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Abstract. Denote by [0, ω1) the set of countable ordinals, equipped with the order topo-
logy, let L0 be the disjoint union of the compact ordinal intervals [0, α] for α countable, and
consider the Banach spaces C0[0, ω1) and C0(L0) consisting of all scalar-valued, continu-
ous functions which are de�ned on the locally compact Hausdor� spaces [0, ω1) and L0,
respectively, and which vanish eventually. Our main result states that a bounded, lin-
ear operator T between any pair of these two Banach spaces �xes an isomorphic copy
of C0(L0) if and only if the identity operator on C0(L0) factors through T , if and only
if the Szlenk index of T is uncountable. This implies that the set SC0(L0)(C0(L0)) of
C0(L0)-strictly singular operators on C0(L0) is the unique maximal ideal of the Banach
algebra B(C0(L0)) of all bounded, linear operators on C0(L0), and that SC0(L0)(C0[0, ω1))
is the second-largest proper ideal of B(C0[0, ω1)). Moreover, it follows that the Banach
space C0(L0) is primary and complementably homogeneous.

To appear in Proceedings of the American Mathematical Society.

1. Introduction and statement of main results

The purpose of this paper is to advance our understanding of the (bounded, linear) opera-
tors acting on the Banach space C0[0, ω1) of scalar-valued, continuous functions which
vanish eventually and which are de�ned on the locally compact Hausdor� space [0, ω1)
of all countable ordinals, equipped with the order topology. Another Banach space of a
similar kind, C0(L0), will play a key role; here L0 denotes the locally compact Hausdor�
space given by the disjoint union of the compact ordinal intervals [0, α] for α countable
or, equivalently, L0 =

⋃
α<ω1

[0, α] × {α + 1}, endowed with the topology inherited from

the product topology on [0, ω1)
2. As a spin-o� of our main line of inquiry, we obtain some

conclusions of possible independent interest concerning the Banach space C0(L0) and the
operators acting on it.
The motivation behind this work comes primarily from our previous studies [14, 13]

(the latter written jointly with P. Koszmider) of the Banach algebra B(C0[0, ω1)) of all
operators on C0[0, ω1). Indeed, the main theorem of [14] implies that B(C0[0, ω1)) has a
unique maximal ideal M (the Loy�Willis ideal), while [13, Theorem 1.6] characterizes this
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ideal as the set of operators which factor through the Banach space C0(L0):

M = {TS : S ∈ B(C0[0, ω1), C0(L0)), T ∈ B(C0(L0), C0[0, ω1))}, (1.1)

using the alternative description of C0(L0) given in Lemma 2.6(i), below.
To state the main result of the present paper precisely, we require the following three

pieces of terminology concerning an operator T between the Banach spaces X and Y :

• Let W be a Banach space. Then T �xes an isomorphic copy of W if there exists
an operator U : W → X such that the composite operator TU is an isomorphism
onto its range.
• An operator V between the Banach spacesW and Z factors through T if there exist
operators R : W → X and S : Y → Z such that V = STR.
• Suppose that X is an Asplund space. Then each weakly∗ compact subset K of the
dual space X∗ of X has associated with it a certain ordinal, which is called the
Szlenk index of K; we refer to [17] or [12, Section 2.4] for the precise de�nition of
this notion. The Szlenk index of the operator T is then de�ned as the Szlenk index
of the image under the adjoint operator of T of the closed unit ball of Y ∗.

Theorem 1.1. Let X and Y each denote either of the Banach spaces C0[0, ω1) and C0(L0),
and let T be an operator from X to Y . Then the following three conditions are equivalent:

(a) T �xes an isomorphic copy of C0(L0);

(b) the identity operator on C0(L0) factors through T ;

(c) the Szlenk index of T is uncountable.

