THE CONVERGENCE OF
UNITARY QUANTUM RANDOM WALKS

ALEXANDER C.R. BELTON, MICHAL GNACIK AND J. MARTIN LINDSAY

ABSTRACT. We give a simple and direct treatment of the convergence of quantum random walks
to quantum stochastic operator cocycles, using the semigroup method. The pointwise product
of two such quantum random walks is shown to converge to the quantum stochastic Trotter
product of the respective limit cocycles. Since such Trotter products themselves reduce to
pointwise products when the cocycles inhabit commuting subspaces of the system algebra, this
yields an elementary approach to the quantum random walk approximation of the ‘tensorisation’
of cocycles with common noise dimension space. The repeated quantum interactions model is
shown to fit nicely into the convergence scheme described.
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INTRODUCTION

Quantum random walks have been a feature of quantum probability for at least twenty-five
years; as emphasised by Bouten and van Handel [BvH], “the convergence of discrete quantum
Markov chains to continuous ones is a fundamental problem in quantum probability”. In Meyer’s
book [Mes], Journé is credited as the first to use discrete approximations to Fock space and to
quantum stochastic processes; around the same time, Accardi and Bach ([AcB], [Me;]) proved a
central-limit theorem which yields the quantum harmonic oscillator as a limit of quantum Bernoulli
processes. Further early work, by Parthasarathy ([Par]) and by Lindsay and Parthasarathy ([LiP]),
showed that certain quantum stochastic flows, which are generalisations of classical diffusions, may
be approximated by so-called spin random walks.

As well as their probabilistic interpretation as noncommutative Markov chains, quantum ran-
dom walks may also be seen as models for the dynamics of a quantum-mechanical system un-
dergoing repeated interactions with an environment composed of an infinite number of identical
particles. Attal and Pautrat adopted this point of view in [AtP], with a repeated-interactions model
of quantum random walks; in [Gou], Gough showed the links between the repeated-interactions
model and Holevo’s time-ordered exponentials ([Hol]). Work by Belton ([Bi_3]) produced a theory
of quantum random walks generated by completely bounded maps on operator spaces, admitting
the treatment of particle algebras in an arbitrary normal state. Das and Lindsay extended the
theory to quantum random walks in Banach algebras ([Dall]). These convergence theorems may
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be considered to be analogues of Donsker’s invariance theorem, with the limit process being a
quantum stochastic cocycle rather than a classical Wiener process.

There have been many applications of quantum random walks: to quantum filtering and quan-
tum feedback control ([BvHI], [GoS]); to the approximation of quantum Lévy processes ([FrS],
ILiS]); to the construction of dilations of quantum dynamical semigroups ([B4], [Sah]). Repeated-
interactions models for the one-atom maser, an important system in quantum optics [GaZ|, have
been investigated by Bruneau, Joye and Merkli ([BJM]) and by Bruneau and Pillet ([BrP]); in con-
trast to the results we prove below, the convergence theorems they obtained give only the reduced
dynamics of the limit system and disregard the limit behaviour of the environment. Gohm has
found (|Ghml|) interesting connections between noncommutative Markov chains and multivariate
operator theory.

Here we use the semigroup decomposition of quantum stochastic cocycles and the notion of
associated semigroups, introduced by Lindsay and Wills (see [Lj]), to give a new short and direct
proof of the convergence of suitably scaled quantum random walks to quantum stochastic cocycles.

Our main convergence theorem, Theorem allows us to provide short and transparent
demonstrations of results on repeated-interactions models previously proved by Attal and Pautrat
([AtP]), Attal and Joye ([AtJ]) and Attal, Deschamps and Pellegrini (JADP]); see Examples
and [£3]

In a sister paper ([BGL]), we consider embeddings of toy Fock space appropriate to faithful
states on the particle algebra, and obtain quasifree stochastic cocycles, in the sense of [LiM], as
limits of scaled random walks in that setting.

Notation. We make extensive use of the following extension to the Dirac bra-ket notation. For
a vector u in a Hilbert space h, the operators H - h® H and H - H® h given by £ — u ® &
and ¢ — & ® u, are denoted F,; their adjoints are denoted E*. Both the Hilbert space H and the
appropriate order is always clear from the context. The ultraweak tensor product is denoted ® .
We use the following notation for the symmetric Fock space over a Hilbert space h and exponential
vectors: I'(h) := @, h¥", where h¥™ denotes the n-fold symmetric tensor power of h for n > 1
and hV? := C, and

e(u) == ((n))"2u®") _ . (ueh).

