and turnover in emerging stock markets. The

Journal of Finance, 54(4):1439-1464, 1999.

William F Sharpe. Capital asset prices: A theory of market equilibrium under conditions

of risk. The Journal of Finance, 19(3):425-442, 1964.

Ivo Welch. Simply better market betas. Critical Finance Review, 11(1):37-64, 2022. ISSN

2164-5744.

31



Table 1: Key low-beta anomaly research papers

This table lists the key research contributions related to the low-beta anomaly
in a chronological order.

Main theme Key findings References
Classic CAPM Expected return is significantly positively Sharpe (1964),
related to market beta Lintner (1965),
Mossin (1966)
Flat security market ~SML is too flat and low beta stocks have Friend and Blume (1970), Jensen et al. (1972),
line (SML) a premium Miller and Scholes (1972), Haugen and Heins (1975), Reinganum (1981),
Fama and French (1992), and Rouwenhorst (1999)
The intuition of beta A portfolio that longs low beta stocks and Black (1972, 1993)
arbitrage shorts high beta stocks should generate
excess return
Persistence of the A low-beta portfolio outperforms even after Ang et al. (2006)
beta anomaly controlling for liquidity, volume, and
momentum effects
The low-risk anomaly can be a result of Baker et al. (2011)

irrationality and institutional constraints

preventing arbitrage

Leverage constraints are related to the low- Frazzini and Pedersen (2014)
beta anomaly, and betting-against-beta

(BAB) exhibits excellent performance

BAB performance is driven by non-standard Novy-Marx and Velikov (2021)
procedures used in its construction that

effectively, but non-transparently,

equal weights stocks returns

Explanations of the ~ The poor performance of the CAPM since Campbell and Vuolteenaho (2004)
beta anomaly 1963 can be explained by the fact that growth
stocks and high-past-beta stocks exhibit
predominantly high betas with low price risks
Trading friction anomalies, including Hou et al. (2015)
strategies related to a low beta and
Amihud (2002) illiquidity, are not significant
with the ¢ 4-factor model which consists of
the market, size, investment, and return
on equity factors.
Positive exposures to RMW (Robust Minus Fama and French (2016)
Weak) and CMA (Conservative Minus
Aggressive) capture the low market
premium of high-beta stocks.
The demand for the lottery-type stocks Bali et al. (2017)
explains the beta anomaly
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Table 2: Low-beta vs SD — An example

This table presents an example of potential inconsistency between beta-
based ranking and SD relation between the assets. A, B, C, D, and E
stands for different assets. Mpg and My stands for the equal-weighted
and value-weighted market index respectively, based on the four assets.
i is the mean return and o is the return standard deviation. Bgg and
Byw are market betas calculated relative to the equal-weighted and value-
weighted market indices, respectively. <" indicates that the asset is dom-
inated by the market at order n, >" indicates that the asset dominates
the market at order n, while &~ stands for no dominance relation between
two assets.

Assets Market

A B C D E Mgog Myw
Time t Returns
1 1.1 0.9 1.1 14 1 1.10 1.04
2 0.7 1.09 0.83 0.91 0.97 0.90 0.91
3 0.9 1.31 1.21 1.74 1.34 1.30 1.21

Weighting schemes for market returns

Watro 0.2 0.2 0.2 0.2 0.2
Initial Market Cap 25 35 25 5 10
W gtyw (1) 0.25 0.35 0.25 0.05 0.1
W gtyw(2) 0.2502 0.3495 0.2502 0.0502 0.1000
Watyw(3) 0.2496 0.3502 0.2500 0.0502 0.1000

Return distribution characteristics
1 0.90 1.10 1.05 1.35 1.10 1.10 1.05
o 0.16 0.17 0.16 0.34 0.17 0.16 0.12
skewness 0.00 0.09 -0.46  -0.22 0.69 0.00 0.18
Brg 0.50 0.55 0.95 2.08 0.93 1
Bvw 056 082 123 272 127 1

SD relation: asset to market

Mpg <1 =<2 <! -1 =3
Myw <1 ~ % -1 -2

33



Table 3: Performance and risk measures: Definitions

This table lists the equations and definitions for the performance and risk
measures used in the paper. r; denotes the ith return observation and n
denotes the total number of observations.

Variable  Formula Definition

w Srari/n Mean return

o \/ St ai(ri—p)?/(n—1) Return standard deviation measures the variation
of return observations relative to the mean

SR SR=pu/o Sharpe ratio measures the return per unit of risk.
We keep the risk-free rate at zero in this specification

Omega W Omega measures the ratio of the expected
gains to expected losses.

Sortino \/ﬁ Sortino ratio measures excess return per unit
of downside deviation

Upside W Upside potential ratio measures the ratio of gains
per unit of downside deviation

VaR(5%) P(r < VaR(5%))=5% Value-at-Risk (5%) is the threshold for which
the probability of a loss worse than VaR is 5%

ES(5%) % Expected shortfall (5%) measures the expected
loss if it is worse than VaR(5%)

MDD maz,<p(mazi<, (X;) — X;) Maximum drawdown is the maximum loss of
the value of investment from a peak to a trough

Min min(r;) Minimum return is the minimum value of
all return observations

Max max(r;) Maximum return is the maximum value of
all return observations

Skew Loiy )/ Skewness measures the as try of

= ymmetry o

return distribution

Kurt M Kurtosis measures how heavy-tailed the
return distributing is

LPMp S (| i P (ri<oy/n The p-order lower partial moment, p=0, 1,
and 2. LPMO0 measures the frequency of losses;
LPM1 measures the average loss;
LPM2 measures the variation of losses.

U, "w— %02 Mean-variance utility relative to risk aversion ~y
m=2.6 is the market-implied risk aversion and
we also consider v of 1, 3, and 5.

CEV, w (S u(r + 1)) /n) Certainty equivalent is a risk-free return that an

u(r;+1) = (1+m)"77/(1 —v) investor with a power utility function and a risk

aversion of v regards as equivalent to the risky
investment. We consider v of 3, 5, and 10.

MPPM Manipulation-proof performance measure proposed

(kST ()

by Goetzmann et al. (2007)
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Table 4: Descriptive statistics of stock and factor returns

This table summarizes the descriptive statistics of the returns of the in-
dividual stocks in our sample and various risk factors. The returns are
in percent per month. For individual stocks, we first compute their indi-
vidual descriptive statistics across their lifespan, and then report cross-
sectional averages, medians, and standard deviations of the statistics.

Mean StD Min Max Skewness Kurtosis

Panel A: Individual stocks

Average measure  0.61  18.7 -40.06 78.63 1.05 8.38
Median measure 1.22 16.41 -39.2 58.82 0.81 5.38
Measures st. dev. 4.68 12.11 181 78.33 1.31 11.43
Panel B: Factors
MKT 0.68 5.35 -29.13 38.85 0.17 10.57
SMB 0.20 3.18 -16.82 36.70 1.88 21.97
HML 0.32 350 -13.96 35.46 2.09 21.61
MOM 0.65 4.71 -52.27 18.36 -2.98 30.00
RMW 0.25 217 -18.48 13.38 -0.33 15.26
CMA 026 199 -6.86 9.56 0.31 4.61
IA 034 189 -7.16 9.24 0.15 4.24
ROE 0.51 256 -14.46 10.38 -0.90 8.70
EG 0.81 198 -9.72 11.51 0.10 6.94
PS 0.41 347 -13.33 11.76 -0.12 4.28
FMAX -0.48 4.81 -27.28 33.33 0.14 10.54
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Table 5: BAB replication

This table summarizes the descriptive statistics of the BAB monthly re-
turn series constructed by AQR (BAB-AQR) and our replicated BAB
monthly return series. Panel A reports the mean return, standard devi-
ation, minimum return, maximum return, skewness, and kurtosis. Panel
B reports the test statistics and p-values of the paired-sample t-test
for the null hypothesis of mean return equality, and of the two-sample
Kolmogorov-Smirnov test for the null hypothesis of the return distribu-
tions being the same.