In the case where X = Y ∈ {C0[0, ω1), C0(L0)}, Theorem 1.1 leads to signi�cant new
information about the lattice of closed ideals of the Banach algebra B(X) of all operators
on X. (Throughout this paper, the term ideal means a two-sided, algebraic ideal, while
a maximal ideal is a proper ideal which is maximal with respect to inclusion among all
proper ideals.) To facilitate the statement of these conclusions, let us introduce the no-
tation SW (X) for the set of those operators on X that do not �x an isomorphic copy of
the Banach space W ; such operators are called W -strictly singular. The set SW (X) is
closed in the norm topology, and it is closed under composition by arbitrary operators, so
that SW (X) is a closed ideal of B(X) if and only if SW (X) is closed under addition.

Corollary 1.2. Let X = C0[0, ω1) or X = C0(L0). Then

SC0(L0)(X) = {T ∈ B(X) : the identity operator on C0(L0) does not factor through T}
= {T ∈ B(X) : the Szlenk index of T is countable}, (1.2)

and this set is a proper closed ideal of B(X).
In the case where X = C0(L0), this ideal is the unique maximal ideal of B(C0(L0)),

whereas for X = C0[0, ω1), this ideal is the second-largest proper ideal of B(C0[0, ω1)), in
the following precise sense:

• SC0(L0)(C0[0, ω1)) is properly contained in the Loy�Willis ideal M ; and
• for each proper ideal I of B(C0[0, ω1)), either I = M or I ⊆ SC0(L0)(C0[0, ω1)).
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Finally, as an easy Banach-space theoretic consequence of these results, we shall show
that C0(L0) has the following two properties, de�ned for any Banach space X:

• X is primary if, for each projection P ∈ B(X), either the kernel of P or the range
of P (or both) is isomorphic to X;
• X is complementably homogeneous if, for each closed subspaceW of X such thatW
is isomorphic to X, there exists a closed, complemented subspace Y of X such
that Y is isomorphic to X and Y is contained in W .

Corollary 1.3. The Banach space C0(L0) is primary and complementably homogeneous.

The counterpart of this corollary is true for C0[0, ω1); this is due to Alspach and Benyami-
ni [3, Theorem 1] and the present authors and Koszmider [13, Corollary 1.12], respectively.

2. Preliminaries

In this section we shall explain our conventions and terminology in further detail, state
some important theorems that will be required in the proof of Theorem 1.1, and establish
some auxiliary results.
All Banach spaces are supposed to be over the same scalar �eld, which is either the real

�eld R or the complex �eld C. By an operator, we understand a bounded and linear map-
ping between Banach spaces. We write IX for the identity operator on the Banach space X.
The following elementary characterization of the operators that the identity operator

factors through is well known.

Lemma 2.1. Let X, Y, and Z be Banach spaces. Then the identity operator on Z factors

through an operator T : X → Y if and only if X contains a closed subspace W such that:

• W is isomorphic to Z;
• the restriction of T to W is bounded below, in the sense that there exists a constant

ε > 0 such that ‖Tw‖ > ε‖w‖ for each w ∈ W ;
• the image of W under T is complemented in Y .

For an ordinal α and a pair (X, Y ) of Banach spaces, let SZ α(X, Y ) denote the set of
operators T : X → Y such that the Szlenk index of T is de�ned and does not exceed ωα.
Brooker [8, Theorem 2.2] has proved the following result.

Theorem 2.2 (Brooker). The class SZ α is a closed, injective, and surjective operator

ideal in the sense of Pietsch for each ordinal α.

For a Hausdor� space K, we denote by C(K) the vector space of all scalar-valued, conti-
nuous functions de�ned on K. In the case where K is locally compact, the subspace C0(K)
consisting of those functions f ∈ C(K) for which the set {k ∈ K : |f(k)| > ε} is compact
for each ε > 0 is a Banach space with respect to the supremum norm, and we have
C(K) = C0(K) if and only if K is compact.
The case where K is an ordinal interval (always equipped with the order topology) will

be particularly important for us. Bessaga and Peªczy«ski [4] have shown that the Banach
spaces C[0, ωω

α
], where α is a countable ordinal, exhaust all possible isomorphism classes
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of Banach spaces of the form C(K) for a countably in�nite, compact metric space K. The
Banach spaces C[0, ωω