Fiz a Hilbert space h which we refer to as the ‘initial space’ or ‘system space’.

1. QUANTUM STOCHASTIC COCYCLES

In this short section we recall briefly the basic facts that are needed concerning quantum
stochastic (QS) analysis, and specifically operator cocycles and their generation via QS differential
equations. For further detail, see [L].

Fix a second Hilbert space k, which we refer to as the ‘noise dimension space’, and set

¢:= <1> ek (cek).

c

Identifying the Hilbert space h®E with h® (h®k), as we frequently do, each operator F' € B(h ®E)

has a block matrix form [ £ A]. In particular, the quantum Ité projection is given by

0 0
A= Oh S5 Ih@k = |:O Ik:|

For any subinterval I of R, set
Ff:=T(L*(I;k)) and Q% :=(1,0,0,---) € F¥,

abbreviating to ¥ and QX when I = R,. Letting St and ST 10c denote the subspaces of L?(R;k)
and L2 (R,;k) consisting of T-valued step functions, whose right-continuous versions we always
take, set &1 := Lin{e(f) : f € St}. (When T = k we abbreviate to S, Sjoc and £.) The subspace
&t is dense in F* if and only if the set T is total ([Ske]; see [L1]). A typical example of T is an

orthonormal basis augmented by the vector 0. The natural identification

F = Floa @ g @ Flooe| (it €Ryyr < 1) (L)
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witnessed by exponential vectors: e(f) = (fljo,r[) @ e(flre1) @ e(flit,00[); I8 frequently invoked.
We use the notation /T ["7 n for the corresponding identity operator. The CCR flow of index k is
the semigroup of endomorphisms 7o* = (“o§),cr, on B(F*) defined by

Fa'{(T) = fl[%’t[ ® SIS}

where S; here denotes the unitary shift operator F* — ]-'[l; oo’

vectors: e(f) — e(s¢f) where (s¢f)(s) = f(s —t) for s € [t, o0

again witnessed by exponential

Definition. A left QS bounded-operator cocycle on b with noise dimension space k is a family of
operators X = (X;);>0 in B(h ® F¥) satisfying the following adaptedness, continuity and cocycle
conditions:

X, e B Fly,) 0T o (t€Ry);
s +— X is strongly continuous;
Xo = Iygre and X,y = X, (idp@) @705 (X;)  (r,t € Ry).
It is called Markov regular if also
s — XJ9 is continuous (f,g € L (Ry;k)).
The notation here is as follows:
X9 = BV00X B g, ) and fig.s == 1pos(/- (1.2)

A QS cocycle X is called contractive, isometric or unitary if each operator X; has that property;
it is called quasicontractive if, for some 3 € Ry, the QS cocycle (e #*X;);>0 is contractive.

If X is a QS cocycle then, for each ¢, d € k,
ped . (Xf“”"[’d[o’”)t>o

defines a Cy-semigroup on b, and X is Markov regular if and only if each of these associated semi-
groups is norm continuous. Moreover, QS cocycles enjoy the semigroup-decomposition property

Xif,g — Pt{(j(;zu‘}(to) .. Ptf(tn)ag(tn) (f,g c S’t c R+)

nt1—tn

in which the set {0 = tg < t; < -+ < t, < tp41 = t} contains the points of discontinuity of
Jio,e; and gjo ¢~ The semigroup-decomposition property characterises QS cocycles among adapted,
strongly continuous QS processes.

The series product on B(h ® /k\) is the composition defined by

Fy < Fy = F1+F2+F1AFQ. (13)

See [Lo] for the ‘quantum It6 algebra’ associated with this product. For us here, the following two
properties are key: setting F' = Fy < Fb,

if Ff 9 F; < BiA* for i = 1,2, then F* 9 F < (f; + B2)At;

if I 9F;,=0fori=1,2, then F* <F =0.

The structure relation F* <« F' = 0 is equivalent to F' enjoying the block matrix form

iH—3L*L —L'W

F= L W — Iyex

, with H selfadjoint and W isometric ,

and in this case the further structure relation F' <t F* = 0 is then equivalent to W being unitary.