Panel A: Descriptive statistics of the return distributions

Mean StD  Min Max Skewness Kurtosis
BAB-AQR 0.68 3.25 -21.95 18.65 -0.72 10.1
BAB 0.72 3.06 -19.16 21.18 -0.35 9.38
Panel B: Statistical tests for the differences
Test statistics p-value
Difference in means (t-test) -0.31 0.76
Difference in distributions (KS-test) 0.02 0.92

36



[¢6°¢] [99°Z] [eGT] [68°T] (172 [98°2] [66°¢] (549 [98°T]

%**wm.o *%%ﬁw.ﬁ LGS *@ﬁ.w *%N@.w %**mw.m ***ﬁ@.w **%w.ﬁﬁ *ﬁ@.m md
[1.7] 96°C] [92°1] k444 [8.°7] [90°€] [L0°7] 82°7] (L1°T]

827 82°0] [21°0-] [60°0-] leg¢] [90°€] [8.°C] [69°1] [66°C]

***mw.o 910 1€°0- 0¢0- ***@@.m ***Dm.m ***mw.ﬂ *ww.w ***wﬂ.m GAHq
[90°¢] [16°1] (117 [9%-¢] [90°€] [1s1] (117 [9%¢]

w580 GO0 s4x€EOT  sasll LT w580 GO0 s4x€EOT  sasll LT qavd
[89°2] [L0°€] [z6°¢] [9%°¢] [89°2] [20°¢] [z6°¢] [9%°¢]

(167 [17°¢] (172 L¢°¢] [0L°T] [66°T) [92°7] (2L 7] [20°T]

wx590 T sxa PG T 4488°C 444606 £09°C #+L0°€ sV L xsx€80T  FCT  XVINAHPAA
[co¢] [20°€] €2 0] [18°0] [6L€] (117 [67°¢] [6L€] [Le¢l

wxslLl'0 45401 09°0- VT wxx00° L 5x5GGL  wsPOG 4xx TS xxxE€T9 Sd+¥dd
[e¥d ¥z ¢l [90°T-] [82°0-] (€677 [8¢°d] [99°¢] [8z°¢] (L9°7]

w070 ssOT'T 11°e- 69°0- wxk V69 4xxBGL s SET  4xx8°C 44679 P
avaasr avddss — dsk ass avaasr avddadss — dskL ass avd

(Ve — ofopIod) gve Uim 20usyI(

"AToa1yoadsar
S[OAS] YT PU® ‘094G ‘00T OYI I8 90URDYIUSIS 8J0UP .. PUR ‘L ¢, UONR[AIIONOINR PUR AIIDIISLPIDSOINOY O)
JSNQOI dIv SOIISIYR)S-) PUR pazijenuue oIe sanfe) (Imold pejoodxe pue ‘A3mbe U0 WINJI ‘JUSUIISIAUL ‘OZIS
‘joxIeUl) [opOW I090R] G-h puR ‘(JUOUIISOAUT DATJRAISSTOD pue ‘A)[iqe)gold Surjerado Jsngod ‘Wnjuatow ‘onjea
‘971s ‘Jo3[IRW) [9POW 1090R]-Q YOUSI]-RWR ‘(JUSUI)SOAUT 9ATIRAISSTO0D pue ‘Aj1fiqejgord Suryerado jsnqol ‘enyea
‘9z1S ‘joyIRW) [OPOW I030R]-G YoUaL{-ewR] ‘qyd ‘gV{ YIM pojuswisne [opoul 1030ej-j Youal-ewre ‘X VINA
puewop AI9310] M PIIULWISNE [9POW I0)0R]-f Youslf-eweq ‘ANpmbI] G4 UYim pojuswisne [opow I0joej-
PusI{-eure, ‘(WNIUOWOW PUR ‘ON[RA ‘DZIS ‘Jo¥IRUI) [9POU J0J0R]-f; OUSIL]-RUIR,] 9} UO Paseq salgolel)s (Vg
-ASL Pue gyadss) dve pouequo-(s pue ‘ST, ‘dSS ‘avd 21U} Jo ummjar [eutiouqe o1y s10dox aqey siyy,

dvddsL pue gvddss sa dvd Jo stnjol [puiouqy -9 o[qeL,

37



*xx 1070 #x10°0 #xx0E 07 5xxCG0" €00 ¢00 0€0- 0¢0- <00 O0TAUD

*xx10°0 000 #xk0T°07 561707 900 900 ¥0'0-  ¥I'0-  S0°0 GAHD
#xx 1070 000 €0°0- %0070~ L0°0 L0°0 €00 €0°0-  L00 EAHD
#xx09°0 8¢0 861~ xx0T L~ Gy €6'¢ 191 yee- 99°¢ INddIN
#x%59°0 0€0 #x0G°0T~  54x81°GC" ¢G'9 L8°G Y6 v~  1961- LG'G an
#4190 L0 *88°C™  xxxPVCI- €e'.L 00°L ¥8¢  ¢LG €L9 €N
x5 L80 ¥¢'0 €LC 6¢°0 ar'8 ¢l'8 ¢90T 8T8 68°L 10N
*xx09°0 9¢°0 9¢¢- %0676~ 94°4L GG L 0ovy  ¥6'c- 969 wn
9¢°0- xx07°0- wrk8 LT xxx8€°8C 08¢ 99°¢ 98'lc  ¥¥ce 907 ¢INd'T
%6070~ ¢0°0- *kkGE T %006 T 6L 0 6L 0 ¢l'e GL'C 9.0 TINd'T
000 #xxG0"0 *xxL0°0 sxxG 10 7€0 9¢0 170 9%°0 7E0 ONd'T
#xLG°C" x60° T~ LLS #4001 06"~ 8¢'6 Yo 9L LETC Ly 0l  sSIsojmy]
€0°0- #%LG 0 x4x60°C w20 G9°0- Ge0- 71 Gy'c  C9'0- SsoumoN§
srx L1797 170 *xxk86 GG 5xx066°L8 9971 8T°'1¢ G0'9L  9L°80T LL°0C XeN
vy x88'C xxxL€ET™ s OV GT- LGLT- 9r'61-  1I¥'Ge- 09LE- P0G I
€0°0- 000 Al #xx06°0 770 70 ¥.°0 9.0 L¥0 ddan
710 «07°0 #1048 4xx00°CT~ 10°2- GL'9- G8'Gl- VI'6I- GrI'.t- SH
17T°0- 1¢°0 4 S T 4 0¥~ 807~ 19°6- €6'¢l- 6C7- HBA
*x61°0 xx71°0 90°0- 60°0- 99°¢ 99°¢ 97'¢ Tve €4°C oprsdp
#xG1°0 «0T°0 ¢e0- xG7°0- €el 1€T 060 LL0 121 Our}.Iog
#xx06°0 1o *GG 1~ xx 19T~ 669 189 G G0°¢g 999 e3oUI()
#xxL0°0 €00 #xLC07 44486707 G8'0 ¢80 ¢G0 170 6.0 asS
0¢0- 910" wxkC L LT 5 169G L9701 901 68°L¢ 8C'LE  LLOT P3S
x5 780 g4\ #x70°9 %999 106 698 16yT  €T°ST V'S UeoJ\
davddslL 4dvddss asw ass dvddasl dvddss dSL dSS 4dvd

(Ve — onopIod) gVl YHM 20uoIalI]

"AToAT100dSaT S[OAS] YT PUR ‘946G ‘O ()T 91 @ dOURDYIUSIS 9I0USD .. PUR ‘.. ‘. sojdures deijsyiooq (00T SUIsn
PauTR)(O dIR SEIUBISJJIP oY) I0] senjea-d PapIS-oUO puUe pazI[eNUUR oIk senfep 'soldetel)s (yVddSI PU® gvd
-(dSS) gvd peoueque-JS pue ‘(ST ‘ASS ‘dvd oY) JO seInsesw S pur souentiojrod o) syrodal o[qe) STy T,

VIS, Pue gvgdss sA gy JO seanseaw ySLI PUe 90URULIONOJ :/ 9[qR],

38



[eae] (117] [see] (28T [FLe] [89°¢] [F17] [8z°¢] [1ee] [02¢] [z07] [cz 7] lere] (812 [09°¢]

%**@@d ***ww.m ***ﬂﬂ@. **ijﬂ\. %*%Hﬂ&. **%OOA *%*:WN ***ﬁmﬁwv w5 LV ***N&N. ***oﬁ.ﬂ ***N@.N ***HO.@. %*mﬁvv *%*ﬁﬁb. mG
[26°€] [08°7] [z9°¢-] lere] v [eT7] [F87] [eg°e] L9z [607] [Fe7] [F6°7] [see] [cez]  [867¢]

%8670 2xxVS'C w0097 kLT sl C LT $xx00 T +xxLGC wxxGT07 gk [9T™ 48T 'L k%G1 T #%x69°C $xxG8°G~ $xGE€F 442869 944
[sc¢] [coe] (862 [eLe] [07¢] [227¢] [60°2] (062 [c9z] [eee] (617) [612] leLe] (1672 [Fee]

***Hw.o **wH.H *%*%O,mﬁ ***Nﬁ,ﬂl **%mw.ml **%ww.c **ONA %**mm,ﬁl ***C@.ﬂ: *%*Hw.ml ***@@.O **@N.ﬁ **%mw.ﬂu **ﬂm.wl ***D@,@u G
[eL1] (4] [eL1] [esa] [1671] [¢6°2] [16°1] [e6°2] [eeel [o1°¢] [eeal [o°¢]

170 #4870 A #x+L8°0 *97°0 #xx06°0 %9770 %0670 #x99°0 #4960 #x9G°0 #%xx96°0 avd
[6g1] [p1°¢] [6¢°1] [p1°¢] [19°1] [0z°¢] [19°1] [0z¢] [z12] [eg-g] t4d [egg]
1270 skl T 120 skl LT z€0 sk BL T ze0 wrxBL T w0V0 s G8T  4wGF 0 4sxG8T ava+vdd
[827] [8p¢] [17¢] iiaal [ez9] [977] [eg¢] [6c°c] (287 (819 (98°7] [s9°¢] [0z°¢] [t67] [50°9-]

$5x60°T #%x%x8G°C 459787 wxxk16'97  4xx6V 6~ skl 0T %x09°C #%%66°87  5xxx08°0"  4xx07'6- skl 1T *%x99°C $5x80°8" 4k PG9 4xx00°6-  XVINA+TTAAL
[e17¢] [8z¢] [tz [ee'1 (09 [ae¢] [pe-c] [eTz] (92T [eez] [r2€] [97¢] (26717 (1117 el

wkkll' 0 k€T 1T CVT 4nSST wkkI80 ki CTT wnlBE €8T wBLT- wikl6°0 kST wxlOE 90G-  #x8GF" Sd+rdd
[gL1] [10°¢] LRS! [09°0-] (8817 [26°T] [207¢] [Fe 1] [ec 0] (2817 (ard [13¢] [ee1- (8€°07] (0271