α
] may be viewed as higher-ordinal analogues of the Banach space c0,

which corresponds to the case where α = 0.
The Szlenk index can be used to distinguish these Banach spaces because Samuel [16]

has shown that C[0, ωω
α
] has Szlenk index ωα+1 for each countable ordinal α; a simpli�ed

proof of this result, due to Hájek and Lancien [11], is given in [12, Theorem 2.59].
More importantly for our purposes, Bourgain [6] has proved that each operator T , de�ned

on a C(K)-space and of su�ciently large Szlenk index, �xes an isomorphic copy of C[0, α]
for some countable ordinal α, which increases with the Szlenk index of T . The precise
statement of this result is as follows.

Theorem 2.3 (Bourgain). Let X be a Banach space, let K be a compact Hausdor� space,

and let α be a countable ordinal. Then each operator T : C(K) → X whose Szlenk index

exceeds ωα �xes an isomorphic copy of C[0, ωω·α].

Remark 2.4. (i) Bourgain �rst proves Theorem 2.3 in the case where K is a compact
metric space [6, Proposition 3], and he then explains how to deduce the result for
general K [6, p. 107].

(ii) Alspach [2] has shown that the most obvious strengthening of Bourgain's theorem is
false by constructing a surjective operator T on C[0, ωω

2
] such that T does not �x

an isomorphic copy of C[0, ωω
2
]. (The surjectivity of T implies that T has the same

Szlenk index as its codomain, that is, ω3.)

We shall use Bourgain's theorem in tandem with the following theorem of Peªczy«ski [15,
Theorem 1], which will enable us to infer that the identity operator on C(K), where K
is a compact metric space, factors through each operator which �xes an isomorphic copy
of C(K) and which has separable codomain.

Theorem 2.5 (Peªczy«ski). Let W be a closed subspace of a separable Banach space X,
and suppose that W is isomorphic to C(K) for some compact metric space K. Then W
contains a closed subspace which is isomorphic to C(K) and which is complemented in X.

To conclude this section, we shall state some results about the Banach spaces C0[0, ω1)
and C0(L0) that will be required in the proof of Theorem 1.1. As in [13], it turns out to be
convenient to work with an alternative representation of the Banach space C0(L0), stated
in Lemma 2.6(i), below. This relies on the following piece of notation. Denote by(⊕

j∈J

Xj

)
c0
=
{
(xj)j∈J : xj ∈ Xj (j ∈ J) and {j ∈ J : ‖xj‖ > ε} is �nite (ε > 0)

}
the c0-direct sum of a family (Xj)j∈J of Banach spaces, and set Eω1 =

(⊕
α<ω1

C[0, α]
)
c0

and, more generally, EA =
(⊕

α∈AC[0, α]
)
c0
for each non-empty subset A of [0, ω1).

Lemma 2.6. (i) The Banach spaces C0(L0) and Eω1 are isometrically isomorphic.

(ii) The Banach space Eω1 is isomorphic to the c0-direct sum of countably many copies

of itself: Eω1
∼= c0(N, Eω1).
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(iii) Let A be an uncountable subset of [0, ω1). Then EA is isomorphic to Eω1.

(iv) The Banach space C0[0, ω1) contains a closed, complemented subspace which is iso-

morphic to Eω1.

(v) The following three conditions are equivalent for each operator T on C0[0, ω1) :

(a) T belongs to the Loy�Willis ideal M ;

(b) the range of T is contained in a closed, complemented subspace which is iso-

morphic to Eω1 ;

(c) the identity operator on C0[0, ω1) does not factor through T .