Theorem 1.1. Let X be a Markov-regular QS quasicontractive cocycle on by with noise dimension
space k. Then there is a unique operator F' € B(h ® k) such that X satisfies the QS differential
equation

Xo = Iygre, dX;= X, dAp(t). (1.4)
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Moreover, for € R,
F* 9 F < BAL if and only if (e_BtXt)t>0 is contractive;
F* <9 F =0 if and only if X is isometric;
F A F* =0 if and only if X is co-isometric.
Conversely, let F' € B(b@@). Then the (1.4) has a unique weakly regular, weak solution, denoted

XF. Moreover, if F satisfies F* < F < BAL for some B € R, then X is a Markov-regular QS
quasicontractive cocycle.

Remark. Suppose that, for i = 1, 2, F; € B(h ®E) satisfies " <1 F; < B; A+ for some §; € R.
Then the QS quasicontractive cocycle X 1< is expressible in terms of QS Trotter products of
the cocycles X1 and X2 ([L]).

2. QUANTUM RANDOM WALK EMBEDDING

For this section and the next, fix a Hilbert space K which we refer to as the ‘particle space’. In
this section we describe the standard embedding of quantum random walks (QRW) as QS processes.
This requires fixing a unit vector eg of K; let wg be the corresponding vector state on B(K). Set
k:=Ke Cey and ki=Co k, and let my denote the resulting unitarily implemented isomorphism

-~

from B(K) to B(k). Thus
e
mm) =[] Tl VI e me.

where V is the inclusion k — K. (In the next section we shall identify K with k so that e is
identified with ((1))) Set

TrM,N[ = /k\(M) Q- ®/k\(N—1) and

THy ool = (k) €0) @ (K(v+1), €0) @ -+ (M,N €Z,,M < N),
where E( N) = k for each N € Z4 and also set

k. vk
T - T[O,OO[.
(Whether intervals are discrete or continuous will always be clear from context.) The toy Fock
space identifications
T=TH 0 @ Tl @ Vivoo  (M,N€Zy, M <N)

are discrete analogues of the continuous tensor decompositions (I.1)) of F.

We use the notation 7T, [kM N for the corresponding identity operators. The following notation,
for truncated exponential vectors, proves to be very convenient:

£(g9) :== (1,9,0,---) (g € L*(I;k), I a subinterval of R).

Definition. The QRW, with respect to the unit vector eq € K, generated by G € B(h ® K) is the
discrete QS process (Ry := Ro,n)nNez, Where
s
RM,N = H Rn,n—i—l
M<n<N

and
Rn,nJrl = (ldB(h) @(TO'Z o I[:k o Weo))(G) (’I’L S Z+)
through the right-shift endomorphism semigroup (TUB‘V) Nez, OB B(Tk)
o s B(YN) = B(YY), T~ Tf N ® SNTSk
where Sy here denotes the unitary shift operator Tk — T‘[‘N o]’ and the embedding

Bk = B(YY), T—Te
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Remark. The family (Rar,n)ocm<n forms a discrete evolution:
Ry~ =Iygys, Rpn=RpuBRunN (0<SL<M

which is bi-adapted:

N

N),

Ry € B(h) ® TI[‘B,M[@B(T[[(M,N[) ® TI[kJV,oo[v
and covariant:
Ryn = (idpw) ® o) (Ry—m).

Suitably scaled QRWs converge to QS cocycles in the sense made precise in Theorem below.
This entails embedding walks into the territory of cocycles, for which the relevant definition follows.

Definition. Let h > 0. The h-scale eg-embedded QRW generated by G € B(h ® K), denoted
(h)x .G is the bounded-operator QS process X on h, with noise dimension space k := K & Cey,
defined by X; := Xg j|¢/n) Where
R
XnMhN = H Xhn,h(n+1) (M,N € Zy)

M<n<N
and

Xnmnnt1) = (1dpy) ® (70f, 0 jf 0 me,))(G)  (n € Zy),
through the embedding

ji: Bk) = B(FY), T JET(JE)* 7T

in whic ‘k— enotes the isometry determined by the prescription ¢ — g(h~'/“c). Here
i h'hJ}j k ]-'[‘Bh[d tes th try det d by th t h=1/2¢). H

1/2

the vector h=1/2¢ is considered as the corresponding constant function in L?([0, A[; k).