) k18T €T L8°0- «L9°C- 080 €8T 02'g- 9.0 £09°C- 670 sSST €6'1- vg°0- *CV'T- vdd

S1800 MQMBCHHOL Tﬁx S1809 wﬂwﬁﬁmu ﬁxECSMOQO,H@ ”m T:Hmm

[peel [ege] [212] [797al [oL1] [1e7¢l (2672 [veal [0 [7L1] [6s°¢] [g9°2] [6¢2 [¢87] [s81]

[z07] (8L [ogg] [esal [66°T] [ez 7] e8] [8¢7] [6s°2] [vo-al (99°7] [s6°2] [9.72] [Fo€] [91°2]

L\ Y 5 25 G o o G 2k l60 sV T G T k6T 4xEC°E w01 k09T saGLT wa€0C aaPLE 944
lece] [zr0] [szel [zs72] [082] [pLel [21°0] [eee] [632] [e82] [cz7] [22°0] [167¢] [vo°€] (26T

$5x0L°0 2070 #%x09'G #xk08 T 5xxE8V sk VL0 60°0 #%x99°G +4x10°G 54506V %5780 ST°0 $5x96°G wkxlC'G sxxGLG GAA
[1e7g] (1e'1] [tee] [1e71] (2972 (2¢1] [297] (2eT] [c0°€] [oc'T] [z0€] [oc'T]

#4890 9¢°0 #4890 9¢°0 kL0 620 #k€L70 65°0 k€80 G9°0 #5#68°0 690 avd
[e0°g] 28T [coal (287 (444! [c6°2] kead [e6°2] [¢9°¢] [90°¢] [e92] [90°¢]

wklV0 kI TT sldP0 skl TT w880 wkk€TT kS0 sa€TT w5500 wrxbT T k090 a1 T ava+vdd
[ez7) [cz¢] [6¢1] leL1] [18°0] [ev 7] (2z¢] [8771] [08°1] (28°0] [98°7] [o¥¢] [89°1] (26'T] [t01)

wrkl60 e GPT €1’ #L9C @l k€60 nlPT 92'C #8LT €71 wrxG0T  4an€GT £98°C #xG0°€ 16T XVIN+PAL
[v6°2l [18°2] [egel [8s°¢] [61°¢] [r17¢l (2872] [19°¢] [v6°¢l [vzel (65°€] [t0€] [LL€] (60°7] [se-e]

***N.@d ***mm.ﬁ ***mmé ***«A.h ***:w.m ***.@.@d ***mm.ﬁ ***Owb ***@NN ***OO..@ ***@N.O ***Nm‘ﬂ ***bm.@ ***Nm&. ***ﬁmé mnTIurrﬁm
[oL1] [to¢] [€97] [e17g] [9v7] [v61 (s0°¢€] [eL7) [61°g] [ze7] Vid [ezel [16'7] [9e-g] [s9°7]

%170 #5560 T *%%6G'9 #%k60° L xxx1C°9 %5€°0 4x90°T #5799 sxxV8 L xxx6C°9 %770 $5x0T' T %k 16°9 #xx99° L xxxlVO jCK!

§1500 Surpery reuorpiodord 1y [pued
avd- avd- avd- avd- avd- aved-
avdadsl dvddass dvdadsl dvdass —dvd avdadsl dvddass dvddsl dvdass —dvd avdadsl dvddass dvddsl dvdass —dvd

sdqpT TIT

sdqoT1 11

dqr T

"ATOAT100dSOI S[OAd] YT PUR ‘0/G ‘04T I I8 9OURDYIUSIS 9J0UdP .. PUL ¢

$ok ok

4

"UOT}R[9II0D0)NR PUR

AJ10118RPOOSOI0)OY 0] pajsnlpe oIe SOIISIIR)S-] PUR ‘POZI[RNUUR dIR SON[RA [[Y 7 UOIIDOG Ul PICLIDS
-Op s[epow 1030r} o) 0} oArje[ol pajnduoo ore seydpe oy, g [PURJ Ul $1S00 SUIMOLIO(| SUI[OS }I0YS
Surppe pue ‘y [pued Ul (L1(g) 1M\ pue vILIo}\ Summoroj ‘sdqyT pue ‘sdqr ‘dqr :9s00 urpery jo suory
-dumsse 9517} 09 9A1IR[dI SAI801RIIS gV (S PUR gV o) JO WINJal [euriouqe o) s3rodsr ssqey sy,

100 uoryoesuen} gy gdsST PUe gV IdsSs sa gy Jo suImjal [eWLIOUqY :§ d[qe],

39



#x10°0 100 c00 <00 10°0 #x10°0 1070 c00 00 100 #xx10°0 %100 €0°0 c00 00 0TAHD

#1070 000 90°0 S0°0 G0°0 #x10°0 000 90°0 90°0 c0°0 51070 000 90°0 90°0 G0°0 GATD
#1070 000 L0°0 L0°0 90°0 #x10°0 000 2070 L0°0 90°0 21070 00°0 20°0 L0°0 L0°0 EAID
#x97°0 0z°0 €8¢ 86°¢ 8¢°¢ #5x08°0 taall] G6°¢ 89°¢ are #4468°0 150 A 06°¢ €9°¢ INddIN
#4+08°0 feall 08°G raet 65°G #5x8C°0 ] 26°G 29°¢ 166 #5479°0 0€°0 61°9 78°G 6e'g ¢n
#9770 61°0 269 79°9 cr'9 #5070 15°0 70°L GL9 €59 #4£09°0 920 €L 16°9 12°9 en
#+G7°0 910 €0'8 ) 29°L #4970 8T°0 ar'8 18°L 69°L #4498°0 €c0 or'8 01’8 18°L n
#SF°0 8T0 PIL 18°9 69°9 #5060 12°0 9L 169 9L°9 456870 920 ) 0L 769 wp
€20 #8670~ 18°€ aLe 01y ¥5°0- #+6€°0- a8'e 0Le 607 650" #6870 8¢ L9°€¢ 90°F ZINd'T
1070~ 1070~ 9.0 940 LL°0 1070~ 1070~ 940 9.0 L0 #2600~ 200~ GLO GLO 120 TINd'T
000 #5000 Ge0 9¢°0 PE0 00°0 #4xC0°0 ve0 9¢°0 ve0 000 #5x60°0 ve0 9¢°0 PE0 ONd'T
#9970 #6601~ 16°L 8€'6 L¥°0T +x967C- £60°T- 16°L 8€°6 L1701 #xLGT" #60° T~ 06°L 8€'6 LP0T  sisojmy
€0°0- #+LT0 99°0- Ge0- 290" €0°0- #44L8°0 G9°0- Ge0- T90- €0°0- #+LT0 69°0- Ge'0-  ©90- ssoumoyg
#4010 0 1971 VIIe €40 #4019 W0 2971 AN N4 wxx [ 170" 70 GOFT SI'1e  LL0% Xe[\
«6€F +L8°C 69°L1- 1661~ 80°Ge- « 17 +88°C Co'LT- 6161~ L0Ge- ¥¥ +88°C 8G°LT- 9T61-  ¥0°Co- Iy
€0°0- 000 R0 SF°0 L¥0 £0°0- 000 790 870 L¥0 €0°0- 000 PF0 L¥0 L¥0 aan
z1o #6€°0 90°L- 6L9-  ST'L- ero #+6€°0 $0°L- 8L9-  LTL PI0 «0F°0 10°2- 949~ ST'L- S
€10 12°0 SV- AR S o aro- 12°0 e 119" 18- 11°0- 12°0 0% ¥~ 0% 6GF" HeA
w110 #C1°0 09°C 19 6% #x61°0 #+€1°0 29T €9°C 08z #+€1°0 170 99°g 99°C €5°g opisdpy
#6070 80°0 9z'1 el AN #+0T°0 80°0 8T'1 11 ST'1 #5561°0 010 ee'1 11 121 oura0g
#1370 110 €L9 €99 289 #+8G°0 zro 6L9 89°9 959 #4580 SN0 €69 08°9 G9'9 eSow ()
#4+50°0 200 18°0 8L°0 9.0 #++90°0 €0°0 280 6L°0 120 #4x20°0 €00 ¢80 z8°0 8L°0 us
020" qr°0- 8601 2901 8L0T 020 S1°0- 1501 Zo0T  8LOT 020" 91°0- 26701 2901 LL0T PIS
#0770 710 658 7e'8 058 ) 910 L8 78 158 #4620 250 86°8 998 Sr'8 oy
s1s00 urper) reuorjiodold 1y [pued
avd- avd- avd- avd- avd- avd-
avddsl dvddss dvddsl dvddass dvd dvddasl dvdadss dvddsl dvdaadss dvd avddsl dvddss dvddsl dvddass dvd
sdqpT "TI1 sdqoT 11 dqr 1

"ATOATY00dSOT S[OAD] 9T PUR ‘046 “040T OU) I8 9OURIYIUTIS dJ0UdD .. PuR ‘. “ -sojdures
de1)sjooq Q0T SUISTL PauIR)(O 9IR SIOUDISHIP O} 10} son[ea-d popis-ouo pur ‘pozienuur oIe SoN[eA
v (L10g) ImJ\ pue ereioly sutmofo} ‘sdqypr pue ‘sdqr ‘dqr :9so0o Surper jo suorydwnsse 91ty