Proof. Clause (i) is a special instance of a well-known elementary fact (see, e.g., [9, p. 191,
Exercise 9]), while clauses (ii) and (iv) are [13, Lemma 2.12 and Corollary 2.16], respec-
tively.
To prove clause (iii), we observe that the Banach spaces Eω1 and EA contain comple-

mented copies of each other. By (ii), the Peªczy«ski decomposition method (as stated in
[1, Theorem 2.23(b)], for instance) applies, and hence the conclusion follows.
(v). The equivalence of conditions (a) and (c) is [14, Theorem 1.2] (or [13, Theorem 1.6,

(a)⇔(h)]), while the equivalence of conditions (a) and (b) follows from [13, Theorem 1.6];
more precisely, (b) implies (a) by [13, Theorem 1.6(d)⇒(a)], and the converse can be shown
as in the proof of [13, Theorem 1.6(c)⇒(d)]. �

For each countable ordinal α, let Pα be the norm-one projection on C0[0, ω1) given by
Pαf = f · 1[0,α] for each f ∈ C0[0, ω1), where 1[0,α] denotes the characteristic function of
the ordinal interval [0, α].

Lemma 2.7. (i) A subspace of C0[0, ω1) is separable if and only if it is contained in the

range of the projection Pα for some countable ordinal α.

(ii) Let T be an operator from C0[0, ω1) into a Banach space X. Then T has separable

range if and only if T = TPα for some countable ordinal α.

Proof. Clause (i) is a special case of [14, Lemma 4.2].
(ii). The implication ⇐ is clear because Pα has separable range.
We shall prove the converse by contradiction. Assume that T has separable range and

that T 6= TPα for each α < ω1. Since each element of C0[0, ω1) has countable support, we
may inductively construct a trans�nite sequence of disjointly supported functions (fα)α<ω1

in C0[0, ω1) such that Tfα 6= 0 and ‖fα‖ = 1 for each α < ω1. Set

A(n) =
{
α ∈ [0, ω1) : ‖Tfα‖ >

1

n

}
(n ∈ N).

Since [0, ω1) =
⋃
n∈NA(n), we can �nd n0 ∈ N such that A(n0) is uncountable.

Take a sequence (xm)m∈N which is dense in the range of T , and set

B(m) =
{
α ∈ A(n0) : ‖xm − Tfα‖ 6

1

3n0

}
(m ∈ N).

Then, as A(n0) =
⋃
m∈NB(m), we deduce that B(m0) is uncountable for some m0 ∈ N.

Note that ‖xm0‖ > 2/(3n0). Now choose an integer k such that k > 3n0‖T‖, and take k



6 T. KANIA AND N. J. LAUSTSEN

distinct ordinals α1, . . . , αk ∈ B(m0). Since the function
∑k

j=1 fαj ∈ C0[0, ω1) has norm
one, we conclude that

‖T‖ >
∥∥∥∥ k∑
j=1

Tfαj

∥∥∥∥ > k‖xm0‖ −
k∑
j=1

‖xm0 − Tfαj‖ >
k

3n0

> ‖T‖,

which is clearly absurd. �

For each countable ordinal α, let Qα be the canonical projection of Eω1 onto the �rst α
summands; that is, the βth coordinate of Qα(fγ)γ<ω1 , where β < ω1 and (fγ)γ<ω1 ∈ Eω1 ,
is given by fβ if β 6 α and 0 otherwise. We then have the following counterpart of
Lemma 2.7(i).

Lemma 2.8. A subspace of Eω1 is separable if and only if it is contained in the range of

the projection Qα for some countable ordinal α.

Proof. The implication ⇐ is clear.
Conversely, suppose that W is a separable subspace of Eω1 , and let D be a countable,

dense subset ofW . Since each element of Eω1 has countable support, for each x ∈ D, we can
choose a countable ordinal β(x) such that x = Qβ(x)x. Then the ordinal α = supx∈D β(x)
is countable and satis�es x = Qαx for each x ∈ D, and hence W ⊆ Qα[Eω1 ]. �

3. Proofs of Theorem 1.1 and Corollaries 1.2�1.3

We are now ready to prove the results stated in Section 1. We begin with a lemma which,
in the light of Lemma 2.6(i), above, e�ectively establishes Theorem 1.1 in the case where
X = C0[0, ω1) and Y = C0(L0).