Remark. For future reference, we note the following elementary estimate on embedded quantum
random walks:
eo,G
IWXEC <G (¢ e Ry). (2.1)

In particular, the process MX¢0:G is contractive if the QRW generator G is.

3. QUANTUM RANDOM WALK APPROXIMATION

In this section we show that suitably scaled families of QRWs converge to QS cocycles, in
good analogy with the Donsker invariance principle. In the current form, this result is deducible
from [Bj] and was proved in [Dall]. For an early version of the result, see [Par]. We now suppress
the map 7 and identify K with k, so that ey = (3)- We speak of the h-scale embedded QRW
generated by G € B(h ®E), and denote it simply by (MWX¢.

For n € Zy and g € L (Ry; k), or g € L2([hn, h(n + 1)[; k), define g[n, h] to be the average of
g over the interval [hn, h(n + 1)[:

— h(n+1)
gln,hl :=h : g. (3.1)

n
—

Thus, for g € L*([0, h[;k), (J£)*e(g) = Vh g[0, h].
Remark. Observe that, in the notation

Xr];lg,nh = EE(f[hme[)thths (fa (/S S]OC7 m,n € Z+7 m < n)a

(g[h,m,h,n[)
where X = ("X we have discrete evolutions for each f, g € Sic:

fi9  _ f.9 fi9  _ x5
Ximonn =Toy X hn Ximonp = thg,hp (m,n,p € Zy,m <n < p).

For h > 0, define the standard ‘scaling matrix’ (¢f. [LiP]):

-1/2
S, = {h 0

0 Ik] € B(k), (3.2)

and let s, denote conjugation by Iy ® S, on B(h ®E)
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Lemma 3.1. Set X = X% where G € B(h ®T<\) and h > 0. Let f, g € Sioc and m, n € Z with
m<n.

(a) Then
X}{;gh(m) = Iy + hETMM g (G — AL E (3.3)
and
HX}:;Zh(nH) — Il <h max | E® sn(G — A*) E5|. (3.4)

ceRan f,deRan g

(b) Suppose that f and g are constant, say ¢ and d respectively, on the interval [hm, hn|. Then

X = Iy + hE° s,(G — A E))" (3.5)

Proof. (a) Since vVhe = vhS),¢ for ¢ € k, the first identity follows from the definition:

1, _ VR Sk L _—
XD ey — Iy = BV (G — A VE e
_ p, /) _AYE—
—hE Sh(G A )Eg{n,h]’
Since
. hn+1)
fln,h] = b1 f € Conv Ran J,

hn

and snnllarly for g, ( . follows from
(b) Since f[p h] = ¢ and g[p h=d for p=m, ..., n— 1, the factorisation

/5 _ v I
X}”Z hn Xh’l’Z Jh(mA+1) Xh(grib 1),hn
implies that (3.5 follows from (3.3]). O

Remark. QRWs are the discrete-time analogues of QS cocycles.
For the full power of the approximation result below, we need a lemma.

Lemma 3.2. For a Hilbert space H and compact subinterval I of Ry, let (a")n>o be a family of
contraction-valued maps I — B(H), let a : I — B(H) be isometry valued and strongly continuous,
and suppose that (¢, a”(-)n) — (¢, a(-)n) uniformly as h — 0, for all ¢, n € H. Then a(-)n — a(-)n
uniformly as h — 0, for all n € H.

Proof. Let n € H and € > 0. Since a is strongly continuous and I is compact, there is an H-valued
step function ¢ = Z;\f:l (11, such that sup,c; [la(t)n — o(t)|| < e. Therefore, for all t € I,

I(a"(t)=a(t))nl*
< 2Rela(t)n, (a(t) — a(t))n)

= 2Re(a(t)y — (t), (alt) — +Zlf )(Gs (a(t) — a”(t))n)

N
= 4lnlle +max|(¢;, (at) - a"(t))n)|-
Since the second term tends to zero uniformly, the result follows. O

In the proof of Theorem below, we use Euler’s exponential formula in the following form.
Let a, a(h) € B(h), for h > 0, and let I be a compact subinterval of Ry ; if a(h) = a as h — 0
then