0} QAIYR[RI $9I1801RIYS V(IS PUe V¢ U} JO seinseaw ysi1 pue soueuriojrad o1} sprodal so[qey sy J,

1500 uoryoesuel} gy ST PUe gVIdsSs sA gy JO seanseaul ySLI pue 90URULIONSJ 6 9[R],

40



#x10°0 sk 1070 L0°0- 9070~ 80°0- #x10°0 #%60°0 L0°0- 90°0- 80°0- #xx10°0 5xxG0"0 90°0- 90°0- L0°0- O0TATD
#xx10°0 5xx10°0 €0°0- €0°0- ¥0°0- #xx10°0 #xx10°0 €0°0- €0°0- 700~ #x%10°0 #xx10°0 €0°0- 00~ ¥0°0- SATD
#xx10°0 5xx10°0 200~ 200" €00~ #xx10°0 #xx10°0 200~ 10°0- c0°0- #xx10°0 #xx10°0 00~ 10°0- 00~ SAHTD
#xx19°0 #xxL6°0 10°G- v 4y *xx99°0 #4100 T 687 vy A 51790 5xxG0°T e e 9¢°G- INddIN
#xx9G°0 k00T G0'¢- 19°¢- 19°¢- #0970 w60 T €6'C- 16°¢ €9°¢- #xx69°0 sokkl0'T 99°¢- 8C'C- Gee- an
#1670 #5x96°0 €6'1- ¥ 1- ¥ k8970 #x%x86°0 18T 8¢ T~ 9€°C- #1790 k€0 T Pa1- ST'T- 6T°C- €N
#5970 kG0 0 18°0- ge0- LTT- w0k 0 #xx96°0 69°0- ¢c0- 6T°T- #xx09°0 #xx00°T v 0- 00~ 01 n
#0870 *xxx96°0 TLT- GC1- 0z'¢- sk V90 #xx86°0 69T~ Tt ere- x€9°0 #xx60°T e €6°0- 96°T- w)
L1270 #xLG°0" 9¢'¢ L6V €e'g 8¢°0- $xxLG0" ¥e' g 67 (4R %0870 *x847°0- 8T'¢ 067 8Y'G CINd'T
%000~ #x70°0~ 20T <01 80T %000~ #x70°0~ 90°T 0T 80T #x00°0~ #1700~ 0’1 €01 L0°T TINd'T
000 000 870 670 670 10°0- 000 870 870 870 000 000 V0 Lv0 870 OINd'T
*«x89°C" 90T~ 06°L 46 6701 #x09°C" %90°T- 06°L r6 6701 £x09°C «L0T- 68°L cr'6 67°0T  SISo3m3y[
$0°0- +x8C°0 89°0- €0 ¥9°0- ¥0°0- #%%8C°0 89°0- ge0- €9°0- ¥0°0- +x8C°0 L9°0- Ge0- €9'0-  SsouMayg
$xxVC 9™ v 0T'¥vT GL0T €€°0¢ #5xk€C 97 cro 17T 9L°0¢ ¥€0T #xx€C9” <o VIvT 6L°0¢ 2€°0C XeN
¥ev x96°C 9G"8T- 7861~  08°CC- 9C'¥ x96°C €9'8T- €861~  8LCC €7 x96°C G781 08°6T-  9L7Cc Iy
#xG1 0" wx 110" G9°0 99°0 LL°0 wx 110" #x60°0~ 790 99°0 L0 #x80°0~ %9070~ €9°0 990 TL°0 aan
¢ro %0870 L8°L- 09°L- 66°L- €10 #xG°0 98°L- 6V°L- 86°L- ¥T°0 %0970 €8°L- 9y L- 96°L- S
10°0- *€7°0 €C°6- 8L~ 1276~ 10°0- V70 [eay 9LV 1¢°6- 000 *97°0 61°G- €LV 61°G- HeA
#x20°0 sxxV 170 89T 991 161 #xL0°0 #xx91°0 69T 291 [4m) #%%80°0 #xx91°0 291 69T a1 apisdp)
600 sxx 1170 €0°0- €00 8070~ +xx90°0 PEANI) c0°0- 700 20°0- #2070 sxkG 10 200 200 S0°0- our}iog
#xxG10 sxxVC 0 ove [4°S 8C'€ sxxC1°0 #xx9C°0 €v'e 6g'¢ 0e'¢e #xx91°0 sokkLC 0 0g'¢ c9'¢ gee egow(y
#7070 #5800 c0°0- c00 90°0- k700 #6070 10°0- €00 90°0- #9070 #5000 10°0 <00 ¥0°0- s
12°0- L1°0- 09°0T ¥9°01 18°0T 12°0- LT°0- 65°0T ¥9°01 180T ¢ 0- LT°0- 6S°0T €9°0T 08°0T PIs
770 sk 1670 gz 0- cc0 69°0- #8770 #xx€6°0 €10~ [4 3] 19°0- w870 *xx+86°0 710 750 €7°0- weaN
1500 BUIMOLIOq pUR §3500 Jurpery [euonpiodol] g PUR]
avd- avd- avd- avd- avd- avd-
dvddsL dvddss dvddsl dvddsSs dvd davdadsL dvddss dvddsL dvddss dvd dvddsL dvddss dvddsl dvddsS dvd

sdqpT 11

sdqot 11

dqr T

penurjuod ‘4809 uorjoesuel) gy IS PUe gVIASS SA V¢ JO SOINseall YSLI PUR 90URULIOJNS 6 9[e],

41



(20 [29'1] (7°0] (291 [71el [cL0] [r1el [cL 0]

620 81°C 620 81T s 10T €e0 sk 10T €e0 avd
[96°0] iaad! [96°0] ! [Siatd [00°Z] [¢7T] [00°Z]

8€°0 86T 8€°0 86T wxPL0 #4160 wxFL70 #4160 avd+rdd
[ve1] [veal (281 (26T [70°¢] (217] l61°2] [e9°] 9,77 [z0°2]

GL0 **mw.m **Ow.mu 01°9- **mm.wl *%*mo.ﬂ **mNA ***Nm.w %**Nm.ﬁ **Nm.m N<H\4h+vhm
leczl [ezel [06'T-] (L1717 vz l61°¢] [59°1] [zeel [1g°¢l [08°2]
**mmA ***ﬂw‘w *NOAZ- wm@- **mm‘ﬂﬁu *%*wwd *mmA ***@m{@ ***woﬁ **%Ohm md
[26T1] [9L°T] (821 (201 771 [zs°¢l [68°T] l6L¢l [86°¢] [zl

86°0 £GT°C €9'L- 87°9- €9'8- #5x06°0 1T 480 saal0L  xxx16°G 944
l61°2] [121] [96'T-] (911 (22T ] [86°¢] [67°0-] (697 [c07] (L17]
%*@ﬂ.ﬂ *mw.ﬂ **®©.©H| 90°L- **mm.ﬂﬁu ***Ow.o 9¢°0- ***wm.h ***M@.@ %**wﬁ.m. A
[8771] oyl (170 [60°0-] (26707 [gs°2] [6L°1] leL7] [76°7] (Le7]

98°0 %*mw.m 1€°¢C ¢G0- LT°6 ***@@.O *mm.o ***Oﬂ.m %**Ow.m **%mw.w wﬁLﬁwhm
[26°0] level [9¢°0] [7L°0] [9z°0] lez'T] [20°T] [z9°¢] [e6°¢] [eeg]

8€°0 ++66'T LET 86'C 660 #4570 £+08°0 wxk T8 saall'8  4knG6L v
avd avd avd avd

-dvddsSL -dvddss dvddsL dvddss dvd

spottod UoISsadaI-UoN ‘]

-dvddsL -dvddss dvddsL dvddss dvd

spotrod uoIsseday 1]

"AT0A1199dSaT S[OA] 04T PUR ‘04G ‘00T I J® 9OURIYIUSIS 9J0UDD 4., PUR
“wx ‘x (OFYSN) ysnoxy oy ysnoayy yeod o1y Surmor(oj porrod o) WO sojelg PojIU() oY) I0J SI0)ed
-IPUTL UOISS909I N SMO[[0] UOIJRUIULIOIOP UOISSOII O], "UOIJR[OIION0INE PUR AJIDI)SRPIISOIDIAY I0]
pajsnlpe aIe sorsIje)s-7 pue ‘pozi[enuue oIe senjea [[y “(Y1mors pajoadxe pue ‘Aymbs uo wmjer ‘yuewa
~)SOAUT ‘9ZIS ‘}9)IRUI) [9POW 10J0R] G-h PUR ‘(JUSUIISIAUT SATJRATISSUOD pue ‘Aj[iqejgord Suryerado jsnqor
‘WMHTLOUWOW ‘OneA ‘9ZIS ‘JoyIeUl) [9POUl I0J0RJ- [OUSL]-RUIR] ‘(JUSUIISIAUL SATJRAIDSTIOD PUR ‘A}[Ie)T
-joxd Suryerado 1SNQOI ‘OneA ‘9zIs ‘JoyIRW) [OPOW I0)0RJ-G [PUL{-eurR] gy ‘gyd [HIM pojusmsne
[opou 1030R]-f YoUaL]-eue] ‘XY Purwop A10110] YIIM PIJUOUISN® [9POU 10)0R]-f Youal-eureq ‘A
-pmbi] G UM pojusmINe [OPOUL I0)0R]-f [DUSL]-RUIR,] ‘(TWNJUOUWIOW PUR ‘DN[RA ‘9ZIS ‘}Jo3IRU) [9POUL
10)0®R]- [oualf-eure] oy} 0} oArje[pl pajnduwod ore seydpe oy, "(I]) spolied uolssedal pue () SPOLI
-od uorsseaI-uou FuLmp sargerenIs gygds pue gyg 2yl Jo wmnjel reuriouqe oy syrodar so[qe) sy,