Lemma 3.1. Let T : C0[0, ω1)→ Eω1 be an operator with uncountable Szlenk index. Then:

(i) for each pair (α, η) of countable ordinals, there exist operators R : C[0, α]→ C0[0, ω1)
and S : Eω1 → C[0, α] and a countable ordinal ξ > η such that the diagram

C[0, α]
IC[0,α]

//

R

��������������
C[0, α]

C0[0, ω1)

Pξ − Pη
��999999999999

Eω1

S

\\888888888888

C0[0, ω1)
T // Eω1

Qξ −Qη

BB������������

is commutative;

(ii) the identity operator on Eω1 factors through T .
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Proof. (i). Let U = (IEω1 − Qη)T (IC0[0,ω1) − Pη). Since T = U + QηT + TPη − QηTPη,
where each of the �nal three terms QηT , TPη, and QηTPη has countable Szlenk index,
Theorem 2.2 implies that U has uncountable Szlenk index. Hence U �xes an isomorphic
copy of C[0, α] by Theorem 2.3; that is, we can �nd a closed subspace W of C0[0, ω1) such
that W is isomorphic to C[0, α] and the restriction of U to W is bounded below. Lem-
mas 2.7(i) and 2.8 enable us to choose a countable ordinal ξ > η such that the separable
subspaces W and U [W ] are contained in the ranges of the projections Pξ and Qξ, respec-
tively. Then the restrictions to W of the operators U and (Qξ −Qη)T (Pξ − Pη) are equal.
By Theorem 2.5, U [W ] contains a closed subspace Z which is isomorphic to C[0, α] and
which is complemented in Qξ[Eω1 ], and therefore also in Eω1 . The conclusion now follows
from Lemma 2.1 because U , and thus (Qξ − Qη)T (Pξ − Pη), maps the closed subspace
W ∩ U−1[Z] isomorphically onto Z.
(ii). Using (i) together with Lemmas 2.7(ii) and 2.8, we may inductively construct

trans�nite sequences of countable ordinals (η(α))α<ω1 and (ξ(α))α<ω1 and of operators
(Rα : C[0, α]→ C0[0, ω1))α<ω1 and (Sα : Eω1 → C[0, α])α<ω1 such that η(α) < ξ(α) < η(β),

IC[0,α] = Sα(Qξ(α) −Qη(α))T (Pξ(α) − Pη(α))Rα, (3.1)

(IEω1 −Qη(β))TPξ(α) = 0, and Qξ(α)T (IC0[0,ω1) − Pη(β)) = 0 (3.2)

whenever 0 6 α < β < ω1. We may clearly also suppose that ‖Rα‖ = 1 for each α < ω1.
Given n ∈ N, set A(n) = {α ∈ [0, ω1) : ‖Sα‖ 6 n}. Since [0, ω1) =

⋃
n∈NA(n), we

conclude that A(n0) is uncountable for some n0 ∈ N. Then EA(n0) is isomorphic to Eω1 by
Lemma 2.6(iii), so that it will su�ce to show that the identity operator on EA(n0) factors
through T .
To this end, we observe that

S : x 7→
(
Sα(Qξ(α) −Qη(α))x

)
α∈A(n0)

, Eω1 → EA(n0),

de�nes an operator of norm at most n0. Moreover, introducing the subspaces

Fβ =
{
(fα)α∈A(n0) ∈ EA(n0) : fα = 0 (α 6= β)

}
(β ∈ A(n0)),

we can de�ne a linear contraction by

R : (fα)α∈A(n0) 7→
∑

α∈A(n0)

(Pξ(α) − Pη(α))Rαfα, span
⋃

β∈A(n0)

Fβ → C0[0, ω1).