[Sl]lpl | (1y + ha(h))t/hl=Llr/h] _ e(tfr)“H —0 as h—0.
r,t]C
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Theorem 3.3 (cf. [By], [Dall). Let T' and T be total subsets of k containing 0, let F', G(h) €
B(h®k) (h > 0) satisfy

E*(sn(G(h) = Iygp) = F))E; =0 as h—=0  (ceT,deT), (3.6)
and let I be a compact subinterval of Ry.. Then

sup |[BS (MX7™ — XFVE.|| - 0ash—0 (& €&r,eeér). (3.7)

tel

Moreover, the following refinements hold.
(a) If, for some 8 € R,

limsup sup||G(h)[|H/" < 0o and F* < F < A+
h—0 tel

then
sttelll) ||(idB(h)®<p)(<h>XtG(h) - XtF)H —0ash—0 (p € B(F).,).

(b) If each G(h) is a contraction and F satisfies F* < F =0 then
sup||(<h>XtG(h)—XtF)§H—>0 as h — 0 (EecheFY).
tel

Proof. Set X := (MXG(M) and X := XF. Let f € S and ¢ € St, and write
{0UDU{T} ={to < -+ < tpt1}

where D is the set of points of discontinuity of f and g, and T € R, is both larger than all

of these and such that [0,7[D I; let h > 0 be smaller than mesh D. Exploiting the semigroup

decomposition of QS cocycles and grouping like terms together in the product which is Xt(h), we
may express | E5) (XM — X)) E, )| as

|(e(fit,000)s €(91t,000) |

P
k— k
3 L tea 1@ [ A1(R) -+ A1 (R)b(h, ) Bi(h,t) — P, - P2 P,
k=0

tp—tr—1

where b(h,t) := (e(fin|t/n).0)s €GnLe/n),e0)) b,

_ yv(M/, (h) f, .
Aj(h) = Xthj/%Jvh(1+Ltj/hJ)Xh(lJrftj/hJ)h,h[t_j+1/hJ (j=0,---,p—1),

By(h,t) = { Xattd st mn Xa0 sty Lt/ h < Lt/h).
b otherwise,

and P denotes the (f(t;),g(t;))-associated semigroup of the QS cocycle X for i = 0, ..., p.
Now the generator of the semigroup P is Ef(4)(F + A)Eg,) so0, by Lemma and Euler’s
exponential formula,

| 4;(h) — Pt(]izlftj | —0 and sup || Bi(h,t) — Pt(f)tkH —0 as h—0.

t€[tr trr|

Thus holds for &’ = e(f) and € = &(g); it therefore holds for all ¢’ € &1 and e € &7, and so
the first part is proved.

(a) In this case, by the basic estimate (2.1)), {Xt(h) : h €]0,H],t € I} is uniformly bounded
and, by the characterisation of quasicontractivity of Markov-regular QS cocycles recalled in The-
orem | X¢|| < €P (t € Ry) so {X;:t € I} is uniformly bounded too. The result therefore
follows from the first part, by the norm totality of the family {we . : &' € & e € &7} in B(F¥).
and the well-known fact (see e.g. [EfR]) that |[idg) @ ¢l| = [|¢|| for any ¢ € B(F)..

(b) In this case it follows from Part (a) that, for all {,n € h ® FX,

S;u1?|<<7 (Xt(h) — X)n)| = 0as h — 0.
€

Since X is strongly continuous, the result follows from Lemma [3.2 O
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Remarks. (i) The sets T and T typically each consist of vectors from an orthonormal basis for k
augmented by the vector 0.

(ii) In (a) the limit QS cocycle X is quasicontractive, with || X/['|| < €”*; in (b) the cocycle
X is isometric, and is unitary if also ' <« F* = 0. These follow from the characterisations of
(quasi)contractivity, isometry and unitarity of Markov-regular QS cocycles listed in Theorem [1.1

(iii) The condition is usefully expressed in the following equivalent form:

E%(sp(G(h) = AY) = (F+A)E;—0 as h—0  (ceT,deT).