SUOT)TPUOD o3I 09 dAIYe[aI V(IS SA V¢ JO SwInjal [euwiouqy (0T 9[qel,

42



10°0 €00 60°0- 20°0- 60°0- #1070 00°0 G0'0 700 ¥0°0 0TAHD

000 ¢0°0 ¥0°0- 00" ¥0°0- sk 1070 00°0 80°0 200 200 SAHD
000 ¢0°0 c0'0- 00°0 ¢0°0- sk 1070 00°0 60°0 80°0 80°0 EAHD
6¢°0 91°¢ 00°G- ere- 6¢°G- %990 L0°0- 46'q (44 6¢°4 INddIN
9¢°0 ¥1'e cee ¥r1- 86°¢- *xx6L°0 ¥0°0- 66°L GG'L 9¢'L an
L0 ¥1i'e Ga'1- ¢e0 18°1- #4290 80°0- L6°8 (48] 0€'8 €N
L0 €re €¢°0 60°¢ 70°0- #5090 170~ 96°6 €06 ¥E6 n
120 €r'e 6T°1- 89°0 V1= #xx99°0 80°0- L1°6 48] 1678 urp)
1€°0- k90T G6°L 0L 9¢'8 G¢'0- 120~ go'e a0'€ 6¢°€ CINd'T
00" #x0T°0" vl ¥ET Gv'1 %600~ 00°0 90 ¥9°0 ¥9°0 TINd'T
000 10°0 oo €v°0 440 0070 5000 ce0 ¥€0 ¢e0 ONd'T
0670~ G600 LET [4ind L8F s #8461~ 0¢°6 S0°TT C9'Cl  SISOID]
L1°0 #xx96°0 67°0- 070~ 99°0- 0T°0- 9¢°0 19°0- G¢'0- 1G°0-  Ssoumoyg
90 87°¢ 0201 90°¢l1 84°6 wxk L1797 170 9971 81°T¢ LL°0¢ XeN
G6°0 #x6L°0 LL9T- 00°LT-  ¢LLTI- Ly 88°C LG°LT- 9r'61-  ¥0°¢e- U
10°0 %1070~ aro 070 170 €0°0- 00°0 o L¥0 70 ddan
€70 6¥°0 60°8- ¥0°8- €4'8- 80°0 1¢°0 ge'9- G6'9- €v'9- Sd
120 8L°0 1¢°9- ¥9°6- ar'9- 61°0- 0€°0- gee- gve- 91°€- HeA
€00 %660 981 G0'c €81 #xL1°0 010 L6°C 68°¢C 6L°¢C apisdn
€00 €¢0 11°0 ¢e0 80°0 #xx91°0 G0°0 L1 a9l L1671 ourjIog
90°0 Lv0 69°¢ 0rv €9°¢ #1070 90°0- 1¢°8 98°L 16°L eSot()
¢0°0 AN 80°0 ¢60 90°0 #1600 000 G0'1 L6°0 260 ds
¢00 x60°0- EEET 8CEl 1e€€r x9¢°0- LT°0- €6°6 €0°0T 0¢°0T1 PiS
.20 €r'e ¢l L6°¢C 780 50470 €1°0- Gyor1 €L°6 98°6 e\
avd avd avd avd
-dvddsL -dvddss dvddsL dvddss dvd -dvddsL -dvddss dvddsL dvddss dvd
spotrod uoIsse0oy ] spotrod UoISsaddI-UON ‘|

"AToA1100dSaI S[OAJ] 94T PUR ‘04G ‘04T OU) 1B 9OURDYIUSIS 9J0USD 4.\ PUR ‘oo ‘o (DHAYSN)
ysnory oY) ysnoiyy yead o) Surmo[[oj porrad oy} WOI $99RIG PIIIU() 9} I0] SI0JeIIPUL UOISSE0I AN
SMO[[0] UOIJRUIULIdISP UOISsadal oy T, ‘so[dures der)sjooq (‘T SUISTL POUIRIO SIR SOOULISHPIP oY) I0]
sonfeA-d popls-oll0 PuR ‘pazifenuue oIe sonfeA [[y ‘() spoliod uolssedor pue (]) spoliod UOISSeddI-TOU
sunmp sorsoleIls gygdsS pue gyvg oYl Jo seinsesw ¥SLI pur osoueuriojrod o) syroder so[qey siyJ,

UOIHPUOO Jo3Iet 03 oATIR[aI Y dS SA Vg JO soanseol YSLI pue 90URUWLIOLDd T 9[q€]T,

43



k4! [zz0] [70°2] [zz0) [1e¢] [2eT] [Tg¢] [2eT]

+£G8°0 LT0 G870 LT0 rx LT 871 sk GL T 87T qavd
[29°1] [80°0] [29°1] [80°0] [s7°¢] [9¢°1] [87°¢] [9¢°1]

€L0 L0°0 €L0 200 A ¢l s €L T ol ava+vdd
[F1el [ez0] [90°7] [20°7] [6L¢€] [prel [eg 0] [8¢°7] [10°7] [10°7]

++68°0 9T°0 wkal0TT s GETT  4seOTTT s T 8€°0 wral80T  5sx06'6 wa VG0 s XVINIHFAL
[s1°2] [oT°0] [90°7] [28°¢] [zL¢gl [10°¢] [1e°0] l4aid [29°¢] [99°¢]

++16°0 80°0 48 ET  4as00'ET  44e406°TT 5408 T 020 wra T TT saC1'0T 4nG6°6 ¢b
[ez el [v0°0] l6e7] [927] (117 log-¢e] [29°0] [2677] [1e7] [0g7]

+£98°0 z0°0 BT A R & 4 S 4 & 41 K+ 8E'T €F'0 etV TT seseaPG 0T s OT 0T 9441
(1772l [60°0-] (81°7] [26°¢] [e6°¢] legel [e9°0] les 7] [F179] [0z7]

**ww.o 900~ %*%Om.mﬁ ***N@.ﬁﬁ ***ww.ﬁﬁ *%*mv.ﬁ 070 ***@NAH **%mm.oﬁ ***mw.m add
[og 0] [8e°0] log-¢g] [17°¢] (sl [15°0] (8870 [s1°¢] [8La] l66°2]

€20 0€°0- a8V TT O T 4sen T TT 6€°0 86°0- ft07TT s €O TT 4k TOTT Sd+vdd
[gz el [eT°0] [077] [ee7] [01°7] [vo-¢el [8g°0] leL7] [9z7] le17]

++16°0 80°0 w5480 ET  444GTTT  4iexl1°TT 15460 T 8€°0 a0 TT s €T°0T  445GL°6 vdd
avd avd avd avd
-avdadsl -dvddss dvddsl dvddass —davd -gvdadsl -davddss dvddsl dvddass —davd

spotrod Aypmbip Mo T spouad Aypmbi ySty T

¢

"AT0A1100dSOT S[OAD] 04T PUR ‘)G ‘040 Y1 18 9OURDYIUSIS DJOUIP 4y PUR ‘o ‘\ "URIPOW
O) MO[O( SWINJOI 1030%] UM oIe sporrod Aypmbip mo[ pue UeIpoW oY) 9AO0QR SWINGOI I0JOR] [IIM
oxe sporrod Aypmbi] Y3y yorgm 10§ ‘10900] Aypmbi) pepery (¢00g) ysnequelg pue I0ised oy) SMO[[0]
UOT)RUTULIDIOP AJIPINDI[ Y, "UOIJR[OIIONOINE PUR A}IDI)SRPOISOINOY 10] pojsnlpe ore sorjsije)s-3 pue
‘pozifenuue are senyeA [y -(71mo18 pajoadxe pue ‘A3mbe UO WINJOI ‘JUSUIISOAUT ‘DZIS ‘JOXIRU) [9pOUl
1090®J G-h pue ‘(JULUIISIAUT SATJRAIDSTOD pue ‘Aiqeigold Suryerado jsnqol ‘Wniuaon ‘anfeA ‘9zIs ‘)oy
-IRUI) [9POW I030RJ-Q YOUSLI-RWR,] ‘(JUSUIISOAUT dATJRAIISTOD pue ‘Aifiqeigold Surperodo jsnqor ‘onpea
‘9z1S ‘jorIRW) [9POW I1010R]J-G Yousl-ewWR] ‘qy{ ‘gV{ YIM pojusmisne [9poul 1030} YouodJ-eure,|
‘XVINA puewop AI19330] )M POJULUISNe [9pPOUl 1030R]-; puoli-eure] ‘Anpmbiy (¢00g) ysnequrely
pue 103seJ )M PoJUOUISNe [opOU 1030R]- [DUaL]-eure,] ‘(WNJUoWOW pueR ‘OnfeA ‘9zIs ‘JoyIeul) [opout
10)0R]-f DU ]-eure a3 0 aAlpe[al paynduoo are seyde oy [, *(J]) spotted Apmbi| mof pue () spour
-od Ayipmbry ySry Sunmp sordeei)s gy s pue gyg oyl Jo winjal reuriouqe oay) syrodar soqey sy,

uorIpuod Aypmbip 03 eAnRPI gV S sA gV JO WINol [RWLIOUQY :gT 9[qR],

44



000 000 G0°0 ¥0°0 G0°0 5600 x60°0 700 ¥0°0 ¢0'0 0TAID
#xx10°0 000 60°0 80°0 80°0 #xx60°0 10°0 200 200 90°0 SAID
#xx 1070 000 11°0 010 010 #xx 1070 10°0 60°0 80°0 L0°0 eAdD
xxx 1670 ¥0°0 €09 LTS [ sk GV 1 89°0 L6°€ €c'e 6e'c INddIN
#9870 L0°0- ve6 cr'8 67’8 sk 1G] €8°0 8¢°L 1.9 88°G an
k1670 €00 G901 VL6 1.6 sk EV T 69°0 94'8 8L €r'L €N
58670 ¢ro 16°TT GO'TT €6°0T k98T §g'0 [20) 76’8 8¢€'8 n
xx66°0 400 88°0T 00°0T 46°6 #xxGV 1 99°0 08’8 ¥0°8 8¢°L wf)