Since the domain of de�nition of R is dense in EA(n0), R extends uniquely to a linear
contraction de�ned on EA(n0). Now, given β ∈ A(n0) and (fα)α∈A(n0) ∈ Fβ, we have

STR(fα)α∈A(n0) =
(
Sα(Qξ(α) −Qη(α))T (Pξ(β) − Pη(β))Rβfβ

)
α∈A(n0)

= (fα)α∈A(n0)

by (3.1) and the fact that (Qξ(α) − Qη(α))T (Pξ(β) − Pη(β)) = 0 for α 6= β by (3.2). This
implies that STR = IEA(n0)

, and the result follows. �

Proof of Theorem 1.1. The implications (b)⇒(a)⇒(c) are clear, so it remains to prove
that (c)⇒(b). Hence, we suppose that the Szlenk index of T is uncountable, and seek
to demonstrate that the identity operator on C0(L0) factors through T . Throughout the
proof, we shall tacitly use the fact that C0(L0) is isomorphic to Eω1 , cf. Lemma 2.6(i).



8 T. KANIA AND N. J. LAUSTSEN

Lemma 3.1(ii) establishes the desired conclusion for X = C0[0, ω1) and Y = C0(L0).
Now suppose that X = Y = C0[0, ω1). If T /∈M , then the identity operator on C0[0, ω1)

factors through T by Lemma 2.6(v), and hence the identity operator on C0(L0) also fac-
tors through T by Lemma 2.6(iv). Otherwise T ∈ M , in which case condition (b) of
Lemma 2.6(v) implies that T = V UT for some operators U : C0[0, ω1) → C0(L0) and
V : C0(L0) → C0[0, ω1). Then UT has the same Szlenk index as T , so that, by the �rst
case, the identity operator on C0(L0) factors through UT , and hence through T .
Finally, suppose that X = C0(L0), and either Y = C0[0, ω1) or Y = C0(L0). By

Lemma 2.6(iv), we can take operators U : C0(L0)→ C0[0, ω1) and V : C0[0, ω1)→ C0(L0)
such that IC0(L0) = V U . Then TV has the same Szlenk index as T , and the conclusion
follows from the previous two cases, as above. �

Proof of Corollary 1.2. The three sets in (1.2) are equal by the negation of Theorem 1.1.
The �nal of these sets is clearly equal to

⋃
α<ω1

SZ α(X), which is an ideal of B(X) by
Theorem 2.2.
For X = C0(L0), the fact that the second set in (1.2) is an ideal of B(C0(L0)) implies

that it is necessarily the unique maximal ideal by an observation of Dosev and Johnson
(see [10, p. 166]).
For X = C0[0, ω1), we have SC0(L0)(C0[0, ω1)) $ M because SC0(L0)(C0[0, ω1)) is an

ideal of B(C0[0, ω1)), M is the unique maximal ideal, and any projection on C0[0, ω1)
whose range is isomorphic to C0(L0) is an example of an operator which belongs to
M \SC0(L0)(C0[0, ω1)). To verify the �nal statement of the corollary, suppose that I
is a proper ideal of B(C0[0, ω1)) such that I is not contained in SC0(L0)(C0[0, ω1)).
Then, by (1.2), I contains an operator T such that IC0(L0) = STR for some operators
R : C0(L0) → C0[0, ω1) and S : C0[0, ω1)→ C0(L0). Given U ∈M , we can �nd operators
V : C0[0, ω1)→ C0(L0) andW : C0(L0)→ C0[0, ω1) such that U = WV by (1.1), and hence
U = (WS)T (RV ) ∈ I . This proves that M ⊆ I , and consequently M = I . �

Proof of Corollary 1.3. First, to show that C0(L0) is primary, let P ∈ B(C0(L0)) be a pro-
jection. Since the ideal SC0(L0)(C0(L0)) is proper, it cannot contain both P and IC0(L0) − P ;
we may without loss of generality suppose that P /∈ SC0(L0)(C0(L0)). Then, by (1.2),
IC0(L0) factors through P , so that P [C0(L0)] contains a closed, complemented subspace
which is isomorphic to C0(L0) by Lemma 2.1. Since P [C0(L0)] is complemented in C0(L0),
and the Peªczy«ski decomposition method (as stated in [1, Theorem 2.23(b)], for instance)
applies by Lemma 2.6(i)�(ii), we conclude that P [C0(L0)] and C0(L0) are isomorphic, as
desired.
Second, to verify that C0(L0) is complementably homogeneous, suppose that W is

a closed subspace of C0(L0) such that W is isomorphic to C0(L0). Take an isomor-
phism U of C0(L0) onto W , and let J be the natural inclusion of W into C0(L0). Since
the operator JU ∈ B(C0(L0)) �xes an isomorphic copy of C0(L0), we can �nd opera-
tors R and S on C0(L0) such that IC0(L0) = S(JU)R by Theorem 1.1. The operator
P = JURS ∈ B(C0(L0)) is then a projection, its range is clearly contained in W , and the
restriction of S to the range of P is an isomorphism onto C0(L0) (with inverse JUR). �
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4. Closing remarks