Then, writing in block matrix form,

Iy +hK(h) VhM(h) [k M
G(h)—[ VEL(h) C(h) and F = L C—1Il (3.8)
it follows that
ALy [E(h) M(h) [k M
(@i -ty =[50 0 ana rea= [
In these terms amounts to the following, more transparent condition:
s [K(h)y—K M(h)—M] /
r [L(h)L chy—c |Pa 202 h=0  (ceT.deT) (3.9)

When dimk < oo, this is equivalent to the simple norm-convergence conditions
K(h) — K, L(h) = L, M(h) > M and C(h) - C as h— 0.

However, when k is infinite dimensional, it is only the components of L(h), M (h) and C(h) with
respect to some orthonormal basis of k that need to converge to the corresponding components of
L, M and C.

We next consider families of QRWs which are of exponential form. To this end, let e1, e5 and eg
denote the entire functions whose values at z # 0 are given respectively by

e —1 eF—1—2z sinhz — z

o = and — (3.10)
and note the identities
1
e1(z) = e1(—z2)€e*, es(z) = ea(z) — 561(—2)61(2) and eg(—z) = —e3(2). (3.11)
Proposition 3.4. Let the family (E(h))ns0 C B(h @ k) = B(h @ (h @ k)) be such that

sn(E(h)) — {g 7 ] as h— 0,
in which D is skewadjoint. Then the family (G(h) := ePM), < satisfies

K —-L*W
sn(G(h) —I) - F as h— 0, where F = [L W—I]
in which L = e,(D)B, W s the unitary operator e? and K = A— 1L*L — B*e3(D)B.
Proof. Tt is straightforward to verify that, as h — 0, s (G(h) — I) converges to the operator

A— B*es(D)B  —B*ey(D)
F= e1(D)B el — 1 ]

In view of the skewadjointness of D, the identities (3.11)) imply that

er(D) = ex(D)*eP, es(D) = e5(D) + %el(D)*el(D) and e3(D)* = —es(D).

In turn, these imply that F' is as claimed. O
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Remarks. (i) Since the operator e3(D) is skewadjoint, F <t F* = F* < F = [2Re4 0] < 2||Re A|| A+
so the QS cocycle X ¥ is quasicontractive, and is unitary provided that the operator A is skew-
adjoint.

(ii) This result should be compared with (22) in [Gou] and Theorem 19 in [AtP].

Notation. The following two notations are germane to QRW approximation. For L € B(h; h®k),
set

0 -—-L*
Ry, = |:L 0 ] , (3.12)
and, provided that | L] < 1, set
1—L*L 1/2 —L*
U, = {( . ) a _LL*)UQ} . (3.13)

Thus e and U, are unitary operators, and
=50 0]
We use the following abbreviation for Hilbert space operators:
T, :=(ReT); for T € B(h). (3.14)
Proposition 3.5. Let G(h) be of the form
e(VhEL+hZ) (I;, P C) or
ehZ eVhEe (IyeC), or
Uy (€™ @ C), for0<h<|L|2,
where L € B(l;,h k), Z € Blh ®k), C € B(h ®k) is a contraction operator, and A :=
S

(idp(y) ®wo)(Z) € B(h).
(a) Then

ilel];) H(idB(h)®4p)(<h>Xf(h) — XtF)H —0ash—0 (p e B(]:k)*),

where F' = [IL( _C]f[(i} and K = A — %L*L.
(b) Moreover if C is isometric, Z is dissipative and A is skewadjoint then

sup [ (XM — XF)e| 2 0ash -0 (€eheF).
tel

Proof. In each case, it is easily verified that
sn(G(h) — A) = F+ A+ O(h'/?).
Since
1G] < MIZ41Lt/) < HZ40 4ng
A+ A 0
0 0= Iyex

the first part follows from part (a) of Theorem
If Z is dissipative then |G(h)|| < 1, and if C is isometric and A is skewadjoint then F* <F =0
so the second part follows from part (b) of the Theorem. O

F*qF = <2/|A4]|A,

Remark. From the proof we see that, in (a) the embedded processes (M xG(h) and limit QS cocycle
X satisfy ||<h>XtG(h)|| < etlZ+llhand || X[ < e+l in (b), each process "X G is contractive
and the limit QS cocycle X' is isometric.