60°0 G360 L0¥ 0cv 86°¢ s 19707 #x06°0- gv'e 80°€ L0V CINd'T

000 €00 9L°0 610 LL0 #4x90°0~ 90°0- 9L°0 GL0 18°0 TINd'T

10°0 *xG0°0 1€°0 €e0 1€°0 000 #xx70°0 €€0 LE°0 €€0 ONd'T

020 L6°0- 189 ¥¢9 199 #%x96°0~ 16°0- G0'g 0T°¢ 109 SISOI3]

60°0- €00 €L°0- 19°0- ¥9°0- €10 *8€°0 91°0- 60°0 6G°0-  SSOUMIYS

LCT- ¥e1- 89°€T TL°€T G671 89°0- 80°0 0€ 1T 90°¢T 86°TT XeIN

881~ k€970~ LG°LT- ¢e91-  69°41- woax V71 96T LE°CT- 98°11-  I8°€l- TN

10°0- c0°0- ¥€0 ¥€0 9¢€°0 %6070~ 10°0 1€°0 9¢€°0 geo ddan

L0°0 ¥0°0- VL4~ Ve'L- 1¢'L- #x89°0 #xL6°0 €9°9- ¥C9- 1¢°L- Sd

8T°0- ¥1°0- 88~ 8- 0L %~ Gro- 0v0 o8- LTV 897~ HeA

11°0 10°0- 11e 66°C 00'¢ #xx V60 *L€°0 a0'e q0'e 89°¢ apsdn
#6170 ¢0°0- 081 99T 29T #xx €70 %460 091 961 6¢'1 our}Iog
%1770 80°0- (44 €L L 18°L sk [L°0 o 8¢°L 0T 299 et
#x90°0 ¢0°0- 17T c0'T Vo1 kG170 60°0 46°0 06°0 080 s
#x0€°0 #x67°0 VETT V11 ¥O'TT xxV€0" #x79°0" g8°0T1 96°0T 0C'1T P3S
s 1071 L1°0 ggel TL11 Va1t kGO | 870 €e01 6V'6 106 eI\
qavd davd davd dvd
-dvddsL -dvddss dvddsL dvddss dvd -dvddSL -dvddss dvddsL dvddss dvd

spotod Aypmbiy moT TT

spotrad Aypmbry YStH T

"AT0A1100dSOT S[OAD] 04T PUR ‘9G040 ) 18 d0URDYIUSIS 9J0UdP . PUR ¢
"URIPOW O} MO[O( SUINIAI I0J0€] M oIk sporrod AJpmbI[ MO[ puR URIPOW O} dAO(R SUWINJOI I0)O€]
Y ore sporod Appmbr ySiy yorgm 10y ‘10j0vy Apmbi) pepery (£00g) ysnequiejg pue Iojsed oyj
SMOT[0] uorIjeuIuLIofop Aypmbiy oy, ‘sojdures deijsjooq ()0()'] SUISTL PouIrR}qO dIR SODULIDHIP 9} I0]
senfeA-d PapIs-ouo pue ‘pezifenuue oIk senfea [[y “(I]) spouled Aypmbi] mof pue (1) spoted Ayrpmbry
USIy Surmp sergojer)s gy gds pue gyd o) Jo seansesu ysLI pue souruLioprad o) sprodar sejqey sty J,

uoIIpuod Apmbi] 03 sAeRI gV(S SA gy Jo sisA[eue ojdwes-qng :¢1 9[qr],

45



(L€l [6L0] (L€l [6L0] [zL2] [11°1] [eL2] [111]

£x588°T 9.0 £458€°T 9.0 wxs0T'T 860 wxs9T'T 860 avd
[Sard [z 0] lev2] [zL70] [89°0] [2€707] (89°0] [2e'07]
#xGTT 19°0 wxQTT L9°0 6£°0 9¢°0- 6€°0 9¢°0- ava-+vdad
[08°T] [79°0-] [262] [0g°2] [927] [ge 0] (88°07] [0g-€] [96°2] [ee€l
£08°0 v o- al V6 4xGT8 4xl08 610 v6°0- w5380 TT 45866 546801  XVINA+HPAA
[e9°2] [17°0] [ge7] [16°¢] [6s°¢] [sz 0] (801 l6g°2] [vo°gl i
+x4GT T 020 wrsTOET k96T 54499°CT eT0 9T'1- 54016 4408°L 44868 ¢b
[zeg] (800 [9z7] [0s¢] [z6°¢] log 0] [zs0] (X3 (L0l [1g°¢l
#4001 €0°0- w0 TT  5ses88°0T  xes€6°0T 920 08°0- wxslTTT s TTOT  54ex 1601 944
ixatd [09°0-] [e7°7] [98°¢] [GT7] [96°0] [9¢°0] [62°€] [027] [cog]
**mm.@ 9¢°0- %**NN.Nﬁ *%*N@.Oﬁ %**Nm.ﬁﬁ 0G0 0G0~ ***ND.Oﬁ %*%ﬁo.@ %**ﬂm.m SR
ia¥d [£0°0] [98°¢] [veel [0g-€] [7¥°0] (¢8°07] ANS! [v9°2] OKS!
£+00'T 200 #5400 CT  5k00'TT  44486°0T ¥30 880~ ok 0L 0T 4osnlG 6 sses GV 0T Sd+vad
iatd [10°0] (107 [g9°¢] [79-¢l [870] (¢80 [19°¢] [00°¢] level
£+66°0 000 w6488 TT  4xk6E0T 44468701 Al 18°0- wxk00 TT sk T66 e 9L70T v
avd avd avd avd
-gvdasl -davddss dvdadasl dvddass —gavd -gvddasl -davdaass dvdadasl dvddass —davd
spotrod puewop A19330] MOT ‘T[ spouad purwep A199)0] YSIH T

"A[0A1190dSOT S[OAD] 94T PUR ‘%G ‘00T
o[} J® 9OURDYIUSIS JOUSD .\ PUR ‘L "URIPOW O} MO[O( SUWINIAI I010] )M aIe sportod pueursp
A19170[ MO] PUR URIPIUIL 91} AO(R SILINJAI I010R] [[3IM oI spoliod puewap A191)0] YSIY YOIYM I0] ‘10300]
XVINA SMO[[0] UOTIRUIULIOIOP PURWOP AI193)0] O], "UOIIR[DLIODOINE PUR A}IDIISRPIISOIN)OY 10] pajsnlpe
oI SOIISTIR)S-] PUR ‘DOZI[RNUUR oIk soneA [y - ([1M013 pajoadxe pue ‘AJmbe U0 WIM)al ‘JUau)soAUl ‘9zIs
‘)93 TRUI) [9POW 1030€] G-h PUR ‘(JUSUIISIAUL 9ATIRAISSTOD puUR ‘A[Iqe)gord Surperado 1SNgoI ‘Wnjuatour
‘On[eA ‘9zIS ‘JoyIeul) [OPOW 1030R]-g YOUSL]-RWR] ‘(JUSUIISOAUT SAIJRAIOSUOD pue ‘Ajfiqe)gord Surjerado
SO ‘ONfRA ‘OZIS ‘JoyIRWI) [9POW I0J0RJ-G [PULLI-eWR] ‘qyd gy YIM pojusmisne [opoul I0joe]
- YousL-ewe] ‘XY PURWOp AI9110] [IM POjUomsne [opouwl I010e}-f [ouolj-euwe, ‘Aypmbi g4
[}IM pojuouIsne [opoul I030e]- Youol-ewe,] ‘(WNJUSTOU pUR ‘ON[eA ‘9ZIS ‘JoyIell) [opOW 1030
[PuaI]-eure, o) 0} aAlje[aor paynduwoo axe seydye oy, *(I]) spoued puewep A19330] MO[ pue () spotied
purwep A19930] YSIY SuLImp sa18erenis gy gqds pue gyg o2yl Jo wmnjol reurioudqe o) sjrodox so[qey sy J,