The Banach algebras B(C0[0, ω1)) and B(C[0, ω1]) are isomorphic because the under-
lying Banach spaces C0[0, ω1) and C[0, ω1] are isomorphic. In particular B(C0[0, ω1))
and B(C[0, ω1]) have isomorphic lattices of closed ideals. The study of this lattice was
initiated in [14], while Corollary 1.2 of the present paper adds another element to our
understanding of it. Figure 1, below, summarizes our current knowledge of this lattice,
extending [14, Figure 1].

B

M = GC0(L0)

?�

OOOO

X
� � // X + G c0(ω1)

� � //
⋃

16α<ω1
G c0(ω1, C(Kα))

// SC0(L0)

?�

OOOO

...

?�

OOOO

...

?�

OOOO

...

?�

OOOO

...

?�

OOOO

G C(Kα+1)
� � //

?�

OO

G C(Kα+1)⊕c0(ω1)

?�

OO

� � // G c0(ω1, C(Kα+1))

?�

OO

// SZ α+2

?�

OO

G C(Kα)

?�

OO

� � // G C(Kα)⊕c0(ω1)

?�

OO

� � // G c0(ω1, C(Kα))
//

?�

OO

SZ α+1

?�

OO

...

?�

OO

...

?�

OO

...

?�

OO

...

?�

OO

G C(K1)

?�

OO

� � // G C(K1)⊕c0(ω1)

?�

OO

� � // G c0(ω1, C(K1))
//

?�

OO

SZ 2

?�

OO

G c0

?�

OO

� � // // G c0(ω1)

?�

OO

// SZ 1

?�

OO

K
?�

OOOO

{0}
?�

OOOO

Figure 1. Partial structure of the lattice of closed ideals of B = B(C0[0, ω1)).

In addition to the notation that has already been introduced, Figure 1 relies on the following
conventions: the Banach space C0[0, ω1) is suppressed everywhere, so that we write B in-
stead of B(C0[0, ω1)), etc.; K denotes the ideal of compact operators, X denotes the ideal
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of operators with separable range, GX denotes the ideal of operators that factor through the
Banach space X, and GX denotes its closure in the operator norm; c0(ω1, X) denotes the
c0-direct sum of ω1 copies of the Banach space X; we write c0(ω1) in the case where X is the

scalar �eld; I //J signi�es that the ideal I is contained in the ideal J , I
� � //J

indicates that the inclusion is proper, while I
� � // //J means that there are no closed

ideals between I and J ; and �nally Kα = [0, ωω
α
], where α is a countable ordinal.

The relations among the ideals in the �rst and second columns of Figure 1 were all
established in [14, Section 5]. The double-headed arrows at the top of these columns are
meant to signify that

X (C0[0, ω1)) =
⋃
α<ω1

G C(Kα)(C0[0, ω1)) (4.1)

and

(X + G c0(ω1))(C0[0, ω1)) =
⋃
α<ω1

G C(Kα)⊕c0(ω1)(C0[0, ω1)), (4.2)

respectively. Indeed, (4.1) is immediate from Lemma 2.7(i) (which shows that it is in
fact not necessary to take the closure of the ideals GC(Kα)(C0[0, ω1)) on the right-hand
side), and (4.2) can easily be veri�ed using (4.1) together with the fact that the ideal
(X + G c0(ω1))(C0[0, ω1)) is closed by (the easy �rst part of) [14, Theorem 5.8]. The counter-
part of (4.1)�(4.2) for the third column is obvious, while (1.2) establishes the corresponding
identity for the �nal column.
We shall next show that