Thus, given a Markov-regular QS cocycle which is isometric or unitary, then from its QS

generator, we may easily construct QRWs which are isometric or unitary, respectively, and converge
to the cocycle.
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Exercise. Let X be a Markov-regular QS cocycle. Then X is quasicontractive if and only if

its stochastic generator has the form F} = [“F%L*L 7L*C*DC(£;C*C)1/2} for arbitrary operators

Ae B(h),LeBh;hek), De B(hak;h) andLa contraction operator C' € B(h ® k).

On the other hand, X is contractive if and only if its stochastic generator has the form Fj; =
[*iH*%(LL*L+B2) *L*C*Bgiffc*c)l/Q] for L and C as above, H € B(h)sa, B € B(h); and
V € B(h ® k; h) a contraction operator.

(1) Find (G(h))o<n<m in B(h ®E) such that, in the abbreviated notation (3.14)),

sup [|G(h)||H/" < A+l and s, (G(h) — AT) = F1 + A as h — 0.
h€)0,H]

(2) Find contractive (G(h))o<n<m in B(h ®I<\) such that s,(G(h) — AL) = F, + A as h— 0.
The cases that remain to be proved are where D(I — C*C)'/2? # 0 and BV (I — C*C)'/? # 0,
respectively.

Hint. For (2), dilate F» to a generator o a QS unitary cocycle (see [Lg]). For (1), use the
solution to (2) in conjunction with the results of Section 4.

Example 3.6. In the repeated quantum interactions model developed by Attal-Pautrat and
Attal-Joye ([AtP], [At]]),
G(h) = e,
where the total Hamiltonian decomposes as
Hy = Hs @ I + Iy ® Hp + Hy(h)

for a system Hamiltonian Hs € B(H)sa, a particle Hamiltonian Hp € B("Z)sa and an interaction
Hamiltonian taking the form
1 1
h g + n
for operators B = Vp; € B(h;h @ k) and Hsc € B(h ® k)sa,
This fits perfectly into the general scheme described here. Indeed, setting E(h) = —ihH(h),
we have

H\(h) 0y @ Hsc

—ihHs —VhVZE] .
E = Di| _ I H, H. 1
(h) |:\/EVDi —iHsc] ih(Iy @ Hp + 05 & (Hs ® Iy))
SO
(B [—Z(Hs +VIo;g(Hp)Ih) —_i‘;IDsic as h— 0,

where wq is the vector state corresponding to the vector ((1)) €k Therefore, by Proposition

and Theorem we have the following strong convergence of scaled unitary quantum random
walks to a QS unitary cocycle:

sup [|(MxTW — xF)e|| »0ash -0 (EehaFY)
tel

for any compact subinterval of R, , where
o [FiH=-3LL LW
L W — Tyek]
in which
L =ey(—iHs)Vpi, W =e " and H = Hs + wo(Hp)Iy — V5 ea(Hsc) Vi
for the entire functions e; and e4 whose values at z # 0 are respectively (e*—1)/z and (sin z—2z)/2%.

Remarks. (i) The Hilbert—Schmidt type assumptions on the coefficients of F, employed in the
main theorem of [AfP] (namely Theorem 13), play no role in Theorem [3.3] and Proposition [3.4] as
was pointed out in [B;]. These results therefore extend the validity of that paper, licensing free
use of infinite-dimensional noise.
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(ii) For a discussion of the physical origins of the components of the interaction Hamiltonian
see [BrP]. In brief, the scaling order v/ corresponds to a weak coupling limit, or van Hove limit
([vHo], [Dav]), whereas the scaling order h corresponds to a low density limit.

4. PRODUCTS OF QUANTUM RANDOM WALKS

In this section we show how, under the convergence scheme of the previous section, pointwise
products of QRWs converge to QS Trotter products of QS cocycles ([Lg]). This specialises nicely
to the case where the initial space b is a tensor product and the two cocycles live on separate
tensor components.

Recall the series-product notation .