¢

UOI)TPUOD PURWOP AI19330] 03 dAIYR[RI JVE(S SA V¢ JO SWINjal [euwlIouqy T 9[qel,

46



sk 1070 10°0 80°0 200 90°0 %1070 10°0 00 00 00 0TAHD

%1070 00°0 11°0 01°0 60°0 *xx 1070 10°0 90°0 90°0 G0'0 SAHED
#1070 000 ¢ro 01°0 01°0 #1070 10°0 80°0 L0°0 L0°0 EAHD
wxx0C'T 80°0 68’9 €L 99 ok 107T 90 18°¢ Ge'e 08¢ INddIN
#xx[C'1 €10 94701 676 9¢°6 #6071 €50 199 119 86°G an
#xx1C'1 80°0 1911 8701 0vot x5G0T Ggo 06°L eVl 88°9 €N
xxx0C°T ¢0°0 G9cl L1t STl xxx60"T LS50 61°6 GL'8 8T8 n
*xx 1071 L0°0 e8'1L 89°0T 19°0T it §g'o 9r'8 69°L vL'L wp)
x6C°0~ 9v°0- L6°C ve'e 08¢ §¢'0- G¢'0- Sig 0sv aLy C¢INd'T
xC00~ 0070 €9°0 G9°0 G9°0 %600~ €0°0- 780 780 980 TINd'T
00°0 x10°0 ce0 ¥€0 ce0 10°0 #5070 ce’0 9€°0 1€°0 ONd'T
xx00° T~ #xx68 T~ [GER¢ 69% €49 ¢lo ¢l'o Ge9 ge’9 €¢9  ssomy]
60°0 1€°0 80°0- 10 LT°0- G0°0- 01°0 ¢L0- L8°0- 1970~ SSoUMd§
LTT- ¥e1- 89°¢T TL°€T G671 %G00~ 80°0 90°'TT 90°ct 86'TT XBIN
gt 687 Le¢l- €6'8- 18°€T- 88'1- €9°0- LG°LT- ¢e9T-  69°GI- WA
100 €00 1€°0 ce0 0€°0 70°0- 10°0 L€°0 o 170 ddn
020 90 88°G- Ly G- 80°9- ¥€0 Gc'0 cS'L- 19°L- 98°L- S
LT°0- €¢0 1o e 18°¢- 0y~ 1°0 9€°0 €C'S" 1076~ LE°G- HBA
k1670 1670 €L’e €L 1ve #xL1°0 110 1L¢ §9°¢ v&'e opisdn
k1670 61°0 LE°C 9¢°¢ 90¢ ol 10 1o Vel 8¢'1 LT'T outog
#xx9L°0 c0°0 ¢4'6 6L8 LL8 - 6¢°0 989 0.9 179 e3owQ
%610 €00 6¢'1 0c'T LT'T #6070 ¥0°0 L8°0 ¢80 LL°0 gs
10°0- L5°0- 10T 666 ¢ 01 c0°0- 80°0 9€'TT L1t 6€TT Pis
xx0C'T 00°0 LT°ET L6'T1 L6'T1 560" 84°0 786 0v'6 8’8 BN
avd avd avd avd
-dvddsL -dvddss dvddsl dvddss dvd -dvddsL -dvddss dvddsl dvddss dvd
spotrod puewop AI9330] MOT “TT spored purwep A191)0] YSIH T

"AT0A1109dSaT S[OA] 04T PUR ‘04G ‘00T I J® 9OURIYIUSIS 9J0UDD ., PUR
“wx ‘x TURIPAOW O} MO[d( SWINYAI I010R] )M aIe spoltdd pueuwop AI199)0[ MO[ PUR URIPIUW S} dAO(®
SWINJSI 1030R] YHM oIe spolad puewop AI10110] YSIY YDIYM I0J ‘1090e] XY SMO[[0] UOIJRUIULIIIOD
purwop A103301 oy ], sojdures deijsjooq ())(‘T SUISNL POUTRIQO IR SOOUDISYIP oY) 10} sones-d popIs-ouo
pue ‘pazifenuue oIe sanfeA [[y ‘() spouled puewep A193j0] mo[ pue () spolied puewap AI193)0] Y3

Suump serdejents gygds pue gy oyl Jo seinseawr ysi1 pue soueuiojrod o) syroder so[qe) SIyJ,

UOT)IPU0D PURTAP AI193)0] 03 dAIYR[dI V(IS SA V¢ JO SOINSLaW YSII PUR 9OURUWLIOJDJ G 9[R],

47



Figure 1: Fraction of stocks to be excluded from the long and the short legs of the
BAB strategy

This figure plots the time series of the fractions of stocks excluded from
the long leg (solid line) due to them being dominated by the market
index and the short leg (dashed line) for the stocks that dominate the
market index. The exclusion determination is based on Davidson (2009)’s
non-dominance test if non-dominance is rejected at the 1% significance
level. Subplot (a) uses the SSD criterion while subplot (b) uses the TSD
criterion.
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Figure 2: Cumulative performance of BAB, SSDBAB, and TSDBAB portfolios

This figure plots the cumulative return of the BAB and SD-enhanced BAB
portfolios from July 1931 to December 2020 (sub-figure (a)) and from Jan-
uary 1990 to December 2020 (sub-figure (b)), given an initial investment of
$1. In SSDBAB (TSDBAB), stocks that have dominated the market during
the preceding year by the second (third) order are excluded from the short leg
and stocks that have been previously dominated by the market are excluded
from the long leg. The exclusion determination is based on Davidson (2009)’s
non-dominance test if non-dominance is rejected at the 1% significance level.

2000

BAB
1800  |=.=.~:-SSDBAB
o TSDBAB

1600

1400

1200 |

1000

800

Cumulative return

600

400 r

200 -

1940 1850 1960 1970 1980 1990 2000 2010 2020

Date

(a) 1931-2020

25

BAB
~+=:=:-SSDBAB
< TSDBAB

20

=
w

Cumulative return
3

1995 2000 2005 2010 2015 2020
Date

(b) 1990-2020
49



Figure 3: Alpha relative to the g5 model: subsample analysis

This figure plots the estimated alpha relative to the g5 model for the BAB,
SSDBAB, and TSDBAB portfolios computed using subsamples with different
conditions. The recession determination follows NBER recession indicators for
the United States from the period following the peak through the trough (US-
REC). The liquidity determination follows the Pastor and Stambaugh (2003)
traded liquidity factor, for which high liquidity periods are with factor returns
above the median and low liquidity periods are with factor returns below the
median. The lottery demand determination follows FMAX factor, for which
high lottery demand periods are with factor returns above the median and low
lottery demand periods are with factor returns below the median. In SSDBAB
(TSDBAB), stocks that have dominated the market during the preceding year
by the second (third) order are excluded from the short leg and stocks that
have been previously dominated by the market are excluded from the long leg.
The exclusion determination is based on Davidson (2009)’s non-dominance test
if non-dominance is rejected at the 1% significance level.
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Online Appendix

Enhancing Betting Against Beta with

Stochastic Dominance

SUPPLEMENTARY RESULTS

A1 Alternative SD tests

There exist alternative tests to Davidson (2009) which could be potentially used to
determine SD dominating and dominated stocks. These tests often exhibit better
statistical properties than the test used in this paper, however, their restricted com-
putational feasibility in a large cross-section of assets presents an implementational
challenge.

Prior studies, such as Post (2003), Kuosmanen (2004), and Fang and Post (2017)
propose tests to evaluate if a benchmark portfolio (e.g., the market portfolio) is SD
efficient, that is, if the portfolio can be dominated in SD sense by a linear combination
of its underlying assets. Their empirical applications usually involve samples with
a large number of return observations (T) and a small number of assets (N). For
example, Post (2003) analyses if the market portfolio is SSD efficient relative to the
25 Fama and French portfolios sorted on size and book-to-market based on a sample
of 460 months. Fang and Post (2017) expand the examination to different sets of

portfolios and the size of risky assets is up to 30 over a sample period from the late



1920s to 2015. Kuosmanen (2004, page 1397) highlights the computation aspects
related to the specification of T and N. He notes that a relatively large T and a small
N achieve a good balance between statistical inference and computation burden. For
example, he recommends specifying T from 100 to 500 when N = 26, which gives
reasonable statistical size and power. For larger N, one needs much greater T to
guarantee reliable statistical inference on cross-sectional SD efficiency. Post (2003,
Figure 3) illustrates that the statistical size deteriorates when T is small.

By contrast, our paper performs the SD analysis over the entire CRSP stock
universe rather than a few aggregated portfolios, and N can go beyond 7,000. Suppose
there are 250 trading days in a year, such a combination of T and N renders 2 million
observations that remain to be solved in Kuosmanen (2004) SSD efficiency test. This
falls into the category of huge linear programming complexity as Kuosmanen (2004,
Section 5) documents. Additionally, such SD efficiency tests should be repeated more
than one thousand times due to monthly portfolio rebalancing from the late 1920s
to 2020 in our CRSP sample. The heavy computation burden precludes us from
implementation of the SD efficiency tests, let alone the aforementioned statistical size
concerns associated with a large N relative to T.