G C(Kα)⊕c0(ω1)(C0[0, ω1)) $ G c0(ω1, C(Kα))(C0[0, ω1)) ⊆ SZ α+1(C0[0, ω1)) (4.3)

for each countable ordinal α > 1. The �rst inclusion is immediate because c0(ω1, C(Kα))
contains a closed, complemented subspace which is isomorphic to C(Kα) ⊕ c0(ω1), while
the second follows from [7, Theorem 2.12], which states that (the identity operator on)
the Banach space c0(ω1, C(Kα)) has the same Szlenk index as C(Kα), that is, ωα+1, so
that Ic0(ω1, C(Kα)) belongs to SZ α+1, and this operator ideal is closed. To see that the �rst
inclusion in (4.3) is proper, we assume the contrary and seek a contradiction. The assump-
tion implies that there exists an isomorphism U of C(Kα) ⊕ c0(ω1) onto c0(ω1, C(Kα))
(see, e.g., [5, Lemma 3.1]). Denote by P ∈ B(C(Kα) ⊕ c0(ω1)) the canonical pro-
jection with range C(Kα) and kernel c0(ω1). Then P belongs to X (C(Kα)⊕ c0(ω1))
and IC(Kα)⊕c0(ω1) − P belongs to SZ 1(C(Kα) ⊕ c0(ω1)), so that Q = UPU−1 belongs
to X (c0(ω1, C(Kα))), while Ic0(ω1, C(Kα))−Q belongs to SZ 1(c0(ω1, C(Kα))). Arguing as
in the proof of Lemma 2.8, we see that since the range of Q is separable, it is contained in
the range of the canonical projection Qβ of c0(ω1, C(Kα)) onto the �rst β summands for
some countable ordinal β. Consequently, we have

(Ic0(ω1, C(Kα)) −Qβ)(Ic0(ω1, C(Kα)) −Q) = Ic0(ω1, C(Kα)) −Qβ,
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where the operator on the left-hand side has Szlenk index (at most) ω, while the operator
on the right-hand side has Szlenk index ωα+1. This is clearly impossible, and the proof
of (4.3) is therefore complete.
We do not know whether the second inclusion in (4.3) is proper. Since this appears to

be an interesting question, we shall raise it formally.

Question 4.1. Are the ideals G c0(ω1, C(Kα))(C0[0, ω1)) and SZ α+1(C0[0, ω1)) equal for
some, or possibly all, countable ordinals α > 1?

It is important that the underlying Banach space is C0[0, ω1) in this question; indeed, it is
easy to �nd an example of a Banach space X on which there is an operator T which has
Szlenk index at most ωα+1, but T does not factor approximately through c0(ω1, C(Kα)).
For instance, take X = `2 and T = IX ; then the Szlenk index of T is ω, but T does not
factor approximately through c0(ω1, C(Kα)) because no closed (complemented) subspace
of c0(ω1, C(Kα)) is isomorphic to an in�nite-dimensional Hilbert space.
Finally, to see that the inclusions G c0(ω1, C(Kα))(C0[0, ω1)) ⊆ G c0(ω1, C(Kα+1))(C0[0, ω1))

and SZ α+1(C0[0, ω1)) ⊆ SZ α+2(C0[0, ω1)) are proper for each countable ordinal α > 1,
we observe that, for β = ωω

α+1
, the projection Pβ de�ned immediately before Lemma 2.7

belongs to GC(Kα+1)(C0[0, ω1)) \SZ α+1(C0[0, ω1)).
One may wonder whether it is possible to obtain a complete description of the lattice of

closed ideals of B(C0[0, ω1)). As explained in [14, p. 4834], we consider this an extremely
di�cult problem because �in the �rst instance, one would need to classify the closed ideals
of B(C[0, ωω

α
]) for each countable ordinal α, something that already appears intractable;

it has currently been achieved only in the simplest case α = 0, where C[0, ω] ∼= c0.�
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