Proposition 4.1. Let ¢, d € k and, for i = 1, 2, let F;, G;(h) € B(h ® E) (h > 0). Set
G(h) := G1(h)G2(h) and F := F1 < F, and suppose that
E%(sp(Gi(h) = I) = F1) = 0 and (sp(Ga(h) —I — F>)E;— 0 as h — 0. (4.1)
Then ~
E¢(sp(G(h) = 1) — Fy < F3)E;— 0 as h — 0.
Proof. Let h > 0 and set
Fy(h) := sp(G1(h) = I), Fa(h) := sp(G2(h) —I) and F(h):= sp(G(h) — I).
Then, from the identity
G(h) — I = (G1(h) —I)(Ga(h) — I) + (G1(h) — I) + (G2(h) — I),
we see that
F(h) = Fy(h) = Fy(h) =(h™2A% + A)(G1(h) — 1)(Ga(h) — 1) (h~/2A% + A)
=F (R)AF,y(h) + h Fy(h) AT Fy(h).
Thus, as h — 0,
E°F(h)E;
— E°F\(h)E;+ E°Fy(h)Ej+ E°Fy(h)AFy(h)E;+ hE°Fy (h) E;ECFy(h) E;
— E°F\E;+ E°F,E;+ E°FARE; = E°FE,
as claimed. d

As an immediate consequence we have the following result.

Theorem 4.2. Let F1, F> € B(h ®E), let T and T be total subsets of k containing 0, and suppose
that (G1(h))n>0 and (G2(h))nso are families in B(h ®E) such that, for allc € T and d € T, (4.1)
holds. Then, setting G(h) = G1(h)Ga(h) and F = Fy < F3, the conclusion and refinements
(a) and (b) of Theorem[3.3 hold.

Remarks. (i) If Ff < F; < B; A+, where 3; € R (respectively F* < F; = 0), for 4 = 1,2, then the
QS cocycle X192 may be realised as a QS Trotter product of the quasicontractive(respectively
isometric) QS cocycles X1 and X% (see [Lg]).

(ii) The following observation in [Jul] is relevant here. Let X' and X2 be QS quasicontractive
cocycles on b, each with noise dimension space k. If X' and X? ‘commute on h’, in other words
each F*-slice of X! commutes with each F*-slice of X2, for all s, € R, then the QS process
X1X2%:= (X} X?)i>0 is also a QS cocycle. Moreover, if X! and X? are both Markov regular then
X1X?% = XP19F: where F; and F; are the stochastic generators of X! and X2.

Example 4.3. Let X be a QS quasicontractive cocycle on b; with noise dimension space k, for
i =1,2. These ampliate to QS cocycles on h := by ® ba, by setting [ := Iy,, I := Iy,,

X2=L®Xx? and X} =L&XxY,
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where B(h1)® B(hz ® FX) is identified with B(h® F¥) and the notation ® incorporates the tensor
flip from B(h2)® B(h @ F*) to B(h® F*). Since the Fk-slices of X! and X? belong to B(h1) ® I,
and I ® B(hs) respectively, the cocycles manifestly commute on h. Therefore X1 X? is a QS cocycle
and, if X is Markov regular with stochastic generator Fy (i = 1,2), then X1X?2 = XFiarz,
where

Fy =1 ® Fpy and Fy =1 ® F),

in which the tilde now denotes the tensor flip from B(h2)® B(h; ®E) to B(h ®Q)
In terms of the block matrix decompositions Fi;) = [Ig 0%1]7
Fy<aFy = |:K1®12:‘1:11®K2t(l2®Ml)(11®L2) (12®M~1)(11®C2)+11®M2}
Io®@L1+(11®C1)(I1®L2) (I2®C1)(11®C2)—1
In the case of one-dimensional noise this simplifies to

Ki®hLh+L @Ko+ M ®Ly M ®Co+ 11 @ Mo
L1®12+01®L2 Cl®0271 ’

whereas the scaled quantum random walk generator takes the form

I+hK(h) VhM(h)
Lﬂwm> om) | oW

where [ij((;;)) 1\(;[((:)) } equals
[Kl(h) @ Iy + I; ® Ko(h) + My (h) @ La(h)  Mi(h) ® Ce(h) + I} ® Mg(h)}
Li(h) ® Iy + C1(h) ® La(h) C1(h) ® Ca(h)
nd
a O(h) = {h (K1(h) ® K3(h))  Vh(Ki(h) ® Mg(h))}
- WVR(Li(h) @ Ka(R))  La(h) © Ma(h)

Remark. This example specialises to the entanglement of bipartite systems under repeated inter-
actions as considered in [ADP], by taking the setup of Example
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