There is another set of tests that consider the pairwise relations between distribu-
tions of stock returns, similar to the test adopted in our paper. The null hypothesis
in these tests is dominance of one distribution over the other, as opposed to non-
dominance as in the Davidson (2009) test. The bootstrap SD tests introduced by
Linton et al. (2005) and Linton et al. (2010) also require a large T to guarantee the
efficiency of subsampling. These tests are suitable to test SD relationship among

a selection of portfolios over a relatively long period, for example as in Kolokolova



et al. (2022) in the context of industry portfolios. Linton et al. (2005, page 753)
point out that T has to be greater than 500 for subsampling, and they compare the
DJIA and S&P 500 index daily returns from 1988 to 2000. Nonetheless, stock beta
is predominantly estimated with one-year daily returns (Welch 2022), which poses
a challenge for the application of the bootstrap SD tests using shorter time series.
Further, Linton et al. (2010) suggest the number of bootstrap replications to be 400,
which increases the computation time for a large number of SD comparisons.

To illustrate the differences in the computational efficiency between different tests,
we generate 10, 100, 500, 1000, 2000, and 5000 pairs of random vectors from a stan-
dard normal distribution with the length of 500 observations each. We implement the
Linton et al. (2010) test following their parameter specifications and the Davidson
(2009) test. The corresponding computation time is summarized in Table Al. The
Linton et al. (2010) test specification is feasible for a small number of comparisons.
However, if investors have to conduct 5000 comparisons, the test requires about 6000
seconds, which is about one hour and half. In contrast, the Davidson (2009) test de-
livers the results within 1 minute. Since the number of CRSP stocks is often greater
than 5000, and monthly rebalancing over around 95 years requires a repetition of the
test implementation for 1140 times, running the Linton et al. (2010) type tests in our
setting turns computationally unpractical. Hence, we resort to the Davidson (2009)

test as the key tool for our analysis.



Table Al: Computational time of SD tests

This table summarizes the corresponding computation time in second for
conducting 10, 100, 500, 1000, 2000, and 5000 pairwise tests following Lin-
ton et al. (2010) and Davidson (2009). The pairs of random vectors have
the length of 500 and are generated from a standard normal distribution.

10 100 500 1000 2000 5000

Linton et al. (2010) 9.86 112.87 595.94 1192.84 2392.89 5587.57
Davidson (2009) 0.19 0.92 5.03 10.56 20.28 52.25




A2 Performace of the long and shot legs of the
portfolio

In this appendix, we decompose the strategy performance into that of the long and the
short leg separately. Consistent with the observation that SD-prefiltering impacts the
short leg the most, the results in Table A2 show that the improvement of the overall
portfolio alphas is due to the more negative performance of the short leg. A higher
Sharpe ratio of the TSDBAB portfolio is also due to significant variance reduction of
the short leg (Table A3). These results further highlight the asymmetry of the low
beta anomaly. Low beta stocks tend to be rarely dominated by the market, whereas a
substantial fraction of high-beta stocks may turn out to dominate the market returns

in SD sense.



Table A2: Abnormal returns of BAB vs SSDBAB and TSDBARB: Long and short legs

This table reports the abnormal return of the long and short legs of BAB
and SDBAB strategies based on the Fama-French 4-factor model (market, size,
value, and momentum), Fama-French 4-factor model augmented with PS lig-
uidity, Fama-French 4-factor model augmented with lottery demand FMAX,
Fama-French 4-factor model augmented with BAB, BAB, Fama-French 5-factor
model (market, size, value, robust operating profitability, and conservative in-
vestment), Fama-French 6-factor model (market, size, value, momentum, ro-
bust operating profitability, and conservative investment), and ¢-5 factor model
(market, size, investment, return on equity, and expected growth). Values are
annualized and t-statistics are robust to heteroscedasticity and autocorrelation.

X kk
)

, and *** denote significance at the 10%, 5%, and 1% levels respectively.

I. Long II. Short

BAB SSDBAB TSDBAB SSDBAB TSDBAB BAB SSDBAB TSDBAB SSDBAB TSDBAB
-BAB -BAB -BAB -BAB

FF4 6.12%%%  (.12%F* 6.13%** 0.00 0.01 -0.36  -1.47** -0.81 -1L10%FF -0.45%*
[4.89] [4.88] [4.88] [-0.10] [0.50] [-0.44] [-2.18] [-1.05] [-3.27] [-2.52]

FF4+4PS 6.03***  (.02%** 6.05%** -0.01 0.01 -0.20 -1.53* -0.95 -1.33%FE (.76
(3.27] (3.26] [3.27] [-0.53] [0.50] [-0.19] [-1.94] [-0.99] [-3.04] [-3.63]

FF4+FMAX  3.53** 3.53%* 3.56%* 0.00 0.03 2.00%* 0.46 0.96 S Y S S W02 S
[2.07] [2.06] [2.07] (0.13] [0.81] [2.00] [0.65] [1.06] [-3.41] [-4.80]

FF4+BAB 0.00 0.00 0.00 0.00 SL8HFE 048K 18R (.48%H*
[-0.32] [0.00] [-0.32] [0.00] [-4.33] [-2.94] [-4.33] [-2.94]
BAB -0.01 -0.01 -0.01 -0.01 0.26 -0.21 0.26 -0.21
[-1.60] [-1.13] [-1.60] [-1.13] [1.15] [-1.28] [1.15] [-1.28]

FF5 4.54FFF A BIFRE [ BYFREHE -0.01 -0.01 -0.60 -0.76 -1.45 -0.17 -0.86%**
[2.64] [2.63] [2.63] [-1.26] [-0.34] [-0.59] [-1.15] [-1.55] [-0.30] [-4.36]

FF6 BTHRE 5 TR 5.18%#k 0.00 0.01 1.41 -0.09 0.40 -1.50%HF* 101K
[2.95] [2.94] [2.95] [-0.01] [0.53] [1.30] [-0.13] [0.41] [-2.95] [-4.70]

qd 587K 5 Zpkek 5.88HH* -0.02 0.01 2.23* 0.40 1.26 -1.83%HE (.97
(3.07] (3.06] [3.07] [-1.11] [0.65] [1.71] (0.50] [1.09] [-2.68] [-3.89]




Table A3: Performance and risk measures of BAB vs SSDBAB and TSDBAB: Long

and short legs

This table reports the performance and risk measures of the long and the short
legs of the BAB and SDBAB strategies. Values are annualized and one-sided

p-values for the differences are obtained using 1,000 bootstrap samples. *, **,
and *** denote significance at the 10%, 5%, and 1% levels respectively.
I. Long II. Short
BAB SSDBAB TSDBAB SSDBAB TSDBAB BAB SSDBAB TSDBAB SSDBAB TSDBAB
-BAB -BAB -BAB -BAB
Mean 16.28 16.28 16.29 0.00 0.01 7.81 7.59 7.28 -0.22 -0.53%**
Std 23.47 23.48 23.50 0.01%** 0.04%** 22.55 21.30 21.68 -1.25%F%F 0. 87HH*
SR 0.69 0.69 0.69 -0.01%* -0.01%* 0.35 0.36 0.34 0.01 -0.01%*
Omega 6.35 6.34 6.35 -0.01%* 0.00 4.70 4.72 4.66 0.02 -0.04
Sortino 1.16 1.16 1.16 -0.01* 0.00 0.59 0.60 0.58 0.01 -0.01
Upside  2.55 2.55 2.55 -0.01% 0.00 2.25 2.24 2.24 0.00 0.00
VaR -8.56 -8.56 -8.56 0.00 0.00 -8.20 -8.01 -7.98 0.19 0.22
ES 1420 1431 <1431 -0.01FFF L0.020FF L1274 41222 -1213 0.52%FF (.61%F*
MDD 0.70 0.70 0.70 0.00 0.00 0.66 0.68 0.66 0.02* 0.00
Min 4103 -41.03  -41.02  -0.01%%%  0.01 2534 2471 2345 0.63%FF 1.8
Max 65.90 65.90 66.30 0.00 0.40%** 59.11 55.07 56.71 -4.04%** -2.40
Skewness  0.97 0.97 0.98 0.00 0.01 1.67 1.58 1.83 -0.09% 0.15
Kurtosis  18.65 18.63 18.75 -0.03** 0.10 16.29 16.53 17.78 0.24 1.49
LPMO 037 0.37 0.37 0.01%%%  0.01%* 044 044 0.45 0.00 0.00
LPM1 1.63 1.63 1.63 0.01%** 0.01%** 1.82 1.74 1.75 -0.08%F% -0.07HFF*
LPM2 1650  16.53 16.54  0.02%FF  0.04%% 14.55 1345 13.28  -L10%*F  _127Rk*
Um 9.12 9.11 9.11 20.01%  -0.01 1.20 1.69 1.17 0.49%* -0.03
Ul 13.53 13.52 13.53 -0.01 0.00 5.27 5.32 4.93 0.05 -0.34%*
U3 8.02 8.01 8.01 -0.01%* -0.01 0.19 0.78 0.23 0.6%** 0.05
Ubs 2.61 2.49 2.48 -0.02%F*  -0.03*** -4.90 -3.76 -4.47 1.14%%* 0.43%*
MPPM 5.85 5.84 5.85 -0.01* -0.01 -1.58 -1.20 -1.61 0.38* -0.03
CEV3 0.08 0.08 0.08 -0.01%* 0.00 0.01 0.01 0.01 0.01%* 0.00
CEV5 0.02 0.02 0.02 -0.01%**  _0.01%* -0.04 -0.03 -0.03 0.01%** 0.01%**
CEVI0 025  -0.25 025 -0.01%FF  _0.01% 016 -0.14 2014 0.02%FF 0,025
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